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Abstract

We consider solutions to a nonlinear reaction diffusion equation when the reaction term varies
randomly with respect to the spatial coordinate. The nonlinearity is either the ignition nonlinear-
ity or the bistable nonlinearity, under suitable restrictions on the size of the spatial fluctuations.
It is known that the solution develops an interface which propagates with a well-defined speed in
the large-time limit. The main result of this article is a functional central limit theorem for the
random interface position.

1 Introduction

We consider solutions to a scalar reaction-diffusion equation in which the reaction term varies
randomly with respect to the spatial coordinate:

up = Au+ f(z,u,w), x€R. (1.1)

When f = f(u) is independent of z, there may be traveling wave solutions moving with constant
speed. A similar phenomenon may occur even when there is spatial variation in f. When f
varies randomly with respect to x, in a statistically stationary way, such wave-like solutions may
propagate with a well-defined asymptotic speed as ¢ — oo, and in this setting it is natural to ask
how the (random) solution fluctuates about its mean behavior. The main result of this article
is a functional central limit theorem, or invariance principle, for the position of the interface in
the large time limit. Under suitable scaling, the interface behaves like a Brownian motion with
positive drift.

We suppose that f has the form f(z,u,w) = g(z,w) fo(u) where fo(u) is a nonlinear, Lipschitz
continuous function of u. We consider two cases for fy. In both cases fo(0) = fo(1) = 0, and the
solution u will take values in the interval [0, 1]. In this first case, we suppose that

fo(u) =0 for u < 0y, fo(u) > 0 for u € (007 1), f(l) =0, f(/)(l) <0, (12)

for some constant 0y € (0,1). Such a nonlinearity is sometimes called an ignition-type nonlinear-
ity, and the constant 6y is called the ignition temperature. The second case we consider is the
bistable type nonlinearity:

fo(u) <0 for uw € (0,6p), fo(u) >0 for u € (0y,1), f5(0) <0, fi(1) <O. (1.3)

The function g(z,w) : R x  — (0,00) is a stationary, ergodic random field defined over a
probability space (£2, F,P). We suppose that g(z,w) is almost surely Lipschitz continuous with
respect to x and that for some constant K,

9(z,w) = g(y,w)| < Kylz —y|, Vaz,yeR (1.4)
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holds almost surely. Furthermore, we suppose that there are deterministic constants g™’
such that the bounds

g

0 < g™ < g(r,w) < ¢gm"" < oo (1.5)

hold almost surely. For the bistable type nonlinearity, we make the additional assumption that

/0 inf (g(z,w) fo(u)) du > €, >0 (1.6)

x

with probability one, for some positive constant €,. This condition precludes the possibility of
the front being pinned (X (¢) bounded for all t), as described in [17], for example.

In the case that f = f(u) is deterministic and independent of x, it has been known for many
decades that semilinear reaction diffusion equations of the form

Up = Ugy + f(u) (1.7)

may admit stable traveling wave solutions existing for all ¢ € R. For example, if f is an ignition-
type or bistable-type nonlinearity, as described above, then v = 0 and v = 1 are equilibrium
solutions to (1.7), and there exists a monotone traveling wave solution u(t, ) = ¢(x —ct) for some
unique speed ¢ > 0. The wave connects these two equilibria in the sense that lim,_, . u(t,z) =1
and lim, 1o u(t,z) = 0, and the interface position X (¢) defined by u(t, X(¢)) = 6y moves with
constant speed. Moreover, the traveling wave is exponentially stable, which means that if z(¢, z)
solves the Cauchy problem with suitable initial data at ¢ = 0, then

supl|u(t +7,7) — z(t,z)| < Ce™ ™, Vt>0 (1.8)
z€R

for some constants C,r > 0, and 7 € R. Results on the existence and stability of traveling waves
for various nonlinearities may be found in [16, 7, 12, 13, 14, 1, 6, 23].

Generalized transition fronts

It is natural to ask how solutions behave when the reaction term is no longer homogeneous with
respect to the spatial coordinate:
Ut = Uy + [ (2, ). (1.9)

Is there a more general notion of traveling wave in this setting? If so, how do the spatial
fluctuations in f effect the wave and the interface? In this setting there have been extensions
of the aforementioned results, even under very few structural conditions on the function f. If
f varies periodically with respect to x, then in many cases there exist solutions called pulsating
traveling waves which oscillate periodically within the moving reference frame [25], [2], [30].
Even without periodicity in x, however, there may be nontrivial, wave-like solutions to (1.9)
that exist for all t € R. These solutions are called generalized transition fronts or generalized
traveling waves; this idea is due to H. Matano [18]. In the present setting, such a solution
may be defined as follows. Suppose that f(z,u) = g(x)fo(u) where fo(u) is either the bistable
or ignition nonlinearities. Then, under suitable assumptions about g(x), there exist functions
u(t, ) satisfying the following:

(i) u(t,x) solves (1.9) for all x € R and ¢t € R.
(i) 0<u<landu >0, foralzeRandteR.

(iii) There is a continuous increasing function X (t), the interface, such that u(t, X (t)) = 6y, and

lim sup sup u(t,z + X(t)) =0, (1.10)
R—00 teR 2>R
lim inf inf w(t,z+ X(¢)) =1. (1.11)

R—ooteRz<—R



The third property tells us that the width of the interface remains uniformly bounded in time. A
function u(t, x) satisfying these properties is called a generalized transition front or generalized
traveling wave. The existence of such solutions to the equation (1.9) was proved in [20] and
[21], while in [19] it was shown that the generalized transition front is unique and exponentially
stable. Berestycki and Hamel [3] have developed a very general framework for such solutions to
reaction-diffusion equations in inhomogeneous media. For some other recent work on generalized
transition fronts we refer to [4, 24, 31].

In the present article, we impose a particular statistical structure on f and derive a central
limit theorem for the interface X (¢,w) which is now a random variable. It was shown in [21] that
there exists a generalized transition front solution u(t,r,w) : R? x  — R to (1.1) having the
following properites:

(P1) For almost every w € Q, u(t, z,w) is a generlized transition front solution to (1.1).

(P2) The function u(0,z,w) : R x @ — R is jointly measureable with respect to the product field
B ® F, where B is the Borel o-algebra of R.

(P3) There exists a measureable function X (¢,w) : R x  — R such that u(t, X (t,w),w) =
and
u(t,z + X (t,w),w) = u(0, 2, Tx ¢ )W) (1.12)
P-almost surely.

(P4) There is a monotonically decreasing function v(z) such that

0<wv(z)<landv'(x)<O0forallz e R, wv(+00)=0,v(—00)=1 (1.13)
u(t,r + X (t,w),w) <v(z) < fpe™ Ve>0, teR (1.14)
u(t,z + X(t,w),w) > v(x) V<0, tekR (1.15)

Here A > 0 is a nonrandom constant independent of t € R or z € R.

(P5) There are constants Chyin, Crmaz > 0 such that Cpipn < X'(t,w) < Chuae holds for all ¢,
P-almost surely. For each R > 0, there is a deterministic constant dg > 0 such that

inf inf w(t,z + X(t,w),w) > 6x >0 1.16
%QRQPSRW( z+ X(tw),w) =g (1.16)

holds almost surely.

In property (P3), {7 }zecr is a group of measure-preserving transformations which acts ergodically
on (2, F,P) such that g(x + h,w) = g(x,mpw). Therefore, property (P3) is analogous to the
statement that u(t,x) = ¢(z — ct) in the case that the medium is homogeneous. Property (P4)
describes bounds on the wave speed and on the width of the interface that are uniform in time
and uniform with respect to P. This notion of a random transition front, or random traveling
wave, is similar to Definition 2.2 of Shen [24].

In addition to proving existence of such a random traveling wave, the work of [21] shows that

the interface position satisfies
lim X(t,w) =c" (1.17)
t—o00 t
almost surely. So, the speed of the random traveling wave is well-defined in this asymptotic
sense, and it is deterministic, due to the ergodicity assumption. This may be regarded as a law
of large numbers for the interface position. In the case of the so-called KPP-type nonlinearity
(e.g. flz,u,w) = g(z,w)fo(u) with fo(u) = u(l — w)), Freidlin and Gértner [9, 8] used different
techniques to obtain a similar asymptotic result for solutions to the Cauchy problem. In that
case, a generalized traveling wave may not exist, yet the asymptotic speed of the interface is still
well-defined as in (1.17). It is not known whether the invariance principle derived here can be
extended to the KPP case.



The main results

The main result of this paper is a functional central limit theorem, or invariance principle, for
the randomly fluctuating interface X (¢,w). In addition to the aforementioned assumptions, we
will assume that the random environment satisfies a mixing condition. To state this condition
we define two families of o-algebras {F, }rez and {F;f }rez by

Fr =0 (9(z,w)| x < k) f,jza(g(x,wﬂxzk).

These are the g-algebras generated by the random fields g(z,w) X (— oo,k (%) and g(z, w) X[k, +o0] (2),
respectively. That is, F,~ C F is the smallest o-algebra such that the random field g(z,w)X (= ook (%) :
R x 2 — R is jointly B ® F, -measureable. These families satisfy the order relations

Fo CFo CF, and FDF DFL, (1.18)

for all k € Z. Suppose that ¢ : [0,00) — [0,00) is a continuous decreasing function such that
¢(+00) = 0. We say that the random field g(z,w) is ¢-mixing if the following holds: for all
j >k and any £ € L*(Q,F, ,P) and n € LQ(Q,]:J*,IP),
. 1/2
E lgn] — ESIED)| < ¢'/2( — k) (EIJEL?) "
This mixing condition is a natural condition that arises in the proof of the central limit theorem
for sums of stationary random variables (see [11]).

Theorem 1.1 Assume that the random field g(z,w) is ¢-mizing with > oo (¢(n))'/? < co. Then
either

(1.19)

(A.) there is a constant k > 0 such that

t—oo /{\/i

where F(a) := \/% ffoo e~v’/2 dy is the cumulative normal distribution, or

lim P (‘X(t,w) —tc
t—o0 \/Z

lim P (X(t‘*’)_tc < a) =F(a), YacR (1.20)

(B.)

> a) =0 (1.21)

for any a > 0.
Moreover, in Case A, the family of processes {Yy,(t)}n>0 defined by

Y, (t) = W te0,1] (1.22)

converges weakly to a standard Brownian motion on [0,1] as n — oco.

The weak convergence described by the theorem means weak convergence of the family of
probability measures induced by {Y,,(¢)}, on the metric space C([0,1]), with the topology of
uniform convergence. See [5] for more details about this notion of convergence. This theorem
applies to the generalized transition front solution to (1.1), which is defined for all t € R. However,
using the stability result of [19] we can extend this to solutions to the Cauchy problem for suitable
initial data at ¢t = 0.

Corollary 1.2 Assume that the random field g(z,w) is ¢-mizing with > oo | ¢/%(n) < co. Let
2(t, x,w) satisfy (1.1) for t > 0 with initial condition z(0,x,w) = zo(x), where zo(x) satisfies

0 < z(x) <1, lim 2o(z) =1, zo(x) < Ce™1® (1.23)

for some positive constants C and «y. Let the interface position X*(t,w) be defined by

X*(t,w) =sup{r € R | z(t,z,w) = bOp}.



