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Pl beC(A) 2 b=Ax Lor some xe R

= yb=lyAx =0 W ye (a) = bel() The C(AELA’
Foc the reverse contajnment; 3 constraints Vi,-ery, Such fhat be Clh)e \/1[1;33"'2)/‘([{):0.
Taking befa, .} yids y, .y eL(A) Hense {9} = C(A)> LAY’ CCA), D



. AeR™ "= dwmCA)=7 eoincidence
h m Liced .

Ans: mA L !

n, Umlcss there's some comc:o(ence 2
n loo”x { m
™M ] 1" 8} 1 M+

m A an;)

n [Q%/’/%GTE

n [P,%’ "ﬂeﬂ?

< R
IE" < R
R™ < R

EEE

meons no w\lal)s\r\j T(x)= T(y) > X=Y \‘l'ﬂ+0”, “ one o -ore”

meong 'targe{' coVereJ lLC *arjdr = ’r(x lb for Sope. x ESOUTCE on+o

Q & Q/ CMVQV\ n \/Eb‘l’OrS Vi, . \/ ER ) WL\oA‘ s o(uM S‘rqn Vi, .

coincidence: span has oim less than possible

Det: vecdors v, .y, are feacly dopendent if ¢ v+t g, = 0

For some ¢t € R net all 0,

Pfo‘-\), [l&rld o!n*[@olr an(\,,)[(
_f_V neowrly depende m Sp \/k&

ﬂ:“ . E)/ Je/m “toincidence
>0 VAt OY, =0 with 20 :*’ Y 2
J#t
& Vi:)k( K Viei xu,u—g a ZX\/}C\/
#i
Z .v. = 0, w‘a(’,re%“*lm J
57
%— Are [0})[‘}2,‘} ["meqr(y ofeP@ndeM?
N 3- 9
& NAYZO  for Azlo i/ 1] (
| =Y I
Vi Yy Ve

XV + XVt = O & xeN(A)

.n/

Sml minys”

Y%
JePc’no(ehce fcla‘f‘lon S lJ‘O X#0 Moral /\/(4 )f S Mear epe"c/enCe ﬂeq-llons
On Co[mwxmf op A

Q

—bl'o
(o}

] 2 e v, s

)

A, n-m (f 03w unleg Hiete is some coineicdence| | A

o if mew, v "
oo A

>/
Q. Given vows A, . A, of AeR™" Lt is clim (M,x:O}O---ﬁ{Amx:O})?

N



A, ., 9, [inear[y inolependuﬂ’ n R

< b o a+ o +%.3,70 Hhe =0 Vi

& no colmn of A lies jn the Span m(‘ the othecs Loc A= [3:«. Esh]
& N(AY=0

& 0 cean \;e Q)CFFUSQO{ (An[?‘Mely as o [x'memf COV\AL?;V\&’J".O” o 31).,.,3,‘

) %n

& be sm(al,,,,,a,,)%(/\) IS (Am'tLote(y o linear combingtion o a,,...,d
&> Ax = O has omly one solution / [A“;] consictent
<> Av =1 has only one solution when e C(A)
& Ax= b has o mosh e solution V LeR™

& My i inJ'edive B :i.a’, H
& Ma does not olecrec\se dimension b
& rank A =n pei—R

— A hos o letd inverse Ax «—— x

P\’OE 31 ASSU\MQ, Viy-.hV, Qe \\'V\eqr|\/ fﬂd@PEV\O{CV\‘I'«

Then Viy.. ViV is linearly independent & v spow\(\/‘),,,)\/k),
P_Lf : Su?Foge CV,t*C v tev=0, [ hen c#0 since c=o =
C'V,*"“’Ckvk:O ‘3) C'—:'f-‘:ck=0 loecaugg Viy.-hV afe \\'vxeoL\r|\/ [ndepem(cﬁr.
50 VvV = “%(C_'V"“’"'-#Ckvb.

: pr(’,\/fO(AS I)ro(), (Doe;m/+ V\e@o( Viy -y Vi \fne&u’|\/ fﬂd(’,rﬁm{en‘g O

ég_« T O linearly mo{epenofemL? No: 10 =0
! |
ég_' Is [Q]»[l] ll'nearly ino{ePeno(awP? NOf iv-Lv=o0.
| |
-1 0
E%‘_ /I:S [%] ) li:;j))[?} VJS?QV\(VUVQ) Lud” Vi, Vy,v not linear(\/ ihalepeho!ehJ(,

vi Vo v Why doesn't this conteadict Prop.?
ég_. Prm/e, 4—(/\0\4' /’\V\ ),..,A\/Ic ale |\'near|\/ inolepem!eH i-[ Viye V) are

|"neqr|x/ inolepemleer and Ae R™™" has rank n.
SOI- SMFFOSQ C,Av, + -4 CkAVlc =O. Then A (C(Vn DR S e O, so

Lyt T+ LM =D because Uy i mdechLVE, T hus ¢,=--z¢, =0 Snce

Viy- Ve are |;v)gqr|\/ fnole[)chol@n+-



DE’C‘ V\:---;Vk i o l’0‘5‘.5 QO" @a SULLS']:W\CQ V < ,Em 'I Vn)'--;Vk

(i) span \/  ownd

(it) ore linearly independent.
Q. Name o basis for P"
A standacd basic e,,...e, () x= xe ++x.e, V xeR" 0
(i) xe ¥t tye, =0 = k=0, Gr:rank[é,—--e’M}mJ
E.q. Which of theee ace bages? -

L

I b I X 12l | 2| |
1. (1] , [‘{} \ [.‘21 in \/: 1% Ly n} A/:’Z_A oool D —Q}QM(A)\{oi
| s 3 I §3 AS’: A3*11A 0 Ea 3 /4
A T = dleFemo(enc:rJa-Lfon

no: fails (ii) (‘3? Fails (i))

. l L N
oY 2
1 gl (51 |-l

4 L la
- ;n \/: [Rq Yef'-
[
Q

m V= le no: too many vectors

UM: diy..)qn [v'neau’[y JQFU‘JQW/‘ " IEM "[ n>m,

P_(:: rank A <m<n. O rahL<n<f=>Jep.
| 0
I ) l
Y l
HJ |

)

0
!
l
!

A
‘;Il = rank =4
-2

- -

I
0
J
3

|
0
2
L3
Note: TF H#vectors = dim V thea (& )

V\ ) V'( [fv\(’tkf'[v’ ;V\JEFQV‘AQVT{- & V\ ) - vl( iS (o} LG\SIS .C—o( SFM (V\ ) - V|‘>

A“ COmolIl:-ovu @_701\'\/&’&/\4- to ull'meqr(y fna[ePfﬂD(eﬂ’f/l worlc -Cor “lDMfS -pof ‘[’Lwe'lf S[Do\n’/.

