SUBWORD COMPLEXES IN COXETER GROUPS

ALLEN KNUTSON AND EZRA MILLER

Abstract. Let (Π, Σ) be a Coxeter system. An ordered list of elements in Σ and an element in Π determine a subword complex, as introduced in [KM03]. Subword complexes are demonstrated here to be homeomorphic to balls or spheres, and their Hilbert series are shown to reflect combinatorial properties of reduced expressions in Coxeter groups. Two formulae for double Grothendieck polynomials, one of which appeared in [FK94], are recovered in the context of simplicial topology for subword complexes. Some open questions related to subword complexes are presented.

References

[BB93] Nantel Bergeron and Sara Billey, RC-graphs and Schubert polynomials, Experimental Math. 2 (1993), no. 4, 257–269.

[BGG73] I. N. Bernšteĭn, I. M. Gel^′fand, and S. I. Gel^′fand, Schubert cells, and the cohomology of the spaces G/P , Uspehi Mat. Nauk 28 (1973), no. 3(171), 3–26.

[Bjö84] Anders Björner, Orderings of Coxeter groups, Combinatorics and algebra (Boulder, Colo., 1983), Amer. Math. Soc., Providence, RI, 1984, pp. 175–195.

[BJS93] Sara C. Billey, William Jockusch, and Richard P. Stanley, Some combinatorial properties of Schubert polynomials, J. Algebraic Combin. 2 (1993), no. 4, 345–374.

[BKL85] Anders Björner, Bernhard Korte, and László Lovász, Homotopy properties of greedoids, Adv. in Appl. Math. 6 (1985), no. 4, 447–494.

[BLSWZ99]Anders Björner, Michel Las Vergnas, Bernd Sturmfels, Neil White, and Günter M.

Ziegler, Oriented matroids, second ed., Cambridge University Press, Cambridge, 1999. [BP79] Louis J. Billera and J. Scott Provan, A decomposition property for simplicial complexes and its relation to diameters and shellings, Second International Conference on Combinatorial Mathematics (New York, 1978), New York Acad. Sci., New York, 1979, pp. 82–85.

[BW82] Anders Björner and Michelle Wachs, Bruhat order of Coxeter groups and shellability, Adv. in Math. 43 (1982), no. 1, 87–100.

[Dem74] Michel Demazure, Désingularisation des variétés de Schubert généralisées, Ann. Sci. École Norm. Sup. (4) 7 (1974), 53–88, Collection of articles dedicated to Henri Cartan on the occasion of his 70th birthday, I.

[FK94] Sergey Fomin and Anatol N. Kirillov, Grothendieck polynomials and the Yang–Baxter equation, 1994, Proceedings of the Sixth Conference in Formal Power Series and Algebraic Combinatorics, DIMACS, pp. 183–190.

[FS94] Sergey Fomin and Richard P. Stanley, Schubert polynomials and the nil-Coxeter algebra, Adv. Math. 103 (1994), no. 2, 196–207.

[Ful92] William Fulton, Flags, Schubert polynomials, degeneracy loci, and determinantal formulas, Duke Math. J. 65 (1992), no. 3, 381–420.

[Hum90] James E. Humphreys, Reflection groups and Coxeter groups, Cambridge University Press, Cambridge, 1990.

Date: 11 March 2003.

AK was partly supported by the Clay Mathematics Institute, Sloan Foundation, and NSF. EM was supported by the NSF. 1

2 ALLEN KNUTSON AND EZRA MILLER

[KM03] Allen Knutson and Ezra Miller, Gröbner geometry of Schubert polynomials, Ann. of Math. (2), to appear, 2003.

[LS82b] Alain Lascoux and Marcel-Paul Schützenberger, Structure de Hopf de l’anneau de cohomologie et de l’anneau de Grothendieck d’une variété de drapeaux, C. R. Acad. Sci. Paris Sér. I Math. 295 (1982), no. 11, 629–633.

[LRS02] Cristian Lenart, Shawn Robinson, and Frank Sottile, Grothendieck polynomials via permutation patterns and chains in the Bruhat order, in preparation, 2002.

[Mac91] I. G. Macdonald, Notes on Schubert polynomials, Publications du LACIM, Universitè du Québec à Montréal, 1991.

[Mil00] Ezra Miller, Resolutions and duality for monomial ideals, Ph.D. thesis, University of California at Berkeley, 2000.

[MP01] Ezra Miller and David Perkinson, Eight lectures on monomial ideals, COCOA VI: Proceedings of the International School, May–June, 1999 (Anthony V. Geramita, ed.), Queens Papers in Pure and Appl. Math., no. 120 (2001), pp. 3–105.

[Ram85] A. Ramanathan, Schubert varieties are arithmetically Cohen–Macaulay, Invent. Math.

80 (1985), no. 2, 283–294.

[Sta96] Richard P. Stanley, Combinatorics and commutative algebra, second ed., Progress in Mathematics, vol. 41, Birkhäuser Boston Inc., Boston, MA, 1996.

[Ter99] Naoki Terai, Alexander duality theorem and Stanley-Reisner rings, Sūrikaisekikenkyūsho Kōkyūroku (1999), no. 1078, 174–184, Free resolutions of coordinate rings of projective varieties and related topics (Japanese) (Kyoto, 1998).

[Yan00] Kohji Yanagawa, Alexander duality for Stanley-Reisner rings and squarefree N^n-graded modules, J. Algebra 225 (2000), 630–645.

Mathematics Department, UC Berkeley, Berkeley, California E-mail address: allenk@math.berkeley.edu

Mathematical Sciences Research Institute, Berkeley, California E-mail address: emiller@msri.org