Then, if Case A holds,

. X*(t,w) — tc* B

Moreover, the family of processes

YE(t) = . teo,1] (1.25)

converges weakly to a standard Brownian motion on [0,1] as n — oo. Otherwise, Case B holds,
and (X*(t,w) —tc*)/(V/t) — 0 in distribution, as t — oc.

Perhaps the most closely related asymptotic results for nonlinear PDEs with random coeffi-
cients are the works of Rezakhanlou [22], Wehr and Xin [27, 28], and Varadhan and Zygouras
[29]. Rezakhanlou has studied fluctuations in solutions to stochastic Hamilton-Jacobi equations
near a homogenization limit. Wehr and Xin have analyzed the large-time behavior of solutions to
Burgers’ equation with either random flux or random initial conditions. Varadhan and Zygouras
have studied the asymptotic behavior of the tails of solutions to a semi-linear heat equation with
a random source at the origin. Theorem 1.1 is also similar in spirit to the work of Kesten and
Papanicolaou [15] who proved a CLT for a passive tracer transported by a random vector field. In
that setting, a nonzero drift forces the particle to see new regions of the random environment, just
as the assumptions (1.5) and (1.6) force the transition front to move forward into new regions.

Strategy of the proof

Let us describe the method of proof and the outline of the paper. To prove Theorem 1.1, we
analyze the sequence of random variables {T;, }, which are the times at which the interface reaches
the integer points x = n € Z. Because X (t,w) is increasing in ¢, its inverse T'(z,w) : R x Q@ — R
is well-defined by the relation z = X (T (z,w),w). Thus,

T,=Tn,w), n=0,1,2,...

From the definition of 7" and wu it follows that w(z + vy, T(y,w),w) = u(z,0,myw) for all y € R.
This means that as the wave passes through the point y the statistics of the profile of the wave
are invariant with respect to y. Consequently, the increments AT, = T, 11 — T,, are stationary,
and T, satisfies a law of large numbers [21]:

T 1n71
lim — = lim — Y ATj=7=(c*)"!
Jm, = i, 2 AT == ()7

which is another way of expressing (1.17). We will show that the limit

lim E

2
T, —nT
n—oo

vn

] =o? (1.26)

exits for some constant o > 0, and that if 2 > 0, then the family of processes

Ten — NXT
O'\/ﬁ ’

converges weakly to the standard Brownian motion on [0, R] for any R > 0. From this Theorem
1.1 will follow, with x = (c*)%/%0.

The increments AT, are correlated in a complicated way through the nonlinear equation
(1.1); this is the fundamental obstacle to deriving the main result. Nevertheless, we may derive
(1.26) and (1.27) using the martingale approximation method due to Gordin [10] and developed

Zn(x) = x> 0. (1.27)



further in [11] and [26]. In order to make this approximation strategy work, one must estimate
the conditional expectations E[AT[F;] and E[AT;|Ff] when k is much larger than j. If ATy
were J,"-measureable for some r with j < r < k, then we could bound E[AT}|F; | using the
mixing assumption (1.19). However, the mixing condition (1.19) is imposed on the environment,
rather than on the o-algebras generated by the interface position X (¢,w) or by the increments
AT, (w). In fact, AT}, is not F, -measureable for any r € R, and in the case of the bistable-type
nonlinearity, AT} is not F, -measureable for any » € R. Therefore, a key step in applying the
martingale approximation argument will be a stability estimate for perturbations of generalized
transition fronts. One may interpret these estimates to mean that the movement of the interface
depends primarily on the local environment, and only weakly on the distant past and distant
future. In other words, the stability of the generalized transition front implies that the interface
“forgets its past”; this fact leads to the universal Gaussian behavior of the interface position in
the large time limit.

The paper is organized as follows. In Section 2 we first recall a general sufficient condition
for the central limit theorem to hold for sums of identically distributed random variables. This
is Theorem 2.1. We then apply Theorem 2.1 to derive (1.26) and the invariance principle for
Z,(x) defined by (1.27). From this and the inverse relationship between T, (w) and X (t,w) we
then derive the main results, Theorem 1.1 and Corrolary 1.2. Our application of Theorem 2.1
will rely on some crucial estimates on the conditional expectations E[AT}|F; ] and IE[ATH]-';’ I,
which we state in Proposition 2.2. Sections 3 - 6 are devoted to proving Proposition 2.2. In
particular, Section 3 establishes the important connection between the stability of the traveling
front solution and the key estimates on E[AT)|F; | and ]E[AT;€|_7-'j+ ]. In Section 7, we construct
an example demonstrating that Case A may hold.
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2 Proof of the invariance principle

2.1 A general central limit theorem and related estimates

We first prove (1.26) and the invariance principle for Z,(z) and then show how this leads to
Theorem 1.1, the invariance principle for for X (¢,w). We will apply the following general result
of Hall and Heyde [11] (see Section 5.4 therein, as well as Volny [26]), which yields the invariance
principle for stationary sequences that can be approximated suitably by sequences of martingale
differences:

Theorem 2.1 (See Hall and Heyde [11], and Volny [26]) Suppose that a sequence {ny}i C
L*(Q, F,P) satisfies E[ng] = 0, ngtj(w) = ng(mjw) for all j,k € Z, and that the two series

S EmlFy]  and Y (no —ElnolF, ) (2.1)
k=1 k=1

converges in L?(2, F,P). Then, the limit

2

1 N—1
2 _ i b
o° = ]\;Enoo NE Z k| | < oo (2.2)
k=0
exists. If 02 > 0 and Sy = Zf;é 74, the family of processes
- 1
Zn(x)= —= Sk +(nx—k)nk), k<nzx<k+1 k=0,1,...,n—1 (2.3)

ov/n



converge weakly to a standard Brownian motion on [0, 1], in the sense of C([0, 1]) with the topology
of uniform convergence.

Since E[AT;] = 7 > 0, we define the centered random variables AT}, = ATy, — 7, and we
now demonstrate that the random variables 7, = AT, satisfy the criteria of this theorem. By
definition, E[AT}] = 0. The stationarity of the increments AT}, follows from the definition of
T(z,w) and property (1.12) of w. That is, since w(Ty4j, 2 + k + j,w) = u(0,z, T4 w) for all
k,j € Z, ATyt ;(w) = ATy (mp4jw) = ATy(mpmjw) = ATy(mjw). Therefore, our main task is to
demonstrate that (2.1) holds for 7, = AT}, which means that the two series

iE[Ame—] and i(ATO_E[ATMg]) (2.4)

converge in L?(Q, F,P). We now state some crucial estimates of E[ATH?{] and ]E[ATH}";‘] that
will enable us to verify the convergence of these series.

Proposition 2.2 Let fo(u) be either the ignition-type or bistable nonlinearity. There are con-
stants Cy,Cy > 0 such that

|AT), — E[ATw|F [ 2 o,7,p) < Cre” @209 (2.5)
holds for all k > j, and

”ATk - E[Afk|fj—]|\L2(Q,f,P) < Ce~ 2R (2.6)
holds for all j > k. The constants C1 and Cy do not depend on the function ¢ in (1.19).

We postpone the proof of Proposition 2.2 until Section 3, and we continue verifying the
convergence of the series in (2.4). The convergence of the second series in (2.4) follows immediately

from (2.6). For the first series, we need to estimate the conditional expectation E [ATH}'& } and
show that

lim limsupE
m—oo np—oo

(Zn: ]E[Amfg]f] =0. (2.7)

k=m
This will follow from (2.5) and the mixing condition (1.19), as we now demonstrate.
Let 0 € L*(Q, F, ,P) with E(6?) = 1. For any integer 1 < j < k,
E (eE[Amfo—]) —E (0Afk) —E (eE[Amf;]) +E (9(Afk - E[Afk\fj})) . (2.8)

We bound the first term on the right by choosing j = |k/2]| and using the mixing condition
(1.19). Since E[AT}] = 0, we conclude

B (0RIATHIF}]) | < 02 - DEIAT)Y2 < CoV2(1k/2) - 1) (2.9)

Here we have used the fact that 0 < AT < (Cypnin)~ 1. We estimate the second term in (2.8) with
the Cauchy-Schwarz inequality and (2.5):

‘E (Q(Afk — E[Afk|j-“j7“]))’ < E(6°)'/?| AT, — B[AT: | F} |2 (0,7, < Cre”2F/2
Since § € L*(Q, F; ,P) was arbitrary, we conclude that

E (IE[ATMJW)W < Cre Ok 4 0ol 2([k/2] - 1) (2.10)



Therefore, the triangle inequality implies

n 1/2 n
E((> E[ATMO-])Z] < Y E[@Eanis)]
k=m k=m
< zn: (Cre= @2 4 o 2(lk/2) - 1)
k=m

Since the series 300 | ¢'/2(n) converges, it follows that "5 | E[AT}|F, ] converges.
Now, having shown that both series in (2.4) converge in L?(Q, F,P), we may apply Theorem
2.1 with np = ATj. Then, if 2 > 0, the process
1

Zn(gc):m(Tk—?kﬁ-(nax—k)ATk), k<nr<k+1 k=01,....n—1 (211

converges weakly to the standard Brownian motion W(x) In particular, for any 0 <z <--- <
T, the finite dimensional distributions of Z,, (1), ..., Z,(xx) converge to those of W (z1),..., W (x)
as n — oo, and the family of measures on C([0,1]) induced by the processes {Z,(z)}, is tight.

In the space C([0,1]) tightness is equivalent to these two conditions:

(T1) For any €1,ez > 0, there is § € (0,1) and N € Z such that

P sup |Zn(t) - Zn(s)| Z €1 § €2
s,t€[0,1]
|t—s|<6

for all n > N.
(T2) For any ez > 0,
P(Y.(0)| > B) <e, VYn>1
holds if 3 is sufficiently large.

See Theorem 8.2 of [5] for a proof of this equivalence.
The invariance principle for Z,,(z) implies an invariance principle for Z, (x) defined by (1.27),
as well. To see this, suppose k € Z, k < n, and |nx — k| < 1. Then

Ty — 7k N (Thz — Ti) + 7(k — nx)
ov/n ov/n

Therefore, since Z,,(x) = Z,(x), if nx € Z, and since 0 < Cpin < X' < Crasx (Property P5), it
follows that

Zn(z) =

~ (Cmin)_l +7
sup |Zn(z) — Zp(z)] < ———— (2.12
mG[O,l]| ( C’\/R )
Therefore, for any € > 0,
lim P sup |Z,(z) — Z,(2)| > €| =0. (2.13)
n—00 z€[0,1]

Therefore, Z,,(x) — W (x) weakly as n — oo, in the sense of C([0,1]).



2.2  Proof of the invariance principle for X (t)

Now we will use the weak convergence of the processes {Z,(x)}, to derive an invariance principle
for the interface position X(t,w), establishing Theorem 1.1. Suppose 02 > 0 and that x =
(¢*)?/%0. Define the family of continuous processes

X(nt) — c*nt
kyno
By Theorem 8.1 of [5], it suffices to show that

(i) For any 0 <t; <--- <tx <1, the finite dimensional distributions of (Y, (¢1),...,Yn(tx))
converge to those of W(ty),...,W(tx) as n — oo.