Prog 34 Ac (EW vxons}vxju(ar & cols a-c A form o basis m[ R”.

pE: A V\Oﬂffhﬁm(ar & N(A\) -0® My 18 LUec’H& & ronk A =wn. 0

M; EVery SuESFaCQ \/_C. Rn lno«; o l;am's.
ﬂ: \/= SPQH(V“,,.,\/k) ‘Cor’ Some. \/”‘,,l\/&ev Provecl ;V\ Lec,, [O.
Assume k is minimal. Then v, ¢ $ponr (Vo Viy ) Vi o n Vi) by asseamption (1),

S0 ViyV, s independent Ey O



Thw 4.2 ViV and W).,Wg afe +wo bases {'\or a .SustPacz \/Clgn = L:f

P_'(:-' w, € SFW"(V\) - |) = W, = AX '(‘O( fome x,€ ,E w'ﬂere A“ ‘:v.'-- Vllc] c IRML
|

\
" 1" 1]
= A Xy X

W o= A X Want© X8 Sguare.
[>k= N(X)Y#0 = Fye NX)\fol
= Wy=(AX)y = A(Xy)=A0=0
o ye€ N(W)VTol. Thus wyoywy are linearly dependent,
Therebore <k [%\/ symetey, ke, Thy k={ o

Coc: dim\[ = size mf ouny basis f V.
54_ dia C(l\)~ ok A2 C(A) = SPan( ,_,.,\/r) For <ols Vi, .., Ve of A
with ¢ winimal S v vy linearly independent .
dim CCAY ¢n. \I\/lﬂy? fmaje(/u/l) Sfmqnco( Iay /"A(Q!)’-"J/”A (e,)
d, .., A4,
Fa(@D, o, py(e) snight be linearly clependent,

but +[497 do s4ill Span fvv‘aje (/btA)

Grammar: v,,...,v, is a bacis B
vi€ B is a basic element (or basis \/eo‘for)

ViyenVy erml Wiy, W, are Lases



‘14- Bases For R(AY, C(hy, N (AY L (A)
T hp 4.5¢

pm 108 ['/{x Ae ’RMW\ and U= E/—\ H’\e (&olu«,co( echelon w[\orm Cr(\ A,
with E invectible.

0
o
=

R(AY: The nonzero rows of U form o bagis.
E_-f]_’ bois Qor R(A\ (s [@o-l o I] U,
[o@l 0 2] Ml
[0 00 (i] U,
&E: The vows OC U are I"nw combinations op the vou.s o\C /'\ with Coewiciem[s‘
?rom (rows o“ E.  Thus vour (U\Q R(A), so R(U\Q R(A).
Bt EA=(| A=CE7'U > R(A)ER(U), so R(U)=R(A).
The \;,\,Olr cows U,,..., Ur of U are independent because
oW+ + e Up has endries Cyy.sCp in the Pivw‘ columng

c U4+ °1M1+C3u3 - [C‘ Cy (6 G CI+‘)C.L+C3]

so it eiu\q(s O = c¢==zc.z0 O
L(A) ch fows o{ l:/ corrasPonolMﬂ fo zero—rowsy( (/( {:o(mo\ Lasi5
EJ.L’_. basis "K:or L(A\ s [—| -l |] = EH

/,,— ‘a;_{ m - .S'zLamJaro{ IDQ.S’L; row \/ev#o(f
&{:" Fiesh COMPU\'{’@— L((JU‘: Sfan(&::, Yoo

, a:: )} w‘r\efe r= VQV’L A, which [’\0{0(5

&)ﬁ.ﬁﬁu‘ﬂ C,(/{‘+"'+CM(/{M=O = C,u,+"'+C(u{ = O (.S;'\['e ur#l,.,,,uw‘ :O}
2¢==¢,=0 (L/

yé L) & yM:O
< yEAfO

& yE < L(A),
so L(A)= LUE 4 )

or befter, b}y basis for Q(A))
ComPa(e L((JO o L(A)



= Spavx(efﬂ)...,ﬁl)/:/
- Span (Er¢,),,ﬁ\}ndefendem4 because E is invertible, O
M(M Malke u into an Nxn wad rix b(/ou' follows.

[ Move rows o{oun so o«” PiVOJ’S st on Jf&jO“a(,
2 Ad o delete O 4o ensure nxn.

3. Set dioﬁ:“,
T\r\g Qfeeﬂlario\‘a[e Lo‘u\wms ofc (/({ are o (:)&st A(—\or A}(A)
E. ) O -] ol O le] 1]
JJM’ ?@(IOQ_é(/(/_ oD/ 1 [o]a
_go o o(N1| ™ -
©—0—06—0-0- o ol offi}

PE: Solve eﬁuajriov\ Ux=0 (& Ax=0):
{')c(\/o% Var, -+ ‘q-‘er «(r'erwu =0 <’~'f> !m‘er “"U’Wx_S = - Pl'\/o‘{ Vayr
{}{s/o‘{‘ var) ¥ {0(“‘2&' terme =0 & 10\“’9!’ “"QFWLS"

- Pf\/o% Vav/, .

om(y {nvol\/e Qree var;!
So insect rows

- free var = - free var O
X X +Y - =0 & Q+ —I_LY 1—&(5 = =X,
l ’ ° O+ 1'){33 &565 = "X,
1 0
Vi,V, i oo basis for N(A). of O+ i"s =X
O—
/‘\ T Vi 1\ Vy

l‘.:}\/O‘l" C°lS o’avvf Vqu‘hLe((. Hﬂnce “! ve, O oL:ol\/.

C(A\ T‘ne pivolf co{uwmf of A l:onw o ‘:»asfs.

E‘g. [ 1 o1 4 [ [ [ ViyVy say that the
A = é ?‘ : : ; > C(/»\\ = g‘loam( (’) ) ?‘ ) : > [eee var /CO,J owc A (;e
920 17 9| |a [ " S|7°\:V\(F;vo'{’\/qr co\s).

ﬂ:: Our \DM;S Oi N(A\ Sm/S ""/\0\4 aa 1S Sran(P;\/o" COL) (f 2 {5 o 1[\(% var w[.
(Ej- V, says d,+da, +aq—a§=0)

Thas the pivot cols spatn C(A). B #pivel cols = cank A = dim C(A). O



Coc4.6: L. diwa R(A)= dim C(A) = rank A.
9\- Ole‘ N(A): :H:Colj - romlc A: Ae "ZMM:> O{QMC(A)"‘JIM {\}(A) =)

T linear = dim (1(6 \FT> + o(im('lw‘ ) = dhim (SOurcaTS

3, dim LIA)= m-rank A
P_L conk O\ = #Piu/o{*g O
Mi Ve R" gmlosro\ce of dimk > dim Vi =n-k,
PRV has basic v, Lek Ae R hawe thewe cob. V= ClA) and V= L(A), O

S(A\M\maﬂl/ AG (vaxn = vf‘omL:A
r=n & A: has °a[l Co(wMV\S fﬂv{‘b(?&“o!@m"

‘N vYows I‘V\Aa[)@/\d&ml

_ﬂn fg Is L\ov\/ rW\l(-— Vlal”'}}’ is Msuaﬂy used.

e Nb-=

& Ma m eclee

= R(A) Rrow
& ep\ sV\rd&c-L\va

r=m & /»\: L\O\S '(1[[ rows ;””(LFQ”JE,W"’
PEN C(A) (RW\ ‘m ColWMnj fwo!apevxolaml

& Ma sur| teckive

& [(N)=0
& PA m\)&QJr\Ve

Mm=rzn & A: lf\"d O\H Mm=n vrows omd COIMMM fnole,!yem{eyﬁ'

