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Abstract

We consider solutions of an elliptic partial differential equation in R? with a stationary, random
conductivity coefficient that is also periodic with period L. Boundary conditions on a square
domain of width L are arranged so that the solution has a macroscopic unit gradient. We then
consider the average flux that results from this imposed boundary condition. It is known that in
the limit L — oo, this quantity converges to a deterministic constant, almost surely. Our main
result is that the law of this random variable is very close to that of a normal random variable,
if the domain size L is large. We quantify this approximation by an error estimate in total
variation. The error estimate relies on a second order Poincaré inequality developed recently by
S. Chatterjee.

1 Introduction

Elliptic partial differential equations of the form
-V - (a(x)Vu) = f

arise in many physical applications where the coefficient a(z) may be modeled best as a random
field, due to inherent uncertainty and complexity of the physical medium [23]. In this situation,
the solutions u are also random objects. Homogenization theory for these equations [20, 14] shows
that, although the coefficient a(x) may be highly irregular, a solution u may be approximated
well by the solution of an “effective” elliptic equation having a more regular coefficient, perhaps a
deterministic coefficient. Quantifying the error in such an approximation and understanding the
statistical structure of the random solution is very important.
Here we consider solutions of the elliptic equation

—V - (a(z)(Vo(x) + e1)) + Bo(x) =0, =€ Dy C RY, (1.1)

where the scalar function a(z) € L>(R?) is a stationary random field satisfying the uniform ellipticity
condition 0 < a, < a(z) < a*, with a, and a* being deterministic constants. The parameter 5 > 0 is
deterministic. The set Dy, = [0, L)d is the domain, and we require that ¢ satisfies periodic boundary
conditions on the boundary of Dy. If we interpret (1.1) in terms of electrical conductivity, then ¢ is
a potential, a(x) is the conductivity, and the vector field —a(x)(V¢ + e1) is a current density. The
unit vector ey is deterministic, and it is the gradient of the linear potential x - e;.

The equation (1.1) plays an important role in the homogenization theory for the random elliptic
operator u +— —V - (a(x/€)Vu) in the limit e — 0 [20, 14]. It is well-known that the homogenized
conductivity tensor a for that operator can be expressed in terms of functions ¢, called “correctors”,
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which solve (1.1) with e; being one of the d standard basis vectors and which have stationary
gradient. On the other hand, in a numerical computation of a one must approximate the true
correctors by solving (1.1) in a bounded domain Dy, with suitable boundary condition. The periodic
boundary condition that we impose here is one choice that allows accurate approximation of the
effective coefficient a in the limit L — oo [6, 19].

The focus of this paper is on the statistical behavior of the quantity

1
Irg=— [ a(@)|Vé+ell>+B¢°da
\Dr| Jp,

for large L. Using (1.1) and the periodicity of ¢ we see that I';, 3 may also be written as

1

LB = T e1-a(x)(Vo(z) + e1) de.
\Drl Jp,

This is a random variable since a(z) and the solution ¢ are random. In terms of conductivity, I'z, g
may be interpreted as an average flux in the direction e; that results from a macroscopic potential
gradient imposed in the direction of e;. The results of [6, 19] imply that for § > 0 fixed, I'z g
converges almost surely, as L — oo, to a deterministic constant 1_“5 > 0. For 8 = 0, the limit Iy is
one of the diagonal entries of the homogenized tensor a. For finite L, it is interesting to understand
how I'y, 3 and ¢ fluctuate around their means. However, not much is known about the distribution of
'z, g or the distribution of ¢. Our main result is an estimate showing that for L >> 1, the distribution
of I'y, g is very close to that of a normal random variable.

Before we present the main result and explain its relation to other works, let us define the
problem precisely and establish notation. For L € Z*, let Dy = [0,L)* ¢ R? and let L%, (Dy)
denote the set of functions in L (]Rd) which are periodic with period L in each direction. That is,
for all a € LS, (Dy), a(z+ Lk) = a(x) holds for all k € Z? and almost every x € R%. The coefficient

per

a(r) in (1.1) will be a random function in Ly, (D). We also require that a(x) is stationary with
respect to integer shifts: for every k € Z? and a(- + k) is equal in law to a(-).