Y, (t) = t>0. (2.14)

(ii) The family of measures on C([0,1]) induced by {Y,,(¢)}, is tight, meaning that conditions
(T1) and (T2) hold for {Y,,(¢)}n.
Convergence of the finite dimensional distributions

Let {t;}X , be a finite subset of [0,1], and let {ay}5 , C R. By definition of X and T,
X(Ty(w),w) =z for all x € R, with probability one. Therefore

P(Ya(ty) <on, Vk=1,...,K) = P(X(ntx) < Vnkay + c*nty, Vk)
= P(T/nraptcnt, > ik, VE)
- P (Zn(x;g) > Ik Vk) (2.15)

where we have defined z}} = n~Y2kay 4+ ¢*ty, for k =1,..., K. Now for any € > 0, we have

P (Y, (ty) < ap, VE) = P(Z,L(m};)> —TR% Vk:)
g

< P (Zn(c*tk) > TRk €, Vk)

g

+P(Z,(c"ty) — Zn(x}) < —€, VEk).

Since Z,, converges weakly to W, in the sense of C([0, R]) for any R > 0, the associated family
of measures is tight and therefore

limsup P (Z,(c"ty) — Zn(zf) < —€, Vk)

n—oo

< limsupP sup |Zn(z) — Z,(y)| > € | =0.
n—oo 2yEl0.c 1]
lz—y|<n™2kay

So, we see that for any € > 0,

K - -1
. —TRQRO — €
hrrlxlsolipp(yn(tk) <oag, Vk)< kl;[l (1 N F(m)>

where F' is the cumulative normal distribution. Similarly,

—TRQL

P(Yalte) <ax, VE) > P (zn<c*tk> > T, vk)
—P(Z,(c"ty) — Zn(z}) > €, VEk).
Therefore,

K _= -1
lim inf P (Y, (t) < o, VE) > [ <1 F(W)> .
k=1

n— oo c* tk



Recall that x = (¢*)3/?¢ and 7 = (¢*)~!. Since € is arbitrary, we conclude that

lim P (Y, (t) < ax, ¥h) =[] (1 _ R TR )) =11 F(%), (2.16)
k=1

n—oo oy/c*t
k=1 k

which is equal to P(W (t;) < g, VEk=1,...,K).

Tightness

The tightness of the family of measures induced by {Y;,(¢)}, also follows from the weak conver-
gence of Z,(z). Verifying condition (T2) for {Y,,(¢)}, is trivial since ¥,,(0) = 0, almost surely.
Now we need to verify condition (T1) for {Y,,(¢)},. Observe that X (nt) — X (ns) — nc*(t — s) >
k+/ne if and only if

TX(ns)Jrn\/ﬁeqLc*n(tfs) - TX(HS) < n(t - S)

So, if we define 27 = n~! X (ns), then for any € > 0

Pl sup Yo(s)=Yo(t)>e| = P| sup T,uninn-1/2erer(t—s)) — Lnan —n(t —s) <0
5,t€[0,1] 5,t€[0,1] ®
s—t<d s—t<d
< P inf  Zn(z4rn" e+ c'r) — Zn(z) < _TRe

2€[0,Crmaz] g
r<d

Therefore, the tightness condition (T1) for {Z,,(¢)}, implies that

lim lim P| sup Y,(s)—Y,(t)>e]| =0. (2.17)
d—0n—o0 s5,t€[0,1]
s—t<d
Similarly, we find that
P s7tien[(f)’1] Yn(s) - Yn(t) < —e = P s,tien[g,l] Tn(wg‘—mﬁl/%—&-c*(t—s)) - TnacQ - n(t - S) >0
s—t<d s—t<d
< P sup  Zp(x — kn" Y2+ ) — Zy(x) > Tre
2€[0,Crnaz] o
r<é
So, we conclude that
lim lim P inf Y,(s)—Y,(t) <—e]| =0, 2.18
jim m P mE () = Ya(t) < —e (2.18)
s—t<d

holds as well. The combination of (2.17) and (2.18) shows that condition (T1) holds for {Y,(¢)},.
This completes the proof of Theorem 1.1.

2.3 Proof of Corollary 1.2

Having established Theorem 1.1, we now prove Corollary 1.2, the invariance principle for X*(¢,w).
From [19] we know that

sup|z(t, z,w) — u(t + 7, z,w)| < Ce™ " (2.19)
z€R
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holds, P-almost surely, where 7 = 7(w) is a random shift satisfying |7(w)| < C; and r > 0. This
and the fact that | X'(t,w)| < Cpyae imply that || X*(t,w) — X(t,w)| (o) is uniformly bounded
for t > 0. Therefore,

) X*(t) — te* I X(t) — tc* X=(t) — X(t)
tlggo]?<\/f<ﬁ> = tlg&]P’( 7 < p- 7 ) (2.20)

In Case A, % > 0, and this limit is F(3/k). Otherwise, x> = 0 and the limit is equal to 0 for
B < 0, and it is equal to 1 for 8 > 0. In Case A,

_ . X*(nt) — X(nt)
lim P sup |[Yo(t) = Y7(t)|>€¢] = lim P sup | ——————|>¢| =0
n—0o0 <t6[0,1]| ®) ) ) n—oo <te[071]| K/ |

for any € > 0. Therefore, Y,?(x) — W(x) weakly as n — oo, in the sense of C([0,1]). O

3 Uniform Stability Estimates

The goal of this section is to prove the estimates in Proposition 2.2. Our strategy will be to use
the stability of the traveling wave to show that the movement of the interface depends primarily
on the local environment and is not strongly effected by the distant past and distant future.
This is the essence of Theorems 3.1 and 3.4, which we prove later in Section 4 and Section 5,
respectively.

Dependence on the past

We first examine the dependence of AT} on g(x,w) for x < k, which is the environment that lies
far behind the interface. Our idea is to modify the equation for u in the region x < 0 and then
consider how the solution to the modified equation compares with the solution to the original
unmodified equation at large times. Suppose that fo(u) is either the ignition-type nonlinearity or
the bistable type nonlinearity. Let §(z,w) be a jointly B ® F -measureable random field which
satisfies (1.4) and (1.5) and which agrees with g(z,w) for z > 0, almost surely. For example, we
might let g(x,w) be defined by

{ g(z,w), >0

g(w,w) = g(0,w), = <0

Roughly speaking, the following theorem implies that the wave “forgets the past” rapidly, since
the solution to the modified equation associated with the modified field § converges rapidly to
the transition front which solves the original unmodified equation:

Theorem 3.1 Let z(t,xz,w) solve the modified initial value problem
2t = 2w + §(z,w) fo(2), z€R, t>0 (3.1)
with deterministic initial condition z(0,z,w) = zo(x) satisfying

0 < zo(x) <1, lim zp(z) =1, zo(x) < Ke™ ™1 (3.2)

r——00

for some K,y > 0. There are constants C,Cr,r > 0 and a random variable 7(w) such that,
almost surely with respect to P, both |T(w)| < Cr and

sup|z(t, r,w) — u(t + 7(w), r,w)| < Ce™"* (3.3)
z€R

hold for all t > 0.
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If z(t,z,w) solves the modified problem (3.1), we let T7(w) denote the time at which the
interface corresponding to z(t, z,w) reaches the point x = k:

T¢(w) =inf{s > 0| z(s, k,w) = by }. (3.4)

Due to the definition of § and z, the increments ATy =T, | — T} are F, -measureable random
variables, while AT}, is not ]-'f—measureable for any j. However, using Theorem 3.1 we derive a
uniform estimate of the difference between AT} and ATy, from which we will obtain (2.5):

Corollary 3.2 There are deterministic constants C,h > 0 such that

|ATE (w) = ATy || L (0,75 < Ce™"* (3.5)
for all k > 0.
We will prove Corollary 3.2 in Section 6.

Dependence on the future

Next, we examine the dependence of ATy on g(x) for > k, which is the environment far ahead
of the interface. We will treat separately the two cases of the nonlinearity fo(u).

Lemma 3.3 Let fo(u) be the ignition-type nonlinearity. For all integers k € Z, the random
variable Ty, is F,, -measureable. Consequently, ATy, = E[ATy|Fy] for any N >k + 1.

Proof: The fact that T} is F, -measureable follows from the construction of the traveling wave
in [21] and the fact that fy(u) vanishes where u < 6. The traveling wave satisfies u(t, z,w) < g
for all x > k and t < Ty (w), so that fo(u) =0 for all z > k and ¢ < Tj(w). Therefore,

U = Ugg + 9(T, W)X (—oo,k) (%) fo(u) z €R, t < Ti(w) (3.6)
holds P-almost surely. [

Observe that for the ignition-type nonlinearity, (2.6) is an immediate consequence of Lemma
3.3. If fo(u) is the bistable-type nonlinearity, however, fo does not vanish on an open set con-
taining u = 0, and in this case more analysis is required to estimate AT}, — E[AT})|Fy]. To this
end, we will consider solutions to a modified equation, which has been modified only for x > 1;
comparing the solution to the modified equation with the solution to the unmodified equation
will show that u does not strongly depend on g(z,w) for z > 1. We let gy (z,w) be a jointly
B ® Fy-measureable random field which satisfies (1.4) and (1.5) and which agrees with g(z,w)
for x < N, almost surely. For example, we might let gx be defined by:

X _{ 9@w), z<N
gN(wi)_{ g(N,w), x> N

Roughly speaking, the following theorem tells us that for a time proportional to N, 2% does not
depend strongly on what lies far ahead of the interface in the region x > N:

Theorem 3.4 Let fy be the bistable nonlinearity. Suppose that zo(x) € C(R) satisfies

0<z(x) <1, lim zo(2) =1, zo(x) < Ke™*® (3.7

for some constants K,a; > 0. For N > 0, let 2V (t,z,w) solve the modified initial value problem

N =2 4 an(z,w) fo(2Y), zeR, t>0 (3.8)
with initial condition zN(0,z,w) = z9(x). There are non-random constants C,Cr,r > 0, py €
(0,1), and a random variable T (w) such that for almost surely with respect to P, both |tn(w)| <
C; and

sup|z (t, 2, w) — u(t + 7n (W), z,w)| < Ce™ " (3.9)
z€R

holds for all t € [0,poN], for all N > 0. The constants C, C,, r, and py are independent of N.
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Observe that the estimate (3.9) only applies over a time interval ¢ € [0,pN]. We should not
expect the estimate to hold for all ¢ > 0, since eventually, the interface corresponding to 2V will
pass into the region x > N where the two equations do not coincide. Let T; ,gV (w) denote the time
at which the interface corresponding to z¥ (¢, z,w) reaches the point z = k:

TN (w) =inf{s > 0| 2V (s,k,w) = 6 }. (3.10)

The increments AT = T, ,ﬁl — T} are Fy-measureable random variables. Using Theorem 3.4

we derive a uniform estimate of the difference between AT} and AT}, from which we will obtain
(2.6):

Corollary 3.5 Let fo(u) be the bistable-type nonlinearity. There are deterministic constants
C>0,h>0, and s € (0,1) such that

||AT]£V(W) - ATk||Loo(Q7f7]P’) < Ce_hk (311)
holds for all k < sN, for all N > 0. The constants C, h, and s are independent of N.

As with (3.9), the estimate (3.11) holds only for & < sN, since 2V is close to u only for a time
proportional to N (for ¢ € [0, poN]). We will prove Corollary 3.5 in Section 6.

Proof of Proposition 2.2

The bound (2.5) follows immediately from Corollary 3.2, the stationary of ATy, and the fact that
Ti_;is F -measureable:

IATy, — E[ATFf 20,70 = [ATi—j — E[AT—j| 7 |2, 7,p)
|AT—j — AT} || 2 0. 7p) < Ce "= (3.12)

IA

For the ignition type nonlinearity, Lemma 3.3 shows that ATy is F ; ~measureable forany j > k+1.