& A mommnsmlo\r\‘é invertible

& N(A)=0

5 C(h)= |

& Pa ‘ocjecjrn/e é-)fAA mjech(\/e é:>/AA Suqecjr(\/e
& Pa lol\jecjr(\/e & (JA Sur\jecjrt\/e & [OA mjecjm\/e



§3‘C A&)Slfr‘ld’ vector spaces -y Field

:D_QQ: A g&c.i’g_g&«c_e over RL— s o Sof \/ wi”\ +wo opers rons

+ vector addition: wvel/ = wsveV OXI'OMSLK “Freld”

. Scmlar mu“—{Pl{w\{-iom; vVE \/’ CGlR S cv&\/ are similar

SU\‘(‘;S‘CY;nﬁ
[Ly+v=v+u ¥V u,vels {co‘mw\ujr«’rive] [y C(Jv) =(<;J)\/3
. ((44’\/)-* W= Wn+ (V“\‘ w) Y u,Vv, V\/C\/ [MrocimLi\/e] 6. c(u-t—v) = cutev
2.3 0c\ uith 0%y =v VeV, Tleed)v= cvrdy,
y, -Qo( each ve\/ 3 \/c\/ with v4(-v)= . Lv=v.

E%; |: |En ofr qm\/ SMLSFMLQ,

2R
3, I om\/ stz} T( ) Qunc{"mns I“>[R“> T( )15 Q\/ec—.l—orj?a[@)

D=l Figos oo
Axiom check: nof (‘n‘(ev’tzf{mg} Use $ carra:fwnaliwj Fmpzr{-ie; of K.

T\’\iw[(i T@&( Vec("or.s W«'Hﬁ entries lfwol@(eo( (Vy :’1

eg. () T=3}0,.0,0) i;: Ea} &) :
i) L= (i,‘\ 1€l o.vm( 1 € (,,,,) -
@ TGl od jelbonll | e

(i) T=V > F(V) is o veckor space
\7!*= ;[inear Punchions \/— l[ai
(i) T=1{2,.-1> F(T)= R”  w=spositive ;n#ejers
xe RY = x= (%,,%,,...)
ex= (e, exay .. )
Xy = (X, Yy, o)
M‘* el \V be o vector spouce. eV i a M ‘.C Ui;b’ Moﬂ
veeawe U VYvwel and ceR.

M; wnwev gu\as‘yaae, = U ic o vechor space.

and q,ve\/ ondl C,o(é[Q,



Yﬁ: A[r@ady L\a\/e + anJ. Sca(ar muh’irl(ca%’en 'n \/ :De£:> (,(ﬂ/e(,{ M‘J cu@u
v uvell ond ce R (What's needed 1 ¢ u v el ond cdelR, every equa‘“ry

in the § axioms holds ia U, Buk eack one oJreu“lY hdde in V1 0

—

l:J«U_‘ ”{ Tc IQ o ;Aw('erVOL[ = {Conjrinuws j:umc—(-iows I*RJ}‘CO(IB is o vector space.

P_E‘- ‘F(I) s o vector spoce . Oe Co(:[)) cmo!
Ul
CTY s @ m\oqmce: f,% continuous = L*a and ! continuaus.

Ul
CO(I\:HZH:C(GV\LiQUe -CmvxcLionsI'*lRls s O S‘A\foiaC@f L\% A;QCC(CV\inc\L(e
U > L*ﬁ and
CL(I\ = {COVIJ—imMOuS[y o{}ur\e,(emtic‘ue -Cuw\cl—ions I [Rk

c*(xy= () ¢(T)

g‘ TD {[’JO(YV‘OM;G\l E:AV\C-[';OM‘ [D(%)'—'al(‘[:‘(”’a‘(_l{:k“‘*"-*’ OL({‘,“'QJ

1]

Q~ l's {PO[YV\OM;QLS' o—C JQjF% [(} a vecl'ar Sface?

Aus: (Jci*lt«l)Jf (£ +2) = at+ | 56 No.
olej: N KD\ Ri

aQ. o(fw\ Y=/

dim P, =7
Prop 6.3: ¥, has o basis \)k).,,,tk.
PE: P, = ganlle,. b5) by definition.



But pit)=0 = a;=0 ¥ 1, Why?
1. O{@ﬁ ng = phas <k rooks 1 p#o0.
L p(0)=0=>4a,=0
P'(0)= 0 > a,=0

p(h)(o):o — kl. &= O = G =0.0
spav, [ivnegr (inﬁolependemce,\aASIS, dimension— al| wiake senge foc quaH-rary vechor spaes.
6. V={leC'(R) [#=1) e CHR)  subspace: 0'= 0 ¥/

e\ (“[“ﬁ) e’

= f4eg i £eel/
Claim® ¢ is o bacsis for V. 36

PL: Given g;c\/ led %(x%f(w) :L(x
Want 6(x\)~ C cm;JrawWL fo L(y) ce”,
Co\chlm-Fci %{(X)‘iJ;/(X)C—x*‘f(%)('eyk)

< 100 - £0)

0

= O,

Thug ca“: ¢, o Fl)=ce’. O

U= {[mﬂ uwerJrriamjular watrices  J= U = [ower»%riamjular matrices

:%l - { D)O*]\ Oli"\joha[ wmatrices {Bﬁ)ﬂ



Inner Prod‘u«cql,( and fpro"ec('{ons
L} ‘ U

Dei\: Lg% \/ Le o vecksr Sloac&/fR Av\ iNnne v 'prao{u(:f' on \/ a;siswf to eac'q
Pair u,v € \/ o h“lvv\lger <u,vye /P SUC['\ —]—[z\o\‘l" \/ u,vV,we \/o\nol Scalars ¢,

L <u,vy = <v, uy

L. <cu,v) = cu,vy

3. Cut, W= < Wy, w)

Y, (v,v? 20 and =0 & v=oO,

éﬁ—‘ (Q> \/7 ”3“ <X/}/> = y_r)( = X'y k
(L) \/ = ')?{ tyy oy b R (]:, y = iZo r(tﬂ

v 1,V 3 [ [p(m] ‘
o ) [>>?O=>_§) r(tb'\’o ‘ P;(kk\ t t: 4’; 4;
=plt)=0 Vi
= p=O (remewber lasl lecture?) 7

(O V= C(T) for T la,6] Chigh= [0 sme pickun but
[_ “ wcing ol £ ]

"

- jc e CJWOM % J“a s I{near!

5o e hde= Stk g = [fhd [ghds )2 —

4, jm M‘At 7>’O ufo) 20 = [(4) 7ﬁffo)a on [{*8 f;*&} ll: -
> {;D
*0 =‘7J Pt > 26 35 = ef e,

Lemma: Vi, VA € \/ M:A'ua\ly or\LijDﬂm( 01[ lenq-uq _’1_ umo(er CM\/ innef F(OO{WA’
<V~\1V->:0 Jor j;éi‘ {v; vl Vi = J;N’.CU‘L/ .moJo.Peno(W)‘l'.
PE vz cyt - cgvd=0 > (uv)=0 Vi

C:. O

APP(fcoxhovxf
Thw64: Given kel poinks (t,,00.),..,(4,a) in R with t,,..t, distinct,
3 [ P(‘: pk WL\OSQ 5ra[>k Pa;;e,s H\rouj[q l—he Pom*ﬁ.