So, in this case, the bound (2.6) is trivial. For the bistable type nonlinearity, however, AT} may
not be F; -measureable for any j € Z. In this case, the bound (2.6) follows from Corollary 3.5. Let

s € (0,1) be the constant from Corollary 3.5, let j —k > (1 —s)/s, and let r € [% -1, %]

be a positive integer. Let N =r+j —k. Thus, 7 < sN and N —r = j — k. Due to the stationary
of ATy and the fact that TV is Fy-measureable, we see that
ATy — E[AT|F; 2. rpy = AT — E[AT[Fyllle .7 p)
||ATT- - AT7{V||L2(Q7]:,P)
< Ce—hr < C/e—hs(j—k)/(l—s).

IN

This proves (2.6) for j — k > (1 — s)/s. The general case j > k follows from this and the fact

that we always have
1 1

Omin Omax

for all j, k, since (Craz) ™! < ATy < (Cpin) L. So, by choosing the constant C; to be larger, if
necessary, we conclude that (2.6) holds for all j > k. This proves Proposition 2.2. O

|AT), — E[ATL|F; M r20,78) <

4 Proof of Theorem 3.1

Theorem 3.1 is proved via a modification of the arguments developed in [19]. There it was shown
that if ¢(t,x) solves (1.1) for ¢ > 0 with initial condition ¢(0,x) satisfying (3.2), then (¢, )
converges exponentially fast to some translate of the transition front:

sup|p(t, z) — u(t + 7,2)| < Ce™" (4.1)
Tz€R
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for some constants C,r > 0 and 7 € R (see Theorem 1.1 of [19]). The main difference between
Theorem 3.1 and the result of [19] is that z(¢,z,w) and u(t, z,w) solve different equations. Nev-
ertheless, the equations agree for > 0, which enables us to apply the strategy of [19] as the
interface moves away from the origin. Here we sketch the proof and point out where modification
is needed. It is easy to see that the probabilistic structure of the coefficients is superfluous in the
following proof; the argument may be carried out entirely for each w regardless of the translation
invariance of P. However, because of the application at hand, we take care to explain why the
constants in (3.3) may be chosen uniformly with respect to P.

The first step in the proof is to show that the function z (which solves the modified equation
(3.1)) may be trapped between two translates of the transition front u (corresponding to the
original equation (1.1)). Then we show that the gap between these two translates may be reduced
exponentially fast as ¢ — oco. Although the constants C, r, and 7 depend on the initial condition
zo(x), the rate r depends only on «q, the decay rate of the initial data as x — oco. The constant
C depends on «; and on the initial gap between the two translates of u necessary to trap
zo(x). Therefore, because of the uniform properties of u and because the initial data z(z) is
deterministic, these constants may be chosen uniformly with respect to P. In proving Theorem 3.1,
we will suppose that fo(u) is the ignition-type nonlinearity. The case of the bistable nonlinearity
(under the condition (1.6)), which is somewhat simpler, may be handled similarly with some
minor modifications. Since these modifications will be highlighted later in the proof of Theorem
3.4, we do not focus on the bistable case now.

In order to trap the solution z from above and below, we construct sub- and super-solutions
having the form

a(t,z,w) = u(t—C (t—ty),x,w)—qlt—to)T(x— Xt - (t—to),w))
alt,z,w) = ult+ ¢t —1t),z,w) +q(t—to)(z — X(E+ (T (E—t),w)). (4.2)
)

This is a generalization of the construction developed in [6]. Here ¢(t) = e(w)e™"" and I'(z) is a

smooth decreasing function satisfying 0 < T'(z) < 1 and

1, for x € (—o0, Lo — 1]

L) =Tro.a(z) = { e~@=Lo) " for x € [Lg+ 1, +0od]. (4.3)

The constant Ly > 2 is chosen to be sufficiently large so that for almost every w € €,

u(t,z,w) > (1+61)/2, Vo < X(t,w) — Lo/2,
u(t,z,w) < 6p/2, Vo > X (t,w) + Lo/2,

holds for all ¢t € R, where 6; € (6p,1) is chosen so that fi(u) < f{(1)/2 if w € [61,1]. That such
a nonrandom constant Ly exists follows from property (P4) of the random traveling wave. The
decay rate « is chosen to satisfy 0 < o < min(\, ;). The monotonically increasing functions
¢*E(t) are defined by

Be(1 — et

=g+ P = gy ZAD

4.4
To To ( )

Observe that ¢F(w) and e(w) may be random variables so that the functions ¢(*(t) and ¢(t) may
depend on w € Q2.

It was shown in [19] that for a suitable choice of these parameters, the functions @ and @ are
super- and sub- solutions, respectively, to equation (1.1). Specifically, it is necessary to choose
the constant B > 0 sufficiently large:

B = (2Ky + Cr)/ba.L,, (4.5)

where Cr = [|T'||c2(r) and K7 is a uniform Lipschitz bound for f:

|f(a:,a,w) — f(x7b7w)|

Ky=| sup sup < 00. (4.6)
z€R  a,be[0,1] la — b
a7b L>(Q)
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This quantity is finite, by our assumption (1.5). Then, ¢(w) > 0 must be chosen sufficiently small:
e(w) < eo = min (6p/4,(1 —01)/4,1/(4B)) . (4.7)

Finally, we let 3 € (0, g™™|f}(1)|/2) and v = aCypin/2—a?, which is positive for 0 < a < Cpin /2
Then ry must be chosen sufficiently small:

ro < min(8, v, Ky). (4.8)

Lemma 4.1 Let B, Ky, €, and ro be chosen according to (4.5) - (4.8). Suppose e(w) < €.
Then
Up — Ugy — f(z,0,w) >0, Vit>ty, v €R such that a(t,z,w) <1 (4.9)

and
Uy — Uge — f(z,0,w) <0, ViE>tg, x €R such that u(t,z,w) > 0. (4.10)

See Section 2.1 of [19] for details of this calculation. Although @ and @ are super- and sub-
solutions to equation (1.1), respectively, they are not necessarily super- and sub-solutions to the
modified equation (3.1), since §(z,w) # g(z,w) for x < 0. However, we now introduce additional
conditions that will guarantee that @ < z < @ for all x < 0.

First, since g > ¢™™ and § > ¢™™ there are deterministic constants Ky > 0 and r; > 0,
depending on ¢™", such that

inf u(t,r,w) >1— Koe ™ VteR, (4.11)

holds with probability 1. To see this, let 7(¢,z) solve 1y = 7z, + g™ fo(n) for t > 0 with initial

data 1+ 00)/
. 1+69)/2, 2<0

Since u(0,0,w) = fy almost surely, property (1.14) of w implies that for M sufficiently large,
7(0,z + M) < u(0,z,w) holds for all z € R, almost surely. Since 7 is a subsolution to (1.1), the
maximum principle then implies that

: > i
;rgng u(t,z,w) > ;rgl% n(t,z + M)

for t > 0. Furthermore, it follows from the results of [6] (e.g. Lemma 4.3, therein) that

igf(’)n(t, T+ M)>1—Ce ™ (4.12)
for some constants C and r; that depend only on g™, fo, M. This implies (4.11). By the same
argument, perhaps with a larger constant Ky, we also see that

iréfoz(t, r,w) >1— Koe "' VteR, (4.13)
T~

holds with probability 1, since § > g™ and since n(0,x + M) < z(0,7) for all x € R, if M is
sufficiently large. Now using (4.11) and (4.13), we may bound z(t,z,w) by @ and @ as follows:

Lemma 4.2 Let B, Ky, €, and 1o be chosen according to (4.5) - (4.8). Furthermore, suppose
ro € (0,71/2). Then the following hold:

(i) Assume that e(w) € (0,€p) and that for some & (w) and tyg >0
z(to, v, w) > ulto + &, ,x,w) —el'(x — X (to + & ,w)) (4.14)
holds for all x € R. If € > Koe~ "% then
2t zw) > ult —C(t—t),z,w) —ee T (2 — X (¢t — ¢ (t —tg),w)) (4.15)

holds for all t > to, x € R, with {~ defined by (4.4).
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(ii) Assume that e(w) € (0,€0) and that for some & (w) and tg >0
2(to, 7, w) < ulto + &5, z,w) + el(x — X(to + &, w)) (4.16)
holds for all x € R. If to + & (w) > max(0, —ry ' log(e/2Ky)), then
2t z,w) < ult+CHt—ty), z,w) +ee I (@ — X (t 4+ CT(t—to),w)) (4.17)
holds for all t > to, x € R, with ¢ is defined by (4.4).
Proof of Lemma 4.2: We first prove part (i). Suppose ¢ > Kge~"0%. In this case, we see

that

sup (t, z,w) < max (00, 1— eero(tt°)> <1— Koe ™' < inf 2(t, z,w)
2<0 2 <0
holds for all ¢ > ty, almost surely with respect to P. The first inequality follows from the definition
of I and the constant L. Since u is a sub-solution to the modified equation in the region x > 0,
the maximum principle then implies that @ (¢, z,w) < z(¢, z,w) holds for all t > ¢, x € R, as well.
Now we prove part (ii). Suppose ty + &1 (w) > max(0, —ry ' log(e¢/2Ky)) holds. Since t +
CH(t —to) > to+ &5 > 0 for t > ¢, it follows that X (t + (T (t —t)) > 0 for t > t, and that
I(z— X+ (t—to))) =1forall z <0 and ¢t > ty. Using this fact and (4.11), we see that

e N + —ro(t—tg))
;rgl%u(t,x,w) > iréfo(u(t—l—éo,x,w)—l—se

> 1 - Kge (&) 4 cemrolt—to)
> 14 56_7'0(15—750) > 1 =supz(t,z,w) (4.18)
2 z€R

holds for all ¢ > tg, almost surely with respect to P. Therefore, since g(z,w) = §(z,w) for > 0,
the maximum principle implies that with probability 1, z(¢, z,w) < 4(t,z,w) for all z € R, t > to.
(Il

Proposition 4.3 Let ro be chosen sufficiently small, as required by Lemma 4.2. There exist
deterministic constants To > 0, T > 0, ro > 0, K5 > 0, v € (0,1/2) and random sequences
{gn(W)}n>0, {¢F (W) nz0, and {(;, (w)}n>0, such that P-almost surely, the bounds

2t z,w) > ult+ ¢ xw) — gue 2T (2 — X (¢4 ¢, w)) (4.19)
z,w) <u(t+ ¢ zw) + gue T (2 — X (E+ ¢, w)) (4.20)

z(t, x,
hold for all t > t, = nT + Ty, n=10,1,2,..., and z € R, while the sequences {¢;(w)}, {¢ (W)},
and {qn(w)} satisfy

0 < gn < min(eo, G = ¢, (4.21)

27" < GE -G < Ka(1—7/2)", (4.22)

S S (GG G 2 G e (G -G, (4:23)
G —1<¢ << +1, (4.24)

Proof of Proposition 4.3: The proposition may be proved inductively, as in [19]. For each n
we will apply Lemma 4.2. To make this possible, we will also require that the sequences {7 (w)},