P Construed orthonsrmal Poyees i € R under inner lafocfum‘ (b):

pilt) =1, piltg)=0 for j#i. Set AW)=(t-t)(E-4) (£-4,)
AW

Ai(f) = H) (owmid the t -, \Cacfbr\ .
T lhen AL(J(&):O '{lo( 34‘{, omo{ A;(‘ti)#o since to,..,4 o{iSHV\d“J 50
lo,,(t‘ ] ﬁl((:)) e FO)"')Pk orH\OhorMa[. Lemma => basis

= ever\/ _?cﬁ ‘Aas Mmiuz urrefsiov‘ 1(»\5(;0[)0+~-+ck()k.
N°+€ Jrl’\&l' 'E(JCL): o+---+o4—ci.i+o+---+o =C; .
nl«& F:OLOFQ-{-,..—{-O\ka_ O

Cor: t,,...,t distinet = [1 ¢, &2 - tl‘ ic nonsinaular
A48 0) k j
|t £ otk
sk
LIt b




4. |
Del: Fix a SquFace Ve R™ and be R™ The <or%050ha() Ejgjecjrfon ofE

onto \/ is the un}mue vector P Fro'vtp € \/ such $hot € \/L under

Lo

4‘5 ab
£ 7 T3 o 94},7

Lemma L.l Sed p= Iaer'v L. Then I E“F” < | &:“z” \ i@ V. P S C(o;@:ﬂt
ﬂ:: ”E-—ill&: “ B’F[lan ”P“%['AD fo lg in \/
How to —(}(V\J PQ Fix basis Vis e, Vi Cor V.

Neeol Vr“a—p):O)..,)Vn-(B'P):O
- T - T °
T tense g PR
S (b-P):o N —~v=]L

& Ak = ATP & pe L+t
UF s & I.’ne::u- Combination
Q. Ts that enou:}k ? NOZ Need 01,50 peE \/ —j.e,. [D:‘Ax of the colunms of A"

Prop: Given an mxn watrix of cank n, the normal e?}zuajriOn A Ay =Ab

has o unizue soludion )‘(e[Rh, the least SguaresS SO(UJu'on of Ax: b,
)

ol ATA is nxn.
Lev\nwm\’ /MAT/—\ S inJec-Ll'Ve.
Levma= ATA is monsinju|ar.El

PLof Lemma: C(/—\)‘L = L(A)
= C(Aﬁ 4 L{A\ﬁr UMOIQF o’o‘t’ Pfoo{u(d’ n lR?o[

= N(A™)
= C(A\n{\](AT):o, x ¢ C(A) .
Mo AAx =0 & A'Ax)=0 x€ ker(uym) < (x) e ‘w;r(/UAr)
R’d// R" & Axe Nw & =0
Mara & Ax=0 O since. im{11 Joker (1 ) =0
calculate nuus[mc@ (ke cnel) & x =0, O & x=0. 0



|

L7 Pro‘o_ [ ?rojvh = /«\(ATAY‘ATB wheee A= {\!/,\L} for basis viyooyvn of \/
|

'(? F [7(0 \/E = F /A\)( X = collqs. on Uiy Vin meeJeJ to
wheee AT A% = A’[D W\r%ue(y L\/ Frev{ous Prbr, ex pless pe
- \(ATAY AT
FW\O‘ * Focml "J = AX C!o;e_hL fo - ! ‘(:or A:rl lt )
o |
How? I%s (NA} Ab FRUCW -‘ I~

SRR

4
dord V]Qev( Yo CDIMF,A“”( wln\/ (ATA)—II ATATTJ'\/ M\me‘h—fc
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+ransformation

Recall: for wectorspaces Vand W, the ©2f T V=W s lincar

function
0FQra+or

i(: T(%W)j}ﬂﬁﬂ \/u)ve\/ omJ Sco{ars c.
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D‘-R-&VH or :DR“’R

rank ? L k
wage ? Fe-i Fe-i
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suryeckive? yes ho
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A dim: 5 3 = ronk ¢3, (avx[bnuuv‘*l'\/ thm 2 dim ker 2 2,
> not injective.
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V‘---\/,,:l = [w.---wm] I:T:I'V,W X = \l lists Coe.C\C;c«'en‘l's o'C VE'\/ on bagis vy, Va
Xn

T[
EV"-T-/-V%] = [\I.'T'/VJP [vivaly = [viva] P
E,./I‘%,i\:l = [w‘%,h] QL = Px lists coe.c\féc(en% of vel on basis VeV

A = [T] YW / [
A/: I:T:I o = A = QAP
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V=R"= Tule, = A. » . _'
[V‘...V,\]P = I:T]'B’z pI:T:IBP
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L )

Cor: Bases B, B’ Por V with [V v
In P&r{‘{l‘.u\\ar, [ [ .
R e )
PE: V=W Q=P O
E_-ﬁ_' V’Iy orthonermal Vi) vy, Vg in [Rs. Deseribe the linear map L:{R3-> ”2; that

L.sendg v, vy, v, to €1)8y, @y

A ro%—o\\'es LY '“-/_3 curouncl Z-aXi§

3. 53“0{5 e)€,@; to Vy)va, by

Awswerz |:L:|£: PRP' = P-'[ngP =R = Q‘:I:L]-B = | rotales around Y lay'%l

0o ol
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Ceucial note P= !‘/x \;:. \;3
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s ly = leiese] Py e 3
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Del: Fix subspace L &R with dimL =n-2. The rotation by
o\w3|a a acound | is the linear map roh’{ Jetermined L’)’
. rO\Li(L\ =L

ot (1Y) s usual vodation of P by .

¥)

< |
Q. Why set dim L=n-27
A dim Lo=7
Q. Lalt=7
Q. How 5 1olL " debeemined by ()7 "
A Choose = basb oty e L B [ = | 5
e octhonormal basis Y for L7, N 1

nner Provlmd' space

M: Fix su«l:nquce W< /. The remed-;on N
across W s Ry = idy = lfFOJw* W/\X
l 1 f
o ) L
| -l

\/\/: SF“"‘(W“W.:). FMO( I:E\.J:Ig.

JS\

NQGO‘ ])ro'w.L . o’alm \/\/:& (rroof?) SN OIJ.M\/\/J-: _/L , = :QI:‘ G\/\/L
= \l\/LZSFO»V‘(Vs). T [ ‘q [ 2 1]
I

V; Vg G
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3
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E.g V=R B=(w,w.v). Find [Rily
(3o back +o dol - Ry[Mwava] = [w wyvy] [&]B

But [Rym Rywa Ryw] = [w wy -]

I:Wo Wy V3:| \1 A‘
1
1

£

-
E,g, Uce I:E"J:Iﬁ to comPM‘{“e I:Qw:lg- [EW:I'B.
L] | -l -
= |"~,/. ‘A,/a TJ] = 'O I 4 ﬁ)[la,/:lﬁl' P'D?w]gp
L=l -
= PlR,P'= [R];
FEEEIRE! 10 ~l_—l
=[O0 | 3 1 o1
V-l AL
4] [ 14 [ o
=lo 12 1 /s torl
I N N 74 N R O
EENPRA
= |0 | - l/SJI/SJ/%
IR 2A
34 35 Y4
= %5134 ‘/
3453434

Summary: Tlw-w] = [nw] [Ty (dded)
I:T:Igp = pI:T:I-b

| ol
[T]a\ir“vhl = |Lr"%[ﬂ& & [Tl =PITLP

l l
& PITP = [T
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MZ Determinants |i2 l(ﬂ ! } Mll_bc |;°Cl oﬂ |

AV ™
Thm: 3! funckion det: R™"—R Sa%'d:yinj —R=
L. ‘JﬂJfA o "\C A L\as two ezguaJ c«o{jaceﬂ‘f rows — /\/Vl/l

L. deJrA = cJeJrA /\E A/ IS o]:Jrameo{ Ey muldi P\}/Mj a row ow(\A Ey 2

3.detA = dot Asddek A" il A N A" ageee i ol A e
ow, ow 1 w\ne A:A/-;—AN —cR— — R —
v SQxCe,:'\'r 1, re A=A, +A; AN PN
53 (7{@+ L.=1 ]
N 12 aay AN~
(A 4z AU
A A’ A .

Mf det A is +he ole+ervvu[mn+ c‘('\ A

PL: 3 uses cobacfors — next clascs.

I ASSUme o{ejfi ]an% R s some Lanction Sorl’t}"pyfmj # - 44
Lemma: det A= -det A il A" has two vous SW“FP&?{ Peom A

P : [ :
o ¥ Jef{ ] B det[ ] Ja{ - ]
f Y Y

(] : -: L
8 Lot :;:J+ Jot {714 Je{fr Jet {—;‘)

So OIOV‘Q if SwaPFeoA rows QdJ&c&m+. I‘p not Q(,{Jo\cen-h +L1en

L e _A _Z\_ A(i-i)+| []
]j A ~w~> H—l _‘/A:\\Z_ Nf> |:+l —A —| ; QﬂO{ ("\) ﬁ = - (. O
b _é\ﬁ_ i | seep : 5*‘;’5} : .

s+€f’$

Q: ole+ A =0 f{: any two rows are Cégual.
&C¢ SWQF ’J(il y:M JFOP. O
P_beif: d{eJr(EA): det B dotd £ E is e[ewen*ary.



PE: B cwaps vows: del(ED) = <defA = detE detA

E mulﬂf:[ies row Ly scalar ¢ o(g%(EA) = Co{e‘fA = JdEJeJrA

j: 0‘@{- AL+CA} = old‘ _Al:_ + Je‘! CAJ
- _é.\a\_ _‘L\\\_

)

E reflqces Ai with A;+ch

= det A + ¢ det _[}3‘
B

i

A=, Sdet E=L (I) = =ded€ defA.O
Thm L2 Ae ™" singuar & detA=0. 15:: fow s o l‘mw COIA{';“)/:‘I/lai'i?n of .
Ph Weite U=E, -~ E A reduced echelon form. ;.-fui oc::let)j)r(;ﬂirfnfzmjaéy/a}::r:zzom (#
det U = det E, Jef(!:’k_("E,A) by Prop 4.
= detE, detE_, det(E,,EA)

= ol('j Elc 0{(’,'[' El(-l JefEk_l Ole'[' E‘ Ole'['A
A Si”ﬂular—‘é U has zero-row Un (bottom row)
> oot U= O0detU=0  Ly# U,=OU, Bt
-1 iF E hag fype ()
ME:{C S G =>det A= 0.

1 (i)
#0

A nonsinj‘u(ouf = | = o{e+ (/{ = ol(’ﬂ' E;( Ol(',J( E;(_[ JefEk_Q o{e+ E, olelLA

= dethAz0.0 ]
To finish PPOOC 0\[\ .(, deth=0 h[\ A S(nﬂu[ar .
_ o detTa .
o(C‘l”A = al(’,‘f E: . old E‘ I‘(-\ A HOhSlnﬂM|af‘ O

o o
s —

= o{e+[

y I O | I O |
l ] = ~o{e+\0 l-&] =~llofe+[0 lﬁl
o

O O} O O |

| O | | O
W =~ofe+[1 ( o} = -ofeJr\o [ -
a 46 0y

=

= det T, = -



CoMeo{)menceS (oF 31, efe.)

J

Thwl5: AR e R = det(AR)=det A det B.
PE A singalar = JtAz0= ded A dedB=0.
U

L(N#0o = L(AB)#0 since L(AB)2L(A): = [A =04 :O
=> AR sinjm’ar ”—“>oleJr(AB)=D. /
A wonSiﬂjd[ar > AR = E,/"'E[:
cdete] - det 6] det B
- detA det B. O
Cocle: deslh) = 7
P et (A det (A7) = et (AN ) =ded T= 1. O
Cor: A similar 4o A/ > o(eJrA= oleJrA/. Note: not & l e.q: A~I> A=?
Pl dek (PAP™) = dotP detA det P but detE= | for 4ype (i)

= detA. O
Progmf det A" = det A
Pf: d\eck (lor elemm{'ary makcices when A is nonsinju,ar: E has came ‘[’ype as E

Both =0 ({ A s S'omjt«[oxr. a
propl:}‘ A MPPeer‘io\nﬂu[o\r = detA = Ay, = ProJuc‘l' of main ol.'aﬂona[ entries.

det m = ¥ - %k

PE A nonsfﬂﬂulo\r > A s T, Ly Full;nj ot faclors o, ,..r,0,, and then

type (i) operations, which have det [.

A angmlmr(ib <n P(vojrj &0a;;=0 for sowe ;. O

]



22 Today © 3 det satislying $1-#4

Defs det: R IR A )
[a] — a ! 11
; )
det: [Rl g IR
|:§;:2:j — QuO[e+ A” -Qa!JQ‘l' Ais
= QNO(&"{"[ :l = Qg o[e‘l-; j
0{e+: RYb(ﬂ_s ”2
A — Q.;o(e,‘l- Au - 0\1‘0[9:[- Aax*’"'"“'(‘l)nuamo[e“' Am
a 3 _q 2] |3 I Dont use to cou,,Pu'l'e >3x3
o det|i -2z = 231
E%_ AQ L‘) :« ? &Jﬁ‘l‘ |:& IJ ~OlQ‘{’ Ll l} + 2 Use -Cor o!H(ﬂ)" ﬂ-o({aﬁ
|CHI A1t
-2 3 (D-a-3 | -2 3
o3 ! O3l O)-&—1l
=2(-g) - L(5) o+

= -l
Dek: For AeR™ with n3a, get (1) (1) mateix Ay by deleting row i and column §.
The ig“‘ coboxcfor ot A s C“h = (.-|)H30'e+ A13

}
a3 |t -a S - |a3
ey 3]s Ald moRd acbd
Cia=*+2 C.u;+3 Cp=-(23-31)=-3
The: det: R —s R satisPies #1-#4.
E’—\: n=2: do it yoursal\c.