{¢, (W)}, and {gn(w)} satisfy

tn + T > max(0, —rg tlog(gn/2K)) (4.25)
gn > Koe "' (4.26)
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for all n > 0. First, we initialize the induction argument. For n = 0, let t{, = (ro) ~!|log(eo/2Kp)]
and let qo = (3€0)/4. Thus, qo > €9/2 = Kpe "% holds. Due to our assumptions about zo(z),
there is a constant & sufficiently large, so that &5 > g *|log(qo/2Ko)| and

Zo(l’) < U(farawi) + QOF(:C - X(f(—;_vw))vvx €ER (427)
holds almost surely. Then Lemma 4.2 and the fact that u; > 0 imply

Z(tawi) < u(t+<+(t)7xaw) +qoei7‘0(t7t6)r($7X(t+c+(t)aw))
ut + ¢, w) + qoe T (@ - X (4 (F,w)) (4.28)

IN

for all ¢ > 0 where (T is defined by (4.4) with ¢ = g}, and ¢ := & + Bqo/ro = sup;~o (T (1).
Because 0 < a < A (recall A in property P4), we may also choose {; < 0 with |, | sufficiently
large so that

u(ty + &5, x,w) — qol(x — X (ty + &5 ,w)) < n(ty,z + M) < z(ty, z,w)
holds for all € R. Since qg > €/2 = Kope "%, Lemma 4.2 also implies

ta,w) > ult—C(E—t)),zw) — goe TNz — X(E— ¢ (t—t)),w))
> ult+ ¢y ,z,w) — qoe_m(t_té)f‘(x —X({t—C(t—ty),w)) (4.29)

for all x € R, t > to. Here ¢~ () is defined by (4.4) with € = qo, and {;, := &; — Bqo/r0. Now we
correct the argument of T in (4.29) by taking ¢y > t{,, as follows. Since |X(t — (~(t —t),w)) —
X(t+ ¢y ,w))| < CrmazBqo/To, it follows from the definition of T' that

doe Iz — X (¢ (¢ — th), ) < o(1 + eACmarBa/r0)e == IP (i _ X (¢ + (5 ).

Therefore, we may let Ty = to = t)+h with h sufficiently large so that (14e®CmasBao/r0)e=r0h < 1,
Then we have

Z(t7 1‘760) > U(t + C()_v z, w) - QO67TO(t7tO)F(l‘ - X(t + CO_a w)) (430)

This gives us the lower bound (4.19) for n = 0. Since tg > t{,, (4.28) implies the upper bound
(4.20). Taking & larger, if necessary, we have Ko := (" — (5 > 2°.

This establishes (4.19), (4.20), (4.21), (4.22), (4.24), (4.25), and (4.26) for n = 0 and initializes
the induction argument. Observe that foi (w) = foi may be chosen to be deterministic constants,
due to the uniform properties of u and the fact that zo(x) is deterministic. So, the initial shifts
¢ and (; are independent of w € €.

Next, we assume (4.19), (4.20), (4.21), (4.22), (4.24), (4.25), and (4.26) hold for some n > 0,
and we complete the induction step from n to n + 1. This may be done as in the proof of
Proposition 2.2 of [19] using the following strategy. We will consider three regions in the time-
space domain: Ar will denote a (random) set of points (¢, z) near the interface; A will denote
a set of points behind the interface, where u takes values close to 1; A}; will note a set of points
ahead of the interface where u takes small values. The subscript R > 0 controls the width of
the middle region, Ag. In this region we will apply the Harnack inequality to show that z must
separate from the two translates of the transition front (denoted by 7 and w; ) by an amount
proportional to the gap ¢ — (. This allows us to shrink the gap while maintaining the ordering
u;, <z < u;} within the middle region. Then we consider the outer regions A} and Aj to show
that at t = t,,11 this ordering is attained approximately, in the sense of (4.19) and (4.20). The
sets Ag, Ap, and AE depend on w € Q, and for n > 1 the shifts (& and offsets ¢, will be random
variables. However, we will suppress this dependence in our notation, and all constants chosen
during the induction step will not depend on w.

In the present setting, we must modify the argument of [19] to handle the region behind the
moving interface, since v and z do not satisfy the same equation in this region. We overcome
this obstacle by using the fact that v and z are converging exponentially fast to 1 in the region

17



x € (—00,0]. To apply this observation later, we now fix a constant 79 > 0 sufficiently large so
that with probability one

ig% u(kt + ¢y — 1,z,w) > 1 — Kge 1F+6 —1 > 1 _ o=k (4.31)
T~

holds for all 7 > 79 and integers k& > 1. This is made possible by the lower bound (4.11).
1. Near the interface. We first consider the middle region

Ap={(t2) eR*| : |z —X(t+ (¢ +¢)/2) < R} (4.32)

with R > 2Ly > 0 chosen sufficiently large so that Ar contains all points (¢,x) where both
u(t + ¢y — 1,2) < (1+61)/2 and u(t + ¢ + 1,2) > /2 hold. Due to property (P4) of u, R
depends only on the difference C0+ —(, - By the induction assumption, (; —1 < ¢, < ¢ < CSF—I—l

so that either
(1+61) 0o

u(t-l—({,:v)ZT or u(t+C;[,x)§§ (4.33)
holds for all (t,x) € R?\ Ag, for all n. Observe that if T} is sufficiently large, then
X(t+ (¢ +6¢)/2) 23R, Vt>Ty (4.34)

holds with probability one. Thus, by choosing T larger, if necessary, we may guarantee that
x > 0 whenever (t,z) € Asr and ¢t > Tp.

Let w} (t,z) and u;, (t,z) denote the functions u(t+¢, z) and u(t+¢,; , z), respectively. From
property (P5) of u, we know that for all (¢,z) € Agg we have

uy (t, @) — uy, (£,2) 2 03r(G = G;) (4.35)

with the constant d3r being independent of n and independent of w € €. Define 5, = t, + 71
with 7 = max(r; 'log(p), 7). Here p > 1 is a large constant that we will set later. Then, if

en = (G = G)/(pdsr), (4.19) and (4.20) imply
ul (t+ €n, ) > ult + ¢ x) + €,03r > 2(t, 1)

and
u, (t—€n,x) <ult+¢,,z) — endsr < z(t,x)

if t > s, and (¢t,2) € Asg. So, the functions u} (t + €,,2) — 2(¢t,x) and u;, (t — €,,2) — 2(¢t,z)
are strictly positive and strictly negative, respectively, within the region A3gr wherever t > s,.
Due to (4.34), z > 0 whenever (t,z) € Agg and t > to. Therefore, the functions u} (¢t + €,, ),
u, (t — €y, ), and z satisfy the same equation in the region Asg if ¢ > 5,. This enables us to
apply the Harnack inequality to these functions.

Equation (4.35) implies that for any t > 5,,, either

sup  (WF (4 em @) — 2(t,2)) = BR(CE — ) (4.36)
AzRﬂ{t}XR 2
or 5
sup  (2(t,2)) — u (t— €0, 7)) > (G — ¢ (4.37)
Asz{t}XR 2

must hold. For some deterministic constants ¢ > 1 and 75 > 1 to be chosen later, we apply the
Harnack inequality to obtain a constant h € (0,1) — depending on Coi and the parameter m, but
independent of w € Q — such that

. hdsr _
f Tt +en,x)— 2(t,x)) > —=(¢F — 4.38
ARm[gnM}gﬁﬁm}XR(un( en, @) = 2(8,2)) 2 =5~ (G = Go) (4.38)
if (4.36) holds at t = 5, + o — 1, and
in (2t 2)) — 5 (¢ — e, ) > 258 (¢ — () (4.39)
ARN[5n+0,5,+0+712] xR - 2
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if (4.37) holds at t = §, + 0 — 1. Eventually we will choose both ¢ and 75 to be very large. It
is important to observe here that the Harnack constant h depends on 75, but it does not depend
on the factors ¢ and p or on 5,. Assume from now on that (4.36) and (4.38) hold, the other case
can be treated in a similar fashion. Let v € (0, min(hd3g/2,3)). Due to property (P5) of u, we
know that for t € [5,, + 0,5, + 0 + 7] and (t,z) € Ag:

uqf(t—’Y(QJ{ - C;),(E) - Z(t,l’) > uz(t'i_qlvx) - Z(tax) - C(En +7(<: _Cr:))

_ 1
& - ¢ <h53R/2 ~ Ol w) ,

Y

with C' = [[sup, , ut|| 1= (0) < oo. Since h is independent of the factor p, we may choose p large
and ~ small, independently of n, so that the right hand side is positive for (¢t,x2) € Ag and
t €[Sy, +0,8,+0+ 1

up (t =Gy =G )y w) — 2(ta) >0 (4.40)

We will set ¢,,41 = 5, + 0 + T, so that ¢, =nT + Ty with T =7 +0 4+ 1 and 7y, 0, and 7
sufficiently large.
2. Behind the interface. Next we look at the part of R\ Ar which is behind the interface:

Ap={(t,2): 0<z < X(t+((f +¢)/2)— R, tE€[S+0,5,+0+T]}.

By our choice of R, u(t +¢; —1,z) > (1 + 61)/2 in this region. Because v < 1/2, we have
G —1=¢ <G =G = ¢), and thus

(= (G =)o) 2 ult+Grow) 2 ult+ G —1Lx) = (1461)/2

in Ay. Moreover, for (¢,x) € Ax we have
2(ta) 2 ult+ Gy o) — que ) 2 (14 00)/2 - (G — 7)™ > 0,
provided that we choose ¢ sufficiently large, independently of n and w € Q2. Hence, the function
v(t, ) =g (= (¢ —¢)sa) — ()

satisfies

Ve = Vor = fult + ¢ — (¢ — G ) @) — f(2(t, @) = alt,z)o, (4.41)
with a(t,z) < - < 0in Aj.

Now we use the comparison principle to bound v from below at time t,, = §,, + 0+ 7. Because
ug > 0, the right boundary of A}, which is the set
{(t.X(t+ (G +6)/2—R) | te[sn+o,5,+0+mn]},

is a smooth curve, and v(t,z) > 0 on this curve because of (4.40). Initially, at time ¢t = 3, + o
we have, with C' = [|sup; , u¢|| ()
V(En+0,x) = u(Sn+ 0+ Gy =G = (o) @) = 2(5n + 0,)
> e = Oy(GF = G 2 (G = GeTT = O (G = G

for all 2 € R. We used here the induction assumption 0 < ¢,, < ¢;7 —¢,,. The lower bound (4.31)
implies that at the left boundary where z = 0 we have

U(taovw) > U(t‘Fq—W(Cﬁr—CE%OM)—l
> w(t+¢ —1,0,w)—1
> —g~(kintl) (4.42)
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for all t > k7o + 5, > (k+n + 1)79. Therefore, if A = min((ro)~!log2,3) > 0, then
v(t,0,w) > —2 e A5 (4.43)

for all t > 5,, + 0. Consequently, applying the comparison principle to (4.41) in the temporal-
spatial domain Ay we conclude that

v(t,z) > —2 e A e AMITIn—0) _ =Al=Snma) (€727 + 9] (¢ = ¢,) for (t,x) € A, (4.44)
By the induction assumption {F — ¢, > 27" so
(tr) = (G =) e IR — T AR [ o] (GF - ()

> —e MO 2727 4 4] (GF — () for (t,@) € AR (4.45)

3. Ahead of the interface. Finally we consider the region in R\ Ar ahead of interface:
Ap={t,z): 2> X(t+(+¢)/2)+R, t€[s,+0,5,+0+m]}.

By our choice of R, u(t+ (5 +1,2) < /2 in this region. In a manner identical to the argument
in [19] we may show that

v(t,z) > —C(CH — ¢ ) (e ™7 + 'y)e_a(x_X(HCI))_”(t_g"_") for (t,x) € A}, (4.46)

where C' = ||supt’$ Ut”LW(Q) < 00.

4. Shrinking the gap (I — ¢, . Now we combine the estimates (4.40), (4.45) and (4.46).
We have shown that if (4.36) holds (rather than (4.37)) then at times t € (S, + 0,5, + 0 + T2)
we have

2t x) <ult+ ¢ — (G —¢y)y @)
for (¢t,x) € AR,

2(to) Sult+ ¢ = (G = 6)x) + C2e7™7 +9) (¢ = (e M) (4.47)
for (t,x) € AR, and
2(ta) Sult+GF =G = G )ow) + O(eT™7 +9)(Gf = G )e XG0 (4.4)
for (t,z) € A};. We also still have the lower bound:
2(t,x) > ut + ¢, x) — gue 2D (2 — X (t+ (7)) (4.49)

for all t > ¢, and x € R, and by the induction assumption ¢, < (¢ — ().

We may now set t,11 = 5, + 0 + T2, so that ¢, = nT + Ty with T = 7, + 0 + 72. We define
the new shifts as

:Jrl/Q = C:zr - ’Y(C’IT - C;)v C7:+1/2 = C;a

and the new correction g,,41/2 = C(¢ — () (€77 + v)e~"™. Here we assume 73 is chosen to
be 19 < min(v, A\) < . Then for ¢t = t,,41 we conclude that

2(tnt1,2) W(tna1 + G20 %) = Gn12l(@ — X (g1 + Gy o)) (4.50)

2
< U(tn+1 + <I+1/27 {E) + Qn+1/2r(m - X(tn+1 + Cr—l_)) (451)

Z(tn+17 :U)
Just as in [19] we may correct the argument of the function I' in (4.51) to obtain

2(thy1,7) < u(tpyr + C:[H/zvf) + Q;L+1/2F(x — X(tns1 + 4:4.1/2))' (4.52)
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Here we have defined anrl/2 Cqny1/2, with C > 1+ ¢CmazBeo/T 3 arge non-random constant

depending only on C),4, and Car — ¢ -
We will conclude the induction step by applying Lemma 4.2 to (4.50) and (4.52). To this end,
we set

n+1 = (J;+1/2 =(¢F = ¢)C (677 4+ 7) e 27 (4.53)
Gy = Croapt Kotnys =G —1(GE — GO + Ks(GE — GO (7727 4 9) 27
C’n+1 = <7:+1/2 - K3Q;L+1/2 =¢, — CKS(C:{ - C;) (67r20 + 'Y) e "2

and K3 = B/rg. The constant K3 comes from the observation that [¢*(t) — ¢*(0)| < Kze. Let
us verify (4.21)-(4.26). First, from (4.53) we see that

1= (G = G )C (€777 + ) 7™ < min (€0, 1y — Go) » (4.54)

provided that 75 is sufficiently large. So, (4.21) holds for n + 1. Next,

o G = (G = G (1= +2K5C (€777 +7) e772™),

The parameter v € (0,1/2) depends on the Harnack constant over the time interval of length 75.
By first taking 7o sufficiently large and then choosing o large enough, independently of w € €,
we can ensure that

L= =) <G = G < (L =9/2)(G = G- (4.55)

Thcrcfore by the induction assumption 2~("*+D < ¢t — ¢ < Ko(1 —v/2)"*! holds, where
= (¢§ —¢y)- Thus (4.22) holds for n + 1.
The new values in (4.53) were obtained under the assumption that (4.36) rather than (4.37)
holds, yet the geometric bound (4.55) holds in either case. In either case we also find that

G = g (G = 6 S G S Cha <G+ (6 = G,

provided that 7o and o are sufficiently large. This is (4.23). Now we verify (4.24). By the
induction assumption and what we have shown already, ¢\, < ¢ + (7/2K2)(¢F — ¢7) <
+ (v/2)(1 — v/2)". Therefore, ;7 < ¢ + (7/2) X o1 —7/2)F < ¢§ + 1. So, (4.24) holds
for C;r+1.
Since qni1 > (¢F — ¢, )Cye "™ > 27"e 272 we may increase o or Ti as necessary to
obtain g,y1 > Kpe "t+1. Thus, (4.26) holds for n + 1. Finally,

Y

tn +<++T—w(<t<*)
1Ilog( )I+T YK (1 —~/2)"

tn+1 + C:Jrl

Y

— Qn 1 — dn+1 n
5 1|1og<2go )| =5 los(E) | + 7 — yEa(1 /2

From (4.55) and the definition of ¢y, the ratio g,+1/qy satisfies (1 —7) < gni1/qn < (1 —7/2).
Therefore, since T' = 11 + 0 + 75 where + is independent of 71 and o, we may increase o or 77 as
necessary to obtain t,41 + ¢, > g 1|10g(q"+1 )| which shows that (4 25) holds for t,,11.

Since (4.25) holds for n + 1, Lemma 4.2 apphed to (4.52) implies that for ¢ > ¢,,41

2(tx) < u(t+ (g, a) 4 grare 2T IT (@ — X (t+ ()

holds for all z. Here we have used the fact that u; > 0, as we did at (4.28). Since (4.26) also
holds for n + 1, Lemma 4.2 applied to (4.50) implies that for ¢ > ¢,,11 we have

2(tx) > ult+ g @) = (qngrye)e 2T (@ — X (¢ — vt — tyg1))) (4.56)
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where v(s) = —C;_H—l—(ro_qu;le)(l—e_ros). Therefore, since | X (t—v(t—t, 1)) =X (t+(, ;)] <
CnazBéo /0, we conclude that

S(6a) > ult+Crra) = qune T = X (4G ) (457)

holds for all x € R. (Recall g,41 = Cgp1/2, with C' > 1+ e“cmawBSO/T'.)
This completes the proof of Proposition 4.3. [J

Theorem 3.1 now follows directly from Proposition 4.3. From (4.23) - (4.24) it is easy to see
that for almost every w € Q, {(;F(w)},, is a Cauchy sequence and that there is a random variable
T(w) and a constant C' such that

GHw) =T < CA=-3)" ¥n=0 (4.58)

In particular, |7(w)| is uniformly bounded since |(;| is uniformly bounded. Since |g,(w)| <
C(1 — %)™ also holds, this implies (3.3). This completes the proof of Theorem 3.1.

5 Proof of Theorem 3.4.

Now fo(u) is the bistable type nonlinearity. We follow the same strategy as in the proof of
Theorem 3.1 using sub- and super-solutions. Again, the argument is similar to that in [19];
the main new difficulty is the fact that 2" and u satisfy different equations, which agree only
for £ < N. In order to trap the solution z from above and below, we construct super- and
sub-solutions having the form

ult,z,w) = ult+ (Tt —to),r,w)+q(t —to)
a(t,z,w) = u(t—¢ (t—t),x,w)—q(t—to). (5.1)

This is a variation of the construction first developed in [6]. Here ¢(t) = e(w)e~"0!. The mono-
tonically increasing functions ¢*(t) are defined by

_ p—Tot _ ,—Tot
c=g+ 2 g P 6y
To To
Observe that ¢F(w) and €(w) may be random variables so that the functions ¢(*(t) and ¢(t) may
depend on w € Q2.
For a suitable choice of these parameters, the functions # and % are super- and sub-solutions,
respectively, to equation (1.1). We choose a constant Ly > 2 sufficiently large so that for almost

every w € (Q,

> (1+61)/2, Ve < X(t,w) — Lo/2,
u(t,z,w) < 62/2, Vo > X(t,w) + Lo/2,

holds for all ¢ € R, where 6, € (6p,1) is chosen so that fi(u) < f{(1)/2 < 0if u € [01,1], and
02 € (0,00) is chosen so that fi(u) < f(0)/2 < 0 if u € [0,02]. It is necessary to choose the
constant B > 0 sufficiently large, according to (4.5). Then, ¢(w) > 0 must be chosen sufficiently
small:

e(w) < g =min (02/4,(1 — 61)/4,1/(4B)). (5.3)

min

Finally, we let 8 € (0, 25— min(| f5(0)[, |f'(1)])) Then ro must be chosen sufficiently small:

ro < min(@, K ), (5.4)

where the constant K is defined by (4.6).

22



Lemma 5.1 Let B, €y, and o be chosen according to (4.5), (5.3), and (5.4). Suppose e(w) < €p.
Then
U — Uge — f(z,0,w) >0, Vi>tg, z €R such that u(t,z,w) <1 (5.5)

and
Uy — Uge — f(z,0,w) <0, ViE>tg, x €R such that a(t,z,w) > 0. (5.6)

This computation is almost identical to the one carried out in [19], so we omit the proof. Using
the sub- and super-solutions constructed in this way, we may bound the solution z(t,z,w) as
follows:

Lemma 5.2 Let B, €y be chosen according to (4.5), (5.3). If ro is sufficiently small, there are
positive constants py, p1, P2, and p3 such that the following hold:

(i) Assume that e(w) € (0,¢€p) and that for some & (w) and ty € [0, poN)
N (to, z,w) > ulto + &5, z,w) — € (5.7)
holds for all x € (—oo, N|. If & < pslog(e) — p1 + p2N, then
Nt z,w) > ult — C(t—to), x,w) — ee~moltt0) (5.8)

holds for all t € [ty,poN], z € R, with (~ defined by (5.2). The constants py, p1, p2, and
ps are deterministic.

(ii) Assume that e(w) € (0,€0) and that for some & (w) and to € [0,poN)
N(to,z,w) <ulto + &, z,w) +e (5.9)
holds for all x € (—oo, N|. If 0 < log(€e) — p1 + p2 N, then
Nt a,w) < ult+CHE—to), 2, w) +ee o0 (5.10)
holds for all t € [to,poN], © € (—oo, N], with * is defined by (5.2).

Proof of Lemma 5.2: We first prove part (i). Suppose rg is sufficiently small so that (5.4)
is satisfied. Let @ be defined by (5.1). By Lemma 5.1, the function @ is a sub-solution to equation
(1.1), so it is a sub-solution to the modified equation (3.8) in the region & € (—oo, N]. We now
show that 4(t,z,w) <0 for x > N and ¢t € [to, poN].

Due to our assumption (1.6) there are deterministic constants C' and r;, depending on g™,
g and fo such that

u(t, r,w) < Ce @EXEW) v R, (5.11)
holds with probability 1. Taking ro smaller, if necessary, we may assume ro € (0,7r1/2).
sup u(t,x,w) < sup (u(t +&,x,w) — ee_”)(t_t")>
z>N+X (to,w) e>N+X (to,w)
S sup Ce_rl (x_X(t‘f‘fng)) _ Ee—”"o(t—to)
z>N+X (to,w)
_ sup Ce—rl(a:—X(to,w)—i-X(to,w)—X(t-i—éO_ w)) €€_T0(t_t0)

e>N+X (to,w)

S CeleNe’l"lCmaz(t+§0_ 715()) _ 567T0(t7t0)

If t € [to,poN], then (t — to) < poNV, and this last term is negative if

1 1
& < e log(e/2C1) + N ( — oo —p0> .

mazT1 Cmarc Cmaxrl

Let pg < 1/(4(1 4+ Cinaz))- Then it suffices for

1
& < G log(e/2C1) +

— 50— P8 og(e) — p1 + p2N,
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with p3 = (Chuaer1) ™. This implies that @ < zV for all # > N, while for x < N, @ is a
sub-solution to equation (1.1). Therefore, the comparison principle implies

ZN(t,{E,w) Zﬂ(tvwi)v vaRv te [t()vaN]

holds with probability 1.