ASSU\MQ nz3 omo( rarove, Ey mo{ud’ion on n,




ol Y
Qg il L J _ le+| _ le+1+(
1 det Ay = et Ay, but (1= (0

.‘ so these terms cancel .
1 saduction /
4 A 0 Anoms N "™ A AL = colet Ay bt ofy=ay i ik

) olefA/|<1:o{e+Ak1 but ofy=cay, so

an | #]: rows and @Zm[
Q.‘)J 1‘ A inJuc’f.’m
: > il = a{e;{’A“:O -pof‘ i*L,I(*[, aVlof

i 0 IE_\ aj; o(efAé = cay detAy, either Way.
k : Aq #3: A A A" aq (ee in oll vows #k, where Ak: +A,:l
) i#k: det Ay = det Al 4 det A a; det Ay = a“(OfeJr + det A))
a, = = a = aanle + ajydet A
= o detAl, + alidet A
=k det A[d = det/, /2 det Aﬁ Ay 0!8+AL1 = ( * Qm det A[d
a, = ¢ ay, = 0/, det Ak1*all<l1 det Ay
= det A = et Av et A” term by ferm. " et H e det A
o L
#£4: o ME {o I = Jet T, = LdetT, - 040-0+¢ - 0
o, | o B = 1(1) by indluct ion
=10 =31 det
Propad: detA= oy, Cyy + -+ Cop For any Fixed §. expand along any column
PE: Swop columns Land o A dogeb At Then detA'=-detd. A A
But afy=0y; Wi, and A=Al by woving leftwost coluwmn i T |
across -2 columns +o column 41, Hence { - ‘

! Ll 41 -2
Cip = (-0 det Al = (-0 (-1 det A,
= "(")iﬂO[eJrAié = “C‘h VL, So 0210:'1 = —-qi.acii, O
COF_M‘- ole‘{’ A =0y C“ + ot QinCin -Por any \CiXeo{ L. “P”“’{ “lo"’j any row

Tlf\e rules (Y\or Swa[’[)inj colquu afre “ﬂe same as ﬂ"ose for rows.

PE: det A= det A+ Prop 2.2 det A= et (M) = -det AT = ‘0{&{’4‘ 0




§5.5 Geowetric infterpretation
dot ( L ) = area (£ ) 2D orea = 2D voluwe .

in (Rm‘ Je‘L (Tp) = VO‘\AVV]Q oc quo«lle[er;f)u}, \,\/hy? T he oxioms we uge to

ole{}iﬂe Je;{-erminan%s are the
1. v sty Vi U{QFQ[AJ@,W[—:;) d[m (Srgm) <n = L]a-l' = \/c>| =0 soawe as those we yse o

deline volume.
Q. scale edge by <= vol > ¢ vol
3. vl (=) = \/o|(::_) Covalieri's Prmcif:lé
d. vol (unit L\)lfer‘(‘u‘c32>:1 .

Thma.3 (Cmmer’s cale ): Ax=b with A /lonsfnﬂujow > %= I A‘, where, A"”:? B..

% Voluwxe. IS Mal*l'ilfnear‘.]

| | |
PE: b=Ax= a2t xada > dot B = oed |28 A
[

| | | | ] °
= ded |2,--8, 'xilai aliﬂ"'fl‘ln :‘"‘in’A'D
o ]
E.a [a3]x] - [3 _ 133 _ a3
Rl R R FE A
_al#3 _-2-1
RRPET KSRTREY Magic!
= 13 =<7 > X= |i_l;‘} Look up “exderior a|jeLm". [

Thmda3: C= [Ciﬂ = coCachor wiat rix m[\ A = ACT :(JQ+A>II\'
(.&.0—- /'\ V\oV\Sff\ﬁq(o\r = A’l:JelTACT>
PL: The oka\SOV\ql entries o£ AcT are Precfse\y the sums in Cor 2.,

j)QLIV)Q o watrix :Db} [DY Copxlfnj row | oL /'\ nto row &} 5o AAM:;;:D‘&
The i'k entry c\f ACT i< det :D,'j' as expamo{eo{ q[owj row y P
Rut cle)r:Di‘x: JgirA i£ i:g ('De;:/\ﬁ

0 IE H& (D"i has Ai repea{'eo!). O .




6 ‘{: FiX T \/“"\/ VE\/ s an eigeh\/ec"for i'c V£O omol
Tu=X:v for some scalar )\, called an efgem/alue o\L\ T. works over any 10{6/0{
gi,_ Ae e with rcxn|< A <n hasg Cijcnva(ue Ve N(A)\fo} has Av= Ov.

Pro RN 1§ & bqsls o‘? Qljﬂf\vec.+00 ojy\ T: \/-—‘»\/ss,3
Tlviva] = [AvMa] = [V Va]

I:T]B s Jiqﬁonal.

@[T:I.b: >‘:. A‘.D
.)n

Def: T:V—V i J@%onalfmkle i [Ty s diagonal for some basis B of V.

x.O
O‘)n

Am nxn matrix A IS J[mTohoJ{zo\He }1[‘ /MA s,
Lemma : A 1< Jl‘qﬁoha[fzml)le = /~\ IS simi'om to a J;Qjonql moﬂ’rfx,

Y | ( l (| ™ (

L l

Jﬁr- not Jf&joh“(l'zot“e'[g ﬂ P P

Note: Why is A~ PP useul? .
A=PAP") PAPY) - PAPT) =PAP P| J P
Lemmal.lr N\ ic o eijenvalue of T:V=V or nxn A
< ker(T-\L)zo  N(A-NI)4o -

P_‘(‘\" V#0 SQ‘l'l'S-C;@S TV")\V — TV—')\V:O
\Ié[’:o\)\o S Tv=Av and v#£0

= (T-\IL)v=0. O e vy IS an elgcn\/echor
with &tjem/a’ue}\ |:|

&pi A s an eijenvalue of /~\ = lej(A—ij:
PE: N(A-AT)20& A-)T singular

& Jet (A-NT) =
54_- E(geﬂwx[oles op A:[Q ﬂ are the coots o‘(\

] ) - sl )



So A efgem/a]uc & A=2. But E(&\‘ [\J(E ([)D 0 and # lRa

2 dwm E(N =1 = no basis of eigenvectors,

E_ﬁ_ Find aljen\/a)ues omol ergenVechors o\[\ B _IJ

det (A-+T) = o{e+|:3t ‘} - (74143
= Al =Tt -3+ 43 = £~ 1ot + 24

) atjenva,ue < A=Y or A=C =(t "i\,(’c%)
E(d)= (A 4T1) = N [; :sPom( >

R6

\N

E(6Y= N(A-61)= N |-

)
W w

|

E_'fy A: |:C[) —olJ‘ WL\OA' are its eiﬂenva‘ues? u

det(A-+T) = detf F7f] = ¢

= 0& tis-|
& {;:i or t=-| = no rea! efjemvaluesl.
Q\I\/l’) +? Wh‘i‘ a Joe A e &7
y no of wmap does represe ﬁ%

A. cotation "Y T4 has no veol eijen\/ec'f'orS' \
V£0 moveS fo a ol C(:erew{' <0(+[\050h0\l) lmq \

not o scalar multi F’e

Bud: A[qz |: J[[J = |§ﬂ = ~i[.ﬂ [ efjen\lcc‘f’or witly efﬁemvalu{e - {
; [ = [ﬂ = 1[},1 efjen\/ec'f’or will, eiﬂemvafue i [
C\ MM|+I[>[\CQ+IOn E\/ i is rotation 5/ w5, !