Now we prove part (ii). Let @ be defined by (5.1). By Lemma 5.1, @ is a super-solution to
equation (1.1), but it is not globally a super-solution to the modified equation (3.8) since jy may
not agree with g for x > N. However, we will show that

a(t,N,w) > 2V (t,N,w), VtE€ [ty,poN]. (5.12)
The hypotheses on zy imply that
Ntz w) < Kye @ COmact)
for some deterministic constant r3 > 0. Therefore (5.12) holds if
u(t + CH(t —to), N,w) 4+ ee 707%0) > [ e m3(N=Crmast) (5.13)
holds for ¢ € [tg, poN]. Since u > 0, this holds under the condition
log(€) > log(K4) + ((ro + r3Cimaz)po — 13) N.

Now by choosing pg smaller, p; larger, and py smaller, if necessary, we see that (5.12) holds under
the condition log(e) > p; — p2N. The hypothesis (5.9) implies u(tg, z,w) > 2V (to, r,w) for all
r € R, P-almost surely. Therefore, (5.12) and the comparison principle implies that @ > 2V for
all z € (—oo0, N] and all ¢ € [tg, poN]. This proves (ii). O

Proposition 5.3 Let €y be defined by (5.3). Let ro be chosen sufficiently small, as required by
Lemma 5.2. There exist deterministic constants T > 1, 1o > 0, K1 > 0, v € (0,1/2), and
¢ € (0,po/T) such that for all N sufficiently large, there are random sequences {gn(w)}n>0,
{¢H(w) o, and {¢, (w)}n>0, such that P-almost surely the following hold:

(i) For all integers n € [0,¢/N — 1],

Nt z,w) > ut + ¢, x,w) — gre” 2 (5.14)
Ntz w) <ult+ G x,w) + gue 20 (5.15)

n

holds for allt € [t,,poN] and x € (—oo, N|, where t, =nT.
(ii) For all integers n € [0,¢N — 1], {¢;F(w)}, {¢, (w)}, and {gn(w)} satisfy

0 < gn < min(e, ¢ —¢;)), (5.16)

27 <G = ¢ S K (1—v/2)", (5.17)

T S e G -G G2 G g (G G, (5.18)
G —1<¢, <¢GH<¢+1 (5.19)

max((, ,0) < pslog(gn) — p1 +p2N (5.20)

Proof of Proposition 5.3: This proposition is analogous to Proposition 4.3, and the struc-
ture of the proof is the same. First, for n = 0, let tg = 0 and ¢y = ¢y < 1. If N is sufficiently
large, then 0 < p3log(qo) — p1 + paN. There are constants £ and |, | sufficiently large, so that
both £, <0 < p3log(go) — p1 +p2N and

u(&y,m,w) —qo < 20(w) < u(&f,w,w) + qo, Vo € R (5.21)
hold almost surely. Then Lemma 5.2 implies that

u(t+ ¢y, z,w) — goe "t < zN(t,:zz,w) <u(t+ CS', T,w) + qoe” " (5.22)
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for all ¢ € [0,poN] where ¢ = ¢*F(0) are defined by (4.4) with € = ¢y = €p. Taking & larger,
if necessary, we have K; := ¢ — (; > 2°. This establishes (5.14), (5.15), (5.16), (5.17), (5.19),
and (5.20) for n = 0 and initializes the induction argument. Observe that £F(w) = £ may be
chosen to be deterministic constants, due to the uniform properties of u and the fact that zo(z)
is deterministic. So, the initial shifts ¢ and (; are independent of w € .

Next, we assume (5.14), (5.15), (5.16), (5.17), (5.19), and (5.20) hold for some n € [0,¢/N — 1],
and we complete the induction step from n to n+1 < £N. We will consider three regions in the
time-space domain: Ag, Aj, AE will be the regions near, behind, and before the interface.

1. Near the interface. We first consider the middle region

Ap={(t,2) eR?* : |z = X(t+ (¢ +¢)/2)| < R} (5.23)

with R > 2Ly > 0 chosen sufficiently large so that Ar contains all points (¢,x) where both
u(t + ¢y —1,2) < (1+61)/2 and u(t + ¢ + 1,2) > 62/2 hold. Due to property (P4) of u, R

depends only on the difference CS' —(, - By the induction assumption, {; —1 < (, < (F < Cg”rl

so that either Lag

(1+61) u(t+ ¢ z) < 2 (5.24)
2 2
holds for all (t,x) € R?\ Ag, for all n. If pg is sufficiently small and N is sufficiently large, then

02

u(t+¢, ,x) >

X(t+ (¢ +¢5)/2) < Crmaz (poN + (¢ +¢)/2) <N —-3R (5.25)

holds for all ¢ € [0, poN]. Consequently, §n(z,w) = g(z,w) if (t,z) € Asr and t € [0, poN].
Just as in the case of the ignition type nonlinearity, one may apply the Harnack inequality to
conclude that either

u, (t+ (G = ¢ ) < 2N (¢ ) (5.26)

or
up (t=(GF = ¢), ) = 2N (¢, ) (5.27)

must hold for (x,t) € Ap and t € [S,, + 0,5, + 0 + 7| if 5§, + 0 + T2 < poN. As before, u,, (¢, )
and u} (¢, z) denote the functions w(t + ¢, , ) and u(t + (I, x), respectively. Also, 5, = t, + 71;
the parameters 7y, o, and 75 are chosen as before. We will set ¢,,11 = §,, + 0+ 79, so that ¢t,, = nT
with T'= 71 + 0 + 7 and 71, 0, and 75 sufficiently large. The condition ¢ < po/T implies that
t, < poN for all n € [0,¢N]. Assume for now on that (5.26) holds, rather than (5.27).

2. Behind the interface. This step also may be carried out just as in the case of the
ignition-type nonlinearity. We find that

w (G =G )smw) = 2N < e IO [2e77 4] (G - ¢ (5.28)
holds for (¢t,x) € AR, if t < poN. Here A = min (7, ! log 2, 3) and
Ap={(t2): 2 <Xt+(+¢)/2)—R, te€[s,+0,5,+0+m]}.
3. Ahead of the interface. Finally we consider the region in R\ Ar ahead of interface:
A ={(t2): X(t+((§ +¢)/2)+R<x <N, tes,+0,5,+0+mn]}.

We define the difference v(t, z) = u,, (t +v(¢F — ¢,),z) — 2V (¢, ) and bound it from above.
Observe that

uy (E+ (G —¢)s ) Sult+ ¢ a) Sult+ (G +1,2) < 62/2
in AB and

Nt w) <ult+Gha)+ (G = G e =0 <u(t 4+ ¢+ La) + (G — G e ™7 < 6
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if 0 > 0 is large enough and (t,z) € A},. Therefore, v solves an equation of the form v, — vy, =
a(t,z)v with a(t,z) < —3 < 0 in A%. Moreover, at the time ¢t = 3, + o we have

0(8n +0,2) =uSn + ¢, +o+7(¢H = (), x) = 2N (50 +0,2)
< gne 7+ OV - ¢)
<Cle ™ +4] (¢ -¢))

for all z € R. On the left boundary of AE, the function v(¢, ) is non-positive. For ¢ € [0, poN],
the right boundary of AJIQ is where z = N and here

o(t,N) < ult+ ¢+ — ¢ ) N) =0
< w(t+ ¢ +1,N)
< Ce~(N=Crmax(t4¢S +1))
< 27 NEe=ApoN (5.29)

if pp and ¢ are sufficiently small and N is sufficiently large. Thus, v(t, N) < 2 e A e A(t=5n—0)
for t € [0,poN] and n < ¢N.
Applying the comparison principle in the domain AE, we conclude that

0(t,2) < C(GH = G (e y)e 2075070 Ao A=)

for (t,z) € AE and ¢ < poN. Using the induction assumption (¢ — () > 27", so we conclude

o(t,x) < C(GFH =€) (2777 + ) e MEm5n =), (5.30)

4. Shrinking the gap ;7 — ¢, . Asin [19], we now combine the estimates (5.26), (5.28) and
(5.30) and complete the induction step. We have shown that if (5.26) holds (rather than (5.27))
then at times ¢ € (S, + 0,5, + 0 + 72) we have

() Zult+ ¢+ (G =6, )
for (¢t,x) € AR,
Mt w) Zult+ GG = G),w) = CRe™™ (¢ = G)e ) (5:31)
for (t,x) € AR, and
Mt w) Zult+ ¢ +(G = G),w) = CReTM ) (¢ = G )e ) (5.32)
for (t,z) € AE. We also still have the upper bound:
Nt x) <ult+ ) + gue 2t (5.33)

for all ¢ € [t,,poN] and x € (—oo, N], and by the induction assumption g, < (¢;7 — ().
We may now set t, 11 = §, + 0 + T2, so that t,, = nT with T' = 71 + 0 + 5. We define the
new shifts as

Fp =G G =G (G =G

and the new correction ¢,11 = C(¢F — ¢,)(e7"7 + v)e ™™, Again, ro is chosen to satisfy
0 < 7o < min(y, A) < 8. Then for ¢t = t,,+1 we conclude that

zN(tn-i-lvx) > u(tpyr + C;_H/va) — 4n+1 (5.34)
Ntpi1,z) < ultper + C:+1/2, ) + qnt1- (5.35)
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holds for € (—oo, N]. We will complete the induction step by applying Lemma 4.2 to (5.34)
and (5.35). To this end, we set

i = CZH/Q + Kagni1 = ¢ + K3(GF = ¢,)C (7727 +4) e 727
Gt = Copayp = Kstnrn = (o +9(G0 = G) = Ks(G = ¢)C (6777 +9) 7™ (5.36)
and K3 = B/’I"o.

The bounds (5.16)-(5.19) may be verified just as in the case of the ignition type nonlinearity
in Section 4. Since gn41 = C((F 1 — Crpq) = Cc2- (1),
p3log(gnt1) —p1 +p2N > —p3(n+1)log2+log(C) — p1 +p2 N

> —p3lNlog2+1log(C) — p1 + p2N > max(0, {5 + 1) > max(0,¢,,,)

if ¢ is sufficiently small and N is sufficiently large. This is (5.20). Observe that the constants
defining defining o, 7, 72, and y to not depend on N.

Since (5.20) holds for n + 1, Lemma 5.2 applied to (5.34) and (5.35) implies that for ¢ €
[trnt1,P0N] we have

MNtx) > ult+ Cor1,T) — e "2t

Nta) < ult+Ghe) + Qe 27D

for all z € (00, N]. This completes the induction and the proof of Proposition 5.3.00

Theorem 3.4 now follows directly from Proposition 5.3. Define 7V (w) by

™ (W) = (¢ (@) + ¢ () /2 (5.37)
with k being the largest integer in [0, /N]. From (5.18) - (5.19) it is easy to see that |(;F — 7| <
Ce~"" for n € [0,/N] and some deterministic constants C,h > 0 independent of N. Therefore,
Proposition 5.3 implies that for ¢ € [¢,,t, + 1] and = € (—o0, N],

HMtow) < ult+7w) + MG =)+ ge”
< u(t+ 7N 2,w) + Cem
A lower bound 2V (¢, z,w > u(t+7V,2,w) — Ce~" for € (—o0, N] also follows from Proposition

5.3. Finally, the bound may be extended to all of z € R by using the fact that 2V (t,z,w) <
Ke "3(N=Cmazt) for all x > N. This proves (3.9) and completes the proof of Theorem 3.4.

6 Proof of Corollary 3.2 and Corollary 3.5

We prove only Corollary 3.5; the proof of Corollary 3.2 is almost identical and even simpler since
the parameter N is not involved. Due to property (P4) of the transition front u(t, z,w), we may
pick L; > 0 large enough so that both
u(t,z + X (t,w),w)
u(t7 T+ X(ta w)a (“J)

00/3, Va>1L;, teR

<
> (2+90)/3, Ve<—-L;, teR

hold with probability one. Then, Theorem 3.4 implies that by choosing ¢; sufficiently large and
N > t1/pg, we have

2N(t,x,w)

2Nt z,w)

00/2, VYa>L;+X(t+71y,w), tE[t1,poN] (6.1)

<
> (1+90)/2, Vo < —14 +X(t+TN,u)), tE[tl,poN]

with probability one. In the middle region where |z — X (¢ + 7, w)| < L1, we have

Ntr,w) < ult+71n,7,w) +Ce™ ™ <u(t+ 75 + h,w) — héar, +Ce™™
Nt x,w) > wt+1y,mw) —Ce ™ > u(t 4+ 78 — hyw) + hdap, — Ce™ "
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for all ¢ € [0,poN], where dar, is defined by (1.16). Therefore, for |z — X (t + 7v,w)| < L; and
h > Ceirt/((SQLl)v

u(t + 7 — hyx,w) < 2V (t x,w) <ult+ 718 + bz, w) (6.2)
holds for all ¢ € [t1, poN], while (6.1) holds away from the interface for ¢ € [t1, poN]. Consequently,
X(t+7N8) = Crash < X(t+78 —h) < XV(t) < X(t+ 75 + h) < X(t+7n) + Crash

for all h > Ce™"*/(dar,). Here XN (t) denotes the interface associated with zVV (the largest z
such that zV(¢,z,w) > 6y). This implies that

e—rt

[ XN(t) = X(t+7n)| € CrnaaC (6.3)

dar,

for all ¢ € [t1,poN]. Observe that t; is independent of N.

Now we are going to choose t = T} and plug this into (6.3). By (6.3), X" (poN) >
X(PON + TN) - CmaxC/(SQLl > szn(pON - C‘r) - Cmaxc/62L1~ So if k < k?\} = szn(pON -
C.) = CrmaxC/dor,, we must have XV (poN) > k so that TN < poN. Recall that our hy-
potheses on zy imply that 2V (¢, z,w) < Kye 3@ =Cmaxt) for some deterministic constants Ky, 3.
So, if k > k™ = Chazti + Crmaz(Cmazrs) Hlog(0o/Ky)|, we must have T > (Cpyaz) tk —
(Crnazrs) Hlog(fo/K4)| > t1, with probability one. For N sufficiently large, k= < kf. So, if
k € [k~, k%], we have T} € [t1,poN]. Consequently, (6.3) applied at t = T}¥ implies that

E=XNTN) > X(TN +715)—h

with h = CmazCe’T(TléV). Therefore, since X (¢) is monotone increasing in ¢, we have Ty1p >
T,iv +7n, so that T,ﬁv < Thsn—7N < T — ™8 + (Crnin) " h < Tj, — 7 + Coe~ 3. Similarly, (6.3)
also implies that

E=XNTM) < X(TN +7n8) +h

so that T_p < Tév + 7n. Hence, Tliv >Tep—7Tn 2T — TN — (Cmq;n)flh >Ty—7Tn — 02676'3’6.

Combining these observations, we conclude that for almost every w € €, [T (w) — Ty (w) +
Tn(w)| < Ce™ 5k for k € [k, kj] and some constants Cz,C3 > 0. This immediately implies
(3.11) with s = Cpninpo/2 and C sufficiently large. O

7 An example of Case A

In this section we construct an example in which Case A of Theorem 1.1 holds. Let us suppose that
fo is the ignition nonlinearity. Let {{x(w)}rez be independent, identically distributed random
variables defined over probability space (Q, F,P). Suppose that & = 1 or { = —1, each with
probability 1/2. For L > 0, let the random variable r(w) be uniformly distributed on [0, L] and
independent of each ;. For each k € Z, define the interval I, = [Lk, L(k + 1)). Define the
random field

g, i x—r(w) €y, &(w)=1
go(x,w) = { g™, if x—r(w) € Iy, &(w) = —1.

Let g(z,w) = ¢ * go(z,w) = [ ¢°(z — y)go(y,w) dy, where ¢(x) > 0 is a smooth approximation
of the identity with compact support in the interval [—¢, €|, € € (0,1). The point is that for
almost every w € Q, g(z,w) is constant on large intervals of length L — 2¢. On these intervals,
the interface will move with average speed approximately equal to either C,,q. or Cpin with
equal probability. Since the & are independent, the speed in one interval will be approximately
independent of the speed in the next interval, as we now demonstrate.
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We now show that for for some constant C' > 0,

= lim l1E[|Tn(w) —n7]? > CL >0

n—oo N

if L is sufficiently large. Observe that

N-1
7=0
where s~ = (TT(w) - r(w)%), 85 = Lr(w)+G+1)L — Tr(w)—i—jL — L7, and st = T(N+1)L - Tr(w)+NL -
(L —r(w))7. Hence, by the triangle inequality,
N-1
El|T\vsn — (N + DLFPY? 2 B[ Y 5572 — El(s™ +57)2 (7.2)
7=0

Since s~ and s~ are both bounded by L((Cpin)~! + 7), independently of N, we have E[(s™ +
sT)?2/((N+1)L) < CL/(N +1), which vanishes as N — co. Therefore, (7.2) and a similar upper
bound, imply

: 1 _
ot = A WEHT(NH)L — (N +1)L7[*]
N-1 D) oo
— 2
= M NEL N+ 1L ‘; sil’] Zz:: [s0s5] (7.3)

Define the random variables {(;};cz by

1 _ 1

Bj(w) = (Cmin = T)eg;<0 + (% = 7)lg;>o0-

Here ¢, <o denotes the indicator function of the set {w| &;(w) < 0}. We claim that there is a
finite constant C' > 0, independent of L, such that

llsj — LBjllL~p < C (7.4)

for all j > 0. Postponing the proof of this claim, we now show how (7.4) implies 02 > CL for
some constant C' > 0, if L is sufficiently large.
First, observe that 0 = E[s;] = LE[8;] + E[s; — Lg;], and from (7.4) it follows that

IE[3;]] < CL™". (7.5)
Now for k£ > j we compute

Elsjs] = E[(LB;)(LAk)] + E[(s; — LB;)(LGk)]
+E [(LBj)(sk — L)) + E[(s; — LB;)(sk — LBk)] -

So, from (7.4) we conclude that
[Els;s] — L2E [8;64]] < OL. (7.6)

For k # j, we use (7.5) and the independence of the & to obtain [E[3;3]| = |E[G;]E[8k]| < CL™2.
This and (7.6) implies that for any j # k,

IE[s; ]| < CL (7.7)

Since Caz > Chin, We observe that E[ﬂ | > ¢; for some constant €; > 0.
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Now we also know that for any integer k, and 1 < k < j,
Elsos;] = E[(H, s0)(Hls;)] + E[(H, s0) (I — Hip)s;)], (7.8)

where H;F denote the projections H¥f = E[6]|F; ], where .7:"2' and F, . are the o-algebras generated
by {&}j<k and {&;} >k, respectively (which are independent of r(w)). By Proposition 2.2 it
follows that

L—1
||(I_H;_L)Sj||L2(Q,]P’) = HZ(I H;L)AT +JL+nHL2(Q P)
n=0
L—1
< Z Cle—cz(jL-‘rn—kL) < Ce—C2LlG—k) (7.9)
n=0

Since the o-algebras F; and ]%JL are independent for k > 1, E[(H[ so)(H;;,s;)] = 0, so that
[Elsos;]| < Isollc2@ml(T = Hip)silln2op) < LPCem M=) (7.10)

holds for j > 2.
Finally, we combine (7.7), (7.10),

2 — 1
o = EZ sosj > I €1L2 +2ZE sosj | +2 Z sosj
j=1 j=R+1
1 i )
2 7 eL? —RCL— Y L’Ce @072 (7.11)

j=R+1

Thus, by first letting R be sufficiently large, and then letting L be sufficiently large, we conclude
that 02 > €;L/2 > 0 for all L sufficiently large.

It remains to establish the claim (7.4). Since the {¢;};ez are identically distributed, it suffices
to prove the claim for j = 0. The claim will follow from Theorem 3.1 and Corollary 3.2. Let
¢T(t,x) and ¢~ (¢,x) be the unique traveling wave solutions to ¢y = ¢y + 9™ fo(p) and ¢y =
Gz + g™ fo(¢), normalized by ¢(0,0) = 6y. These waves move with speed Cprar and Cin
respectively. Then define

dT( ,x , if &(w) >0
2(t, x,w) { o) if &;’(w) 20, (7.12)
and £ Eo(w) > 0
1 w) >
{ gmin i fs(w) o (7.13)

For z € [r(w) + €,7(w) + L — €], g(z,w) = g(w). Also, for t < T,.(y4r—1(w), we have X (t,w) <
rw)+L—1<r(w)+L—c¢ soz(t,z, )and u(t,x w) both satisfy

Uz + §(w) folu) (7.15)
for all € [r(w) +€,00), t < Ty 4r—1(w). For x > r(w) + L — ¢, (7.15) holds because u < 6

for all x > r(w) + L — 1 and t < T}(y)4+1—1(w), so that fo(u) = 0 in this region. Now, it follows
from Theorem 3.1 that

Ut

sup|z(t,r — r(w),w) —u(t + 7(w),r,w)| < Ce™"* (7.16)
z€R
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holds for ¢ < T}.()4+r—1(w). Then, from Corollary 3.2, we have

L—2
IT7 1 = (Try+r—1 — Do) llie=@p = 1D AT = (Trw)tit1 — Tr)+n)llz=@.p)
k=0
L—-2
< ) o ceh (7.17)
k=0

which is bounded, independently of L. However, by construction,

1 1
T34@) = -0 (gt g—Toso) =(L- D0 +n) (719
Cmm Cmaac
Therefore,
lso = LBollL= = ITr@w)+r — Trw) — LT — LBol| 1=

I(Trwy+z = Trwy+r—1) + (Tr@y+r—1 — Tr(w)) — L(Bo + 7)==
(Cmin)_l + ”Tf—l - (Tr(w)+L—1 - Tr(w))HL"" + (Cmin)_1~
Due to (7.17), this establishes the claim (7.4).

In view of (1.26) the above analysis shows that xk? = (c*)30? > (¢*)3CL, for L sufficiently
large. The asymptotic speed ¢* also depends on L, and in this example it is easy to use (7.1) and

(7.4) to show that
. o 1 1\ ¢
lim ¢*(L)= lim 77" = + .

L—oo L—oo len Cmaz

IA
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