M: —H\e c%amc%erishcgolynows;a[ o\[\om Nxn watrix A i< PA(JC):O{@L(A~ tI)
So roo\L o-c F/*(t> o eiﬁehvo\[qe OL A

\

m \/oq can usee”wL\od‘ HA o!D@S_{
() My




Lewwma [4: A similar 40 B = py ) = py ().
PL: Su«ﬂ)ose B=QAQ". Then palt) = Pang (t) = J@Jc(QAQ"-JcI)
= det (QRQ -0 T)Q
= det (Q(A- +T)ax')
= det @ det (A—Jcl) det 7"
= pplt).0
F.De&: T:V=>V has chacacteristic palynomiol Pr = Py Lor sowme (hence EVef/) A= [T]E
Well deFined L Lemma [.4.

n-\

FA(ﬂ: ot 4 e 8 ke d,

&, What’s ¢, ¢

A 07

Q. Whatss ¢,?

A o= pylo)= dot (A~ 0T) = des A. y

AT A Jl&ﬁcha[lzmue, say A/, = pyle)= pplt o{e+| -..),.J

= () (A t)
has o= X, M.
Genecal (next lecture) det A = Froolmi ,C ?Jjemque_g with mu|+ipf.zi+.és counted correctly.
A singular & 0 is an eigenialue
=3 Froo{umL o{\ eijenvalmes ¢ O %ex[alain: wL\/ det detects sivxgulariJr)«
& Jet A=0




§C.2 Reca“: \ eigenvalue c(’\ T: V=V or nxn A = I:T:I'B
& TV: >\\/ *For some V#0O eigenveci—or
& ) oot o-r characterichic 'polynomu‘al JeJr(A*tI) = pr ()

Toclo»/z how wamy linearly inJepemJemJ( eigenvectors with eijev\vahc A can A hayve?
Del: geometric wnml{—{pl{cﬂry QO\) = dim E(N\) = dim !fer(T“XI)
COW\PM’@" a[gebmic wxu«llr{'pl{cﬂr)/ 0\(>\)= 4 Hwmes -\ divide FT(t)
pr(N=0 = prlt) = (£-X)qlt),  q)=o = q(t)=(t-N)rlt), .. until X not a root
o a=3 5] 2 paler= dea L] = 0-87 > aln)=a
£0) = N(A-AT) = NS o) bas di 1= 42

Theorem .1 (S‘I’renq%eneo{

SMPPDSe B ic a set o e,jenvecl"arf Lor a linear map 1 T:V=>V.
Il B”t()\) is linequy :ntflependen+ -{"or €Very eljenvalue) )‘f’lne,n B¢ lmear{y mJeFGAo!emL.
P;E: Let Vv, + .,.+ckvk=O WELL Vl)---)VL€B~ Nng ¢.=0 Vi

k=1 ¢, =0 since v,#O. A§$ume, LY induction on k, that all size k-1 subsels OEB are rho/eloeno’mf.

Sqr[JoSQ v €E(V) Vi Then O = (T=XT)lev++cv)
= ¢ (To- M)+ -+ (Tv <N,
e (Sw-hoa) +-e By =X
= ¢, (=l J,.,.J,Ck(xk_mvk
s Mt e, (SN v
= M) =0 Y21 by induction
= ;=0 Vi such that \#3,
= ¢,=0 Vi by linear imJePenJeme of BaE()). O
Corollacya.d+ dimV=n and T:\/=V has n distinet eigemmalues in F = Tis diagonalizable over F.
P E(N#0 i PT(M:O) so [ has n e[jenvcaLor& with distingt e,fjenva(utes.
These ortindependent by Thund | since 4(BoE(N)= | Yeigenualues b and

hence form o basis becauge dim V=n, O

"

"

]




Q. Con Lwy(oo{'lnesff of Cor. 2.2. fajl? _
N\ |
A, Ves 1 (cpﬁa“’eOI roo~|'s e.q. O)\J o
Q« COMP\CX V'O‘o‘l’_{J Qﬁ A |iﬁ- /’-J I:Totw/‘_(:l PA('{’,>=- (f‘%’i)%- [/&
=t -2+ | has Jzﬂ:ﬁcf voot¢

BB B0y gz 4R
& L '

E ilg 2
A:{O 31] Vs B:oaso]
03 0 3
Palt) = @34 = pgt) = afa)= 2
%(3\): B\ 1 a(2)=a
q(3)= 1 2 .
pro[g&3 %()\)40\0\)

ch Pnc[< batsls Viyoo, % (Dl: , so%:%(k). Etho[ ‘foaho\sis ')5=v,).,.)v,‘ of \/

Then [Tl = { e ]% * PA(H: P, (JC)PC(JC)
O]C |ng (x{)% (€)= g <a()).c

F L
T‘nvn AH: T‘\/“>\/ Ju’agonalizableﬁ? = a“eiﬂev\values lie in IF omol 60\): G(M Y >\
P_-F: T Jiagona\izable =>|:T]&: A _ ]: A) wL\cre Bisa EaSl'S 01(\ eijenvec-Pors
. .

Wiy with cigenvalies Ny, hae P alh)= #times )\ appeacs in 4 2900 € a(A)
= a(\) =a()). On the other hand, assume a(3)=g(N VA and that all eigenvaluese | |
Fix basis B, For E()). The union B= &)"E),\ of these bases is liy,early independent [
by Thim.d.1, o B is « basis because %a(k)w\ by “all eigenvalues € F“ O

EJ}, NECEEY 0 3 (] .
= |- . = |-l = )= [I-1 -t
A K 3 ;_ v B , 3[ {_ have PA(‘H Pﬁ( )= (1-t) (a-t)
. _ () 2 a(d)= %( =
<2 Y a -1 31
A-I=|1a1l R-TIT=1|-12a I
NN [0 | O]

TOW\L:iﬁ %(l):& rank > 1= rank=2 = 'j(l):



§6.4 What kinds of real matrices are symmeJrric? Prolje&ions!

Pr=0Q™ f cols ”[u-.f;ﬁn or Q are Lnormal basis for VEIR™. .
(QQT (QT = QQ' = ‘[Mﬁr*”'*ﬁnﬁ? = F(°J1u bt PrOJ',Ln
also sywxw\eJrrfc'- 7:77*"'* ﬁhﬁ:

o/\Qr L —T.T—
(ahowd) |17 :
M ‘/lﬂﬁ Fcc'h’um O‘C a MaJ\'r X g s W\MH’ ).re+ u'peljcm/alue | l —‘[n—
'__‘HW\ L([ (SFec'fm[ 'H"BO"Q'V‘\‘ A req[ syw\m&rcc w;a‘{'rlCej ar i -”\.',( wa)/jt
A(—Z RWthymme+ric = L. A \MS real eiﬁemw\lu%
2. R" has orthonerma| basis G g of e:jenvemLors oDA
+a & 4 or%\r\ogmal motrix Q wt'un QAQ A oAO\qowa\l

Lemma |—| symme-|—ri'cz> l——ly X = ‘]’ HX V X)/
P_Jf“- H\/Y X H)’ TH X = H \/ @lﬁ H l‘l /complex comJujaJre
PI ol Tkwu‘- . SU\PFoSe >\- oH—Eb elﬂenvqlqe OLA So = Q- E{, ;S too.
Set S= (A-NIVA-ND) = A%~ (MIVA+ T = A= 20 A+ ()T € R olterdl.
det S=0 since A-NT is sinﬁular. Pick xe N(S)\O:
O= Sx :(Aa—&a/\JfﬁI)x'x + (Eli)x'x
= (A-aT) ' x + L x
LCQMG(A*alyx’(A-qI\X + bx bx |
= J@-aD ]+l bl = A-aT)x =0 and by =0 [
X#0
= yeE(a) and b=o.

]

&, Pide unit veclor 9, € E\Y ond v,,... v orthonormal bogis for 1# Set B=7,)v“,..,\/,,
] Chonge o basis B B AP b P2t e b
EM"]%: B*BE C ange~ o}~ dasis tormula’ Bz P AP yhere P= 7; \[Q ln

T\T TAT =p' P
= BTz PTAT(P ) =P A'P SmeeJrric PA

= =0 V¥ omd C Syvv\wne‘fri( or Size n- |

= flovne Iay inoluc{-;ow, +L\e coce n=| be'mj very eqsy,D



§7.1 Tordan {orm
Thm (_J_oro!an pormi
Fix F=R or €

T.V=V over F. Assume al| e(jevxvalue,g NelF
Theh V ‘!\QS C boxS!"S B " WL\icL\ [ﬂs:j IS Hockwtfojona] [

O
with each block Beinj
d
o Jordan block )i;‘ 1x1+ [\ O //
o£ Some, Size O{ d )l\;\‘ Ax2: |:>\ IJ SZMG{ZH&:‘G
A [OIDN

for some eiﬁenvalue
The multiset of blocks— e, the dis and Ns—depends orly on T, not on B.
¥ blocks with eigenvalue \ = 30\)
> sizes of +hose blocks = # dingonal entries A

=al))

Cor: A "3 3pe " with PAP=T
E%_ A ‘?or Glﬂy Eas:s B -p ‘p ]
D: 79 — B, diMerentiation = T =7
L p,(t)=7 ~
\I\/lwyr? Dv=1i = Dblv = )\M\l.
Rut D\G«l: Ol So >\l<+l\/ =042 ald) = k+l )
and hence A=0 if v 20, Oéb\ L
= J = °.1
2. kee (D-AT) = ker(D-0T) oc';(l) []
= ker (D) = ra(o) = |
= {constants} 0 0
— T 3 le /{e w2 ein
For wL’ﬁcL, Lasis gx s J = [D]%, ? _16’35“'%%"%6'"'“{ B T3k
O | 0 |
0 4 O |
03 = ) 'l '
' O k . d !
L o— L. O_




E%; SMPPose FA(t):(’?—t}s
Ohm N(A‘T[):@ e, —0, C:\'_)O
dim N(A-TIP)= ) c,~e, e,y
] :)T)rolom UockS

Ans:

|+4:

I
o |
o)

!
0—

nxmn ~Cor nz?

sizes

0
T
€€y GeGTes
0

0
T

I
0

or 2+3:

0

Generg, weaning of o TJordan basis B:
V')“',Vd — L)‘O(‘_l( é \—r—\/‘ = )\V‘
TV = vy * vy

T [Vt v

dim N ( (A-AT)) - dimn N (A-XD)™) = #blocks of sie >

Va |

v,

T—\g = )\VA + V|

va] [A

[
o

|
o)

What is I = J(A)?

dim N (- 7)) 2 5

=TT T =

Note: If T hos on‘y one Jordan block, +hen

vy = almost any element of 'V vJo\’kS?

N(’.Qo( Oh\Y V) d l<Q\’ ((T" )\I)O{—W.

o~




Rio{o“g: wanJr Is -l'lﬁl's?
Note : the SOll«‘\’?On is a hint.

$7.3 Syy{'ems o ODE
Recalll '[:: 'C({:) Sq+x'5-pfcs *P/: a“D S 1{:: eort'

= {'\(5) = Kot

AV\.S'WEF:

% (t)
QL. I‘F X:| 5 )] Sa+]5'l:225 x’(f) = Ax(t) with AGIR ,

ODE on a Qrecian urn!

in WL\o& sense 1S “Jf(nell SolH:’on CQtA ?

2 3 k
RQCG”: @a: '+0\ +<% '{-\;—!4—:--{.&.{.,..
nxn 2 3 A[< .
D_‘hc: AefR = eA = I+A+g_! +§+,..+k_!+,.,

2 k
ei’A = T+th+ {IQA! ok tkkA!+,..

N e g™
- = . 'A' = . 't.A. = .,
b—'ﬁ‘LA_ \ 'J - e | 'xl ond € [ "t
n e e

2 PAP=A = A=PAP |

S A= pAP 8

= of= pepAp I

o= pehp- |

PasE DR - eFd ]

p A P N e:tA _ b G?AP“ _ |:e&t i:f eo:f} ]

General: ¢ ‘Rn = enteies of etAv are funchions o‘pt .

m

C (etA) = analeqe oJr\ Ce_“t'.

Thm3.2: For A € remm) solutions set °£ x'lt) = Ax(f)
is the vector space C(etA) of dim n.



m
>
|

-[29

2 k
Lemma: (eJCA),: (I* tA + {IQA! ook tkf_!*'"'),

3 l<+]
0 +h v the 84 ve kAL

A(I+tA+#§im+

Adh =

PP ol Thm: ve R = (etAv

k
kA,...
tm"’)
O
/o (2AY |-
) —(e )v becau.fed? 1$ |m€0\f‘

= (AR by Lemma

W

Neeol:every SDI IS etAv {:or some /€ [Rn,

Assume x'tt) = Axit).  Set y(f)z e

Then y’(t) = (eftA x(‘f)y
- ) xtt) +
= Aty + e AxH
= (-Aethe stA) X0

=0

A

x@t).

b\/ Lemma + kypo%esfs

= ;3;({;) =0 = y(f) = VE an 13 cons+ah+

tnl®)

0

= X

]



dim C(eA) = n:
Check +hat cols of ¢tA ore indep.
Need €Ay =0 = v =0
But e,tAv =0 = O =(e,tAv)\

_ oA
- €& Vv

t=0

=Tv =v. O

Cor 34: Solution set of gehera\ order n QDE

0K $@) + o, $EN )+ a £ (t)+ o, ') +o,flt) = o

wWith conghant coelLs Doy yry Ro 1S G n-dim Sul:ffmce of Cm(@),

Eq n=2: f74f =0

= q” solS ore linear comhim‘*ions ch Sin cmo{ cos.

£t

PE: et xtt) = {?j@c) ] and A =
pin-l\(ﬂ

Then x'(t) :Ax(t) & (>K§

[0

I
0

O

8,0, % Gy -

[
O I

O 1

O

O I

-an_l

Sols of (X) are the +°F enbeies of cole of x'= Ax.

e.j. etA L\O\s +bF row I:“P,(JC\

()]

with ﬂ(ﬂ a sol of (X Vé.

Moveovey, C|FI+"'+Cn'Pv\ =0 = ¢ { :
(n~

_p/

|

o fi,... . are an{EPeﬂO{en+ in C"(R), o