We suppose that the random nature of a(z) comes from its dependence on a random vector ¢ =

(Ck)wezdnp, whose L¢ components are independent and identically distributed real-valued random

variables, defined over a probability space (2, F,P), where Q = R and Pis a product measure on §2.
We often will write a(z) for the random function a(z, ¢), the dependence on ¢ being understood. Let
E[Y] denote expectation with respect to the probability measure P defining the law of ¢ (there will
be another assumption about the law of ¢ below). We will make the following structural assumptions
about the random function a(zx, ¢). First, we suppose that the map ¢ — a(-, () from REY - Lye,.(Dr)
is a twice Fréchet differentiable map. For each k € Z4, let Qi = k + [0,1)? € R? denote the cube of
size 1 with a corner at k. We suppose there are positive constants 7, Cq, Csy, C3, a*, a, > 0 such that
the following hold P-almost surely:

a, < a(r) <a*, ae x€Dp, (1.2)
da d
Cl]IQk(l') < f(l‘) < CQ]IBT(k)(.T), ae. x €D, VkeZ*NDyg, (1.3)
k
a (x)| < Csl hx), ae zeD Vk,jeZ'nD (1.4)
9Ce0C; = 3B (k)nB-()\T)s -€. L, ) J L- .

The function Ig(z) is the indicator of the set S, and B, (y) is the ball of radius 7 centered at y, in the
metric topology of the torus on Dy. That is, x € B, (y) if and only if 2 = y + Lk + 2 for some k € Z¢



and |z| < 7. We suppose the constants 7, Cy, Ca, C3, a*, and a, are independent of L. Notice that
the bound (1.3) implies that a(x, () depends only on those (i for k in a 7-neighborhood of x (fixed
with respect to L). Thus, a(z,() and a(y, () are independent if |x — y| > 27. Also, (1.2) and (1.3)
imply that there are constants Cpin < Gnae sSuch that Cx € [(mins Cmax] holds with probability one.

For clarity, let us highlight a simple example for which these assumptions hold. Suppose that
0 < Cmin < G < Gmae for all k € Z4N Dy, holds with probability one. For z € R? define the
piecewise constant function

a(z) = a(z,() = Z C(k mod )1, (), (1.5)

kezd

where the sets My = k 4+ M, are translates of a given bounded and measureable set My satisfying
Qo C My C B;(0). The notation (k mod L) refers to the point (k; mod L, ..., ks mod L) € Dy NZ.
It is easy to see that a(z) € Ly, (Dy) with probability one. Conditions (1.2), (1.3), and (1.4) hold
with ax = Gnin, @° = CnazO(7?), and C; = Cy = C3 = 1. Moreover, for each k € Z%, a(- + k) has
the same law as a(-), since a(z + k, ¢) = a(x, () where éj = ((j+k) mod L-

Let H)..(Dg) denote the set of L-periodic functions in H! (RY). That is, ¢ € H}..(Dyr) if
¢ € HL (RY) and ¢(x + Lk) = ¢(z) a.e. R? for every k € Z4. If a(z) € L>®(Dy) and satisfies

0 < a, < a(z) < a* almost everywhere, then there exists a weak solution ¢ € H,.(Dg) to (1.1):

er

Vu-a(x)(Vo+er)+ fovdr =0, Vove H;BT(DL)- (1.6)
Dy,

For g > 0, the solution is unique. For § = 0, the solution is not unique, but any two solutions in

H;e,, (Dr,) must differ by a constant. So, under the normalization condition

¢(x) dz =0, (1.7)
Dy,

and for fixed L, the solution is unique in H (D) for all 5 > 0. With a(z) = a(z,() satisfying
the conditions above, this unique solution ¢(z) = ¢(z,a, L, ) depends on the parameters L and [,
on ¥ € Dy, and on the random variables ((;);ep,nz¢ Which determine a. The uniqueness of the
solution implies that ¢(x) is statistically stationary with respect to integer shifts: the law of ¢(z) is
the same as that of ¢(z + k) for any k € Z¢, since the variables ¢; are identically distributed.

Having defined both a(z) and ¢(z), we now define the random variable

il Jo e1-a(z)(Vo(z) +er) de,

1
Trg=— | a@)|Vo+el+p¢*de=
Dl Jp,

which also is a function of the L4 random variables {¢; | j € Z?N Dy}. It is known that I'; 5 has a
variational representation:

'rg= min —— a(x)|Vv + e |* + Bv? du. (1.8)

7~ el () D1l Jp,

The Euler-Lagrange equation for this variational problem is (1.1), and ¢ is the unique minimizer

(unique up to addition of a constant if 8 = 0).

We make one more technical assumption about the variables (. We suppose that the law of (i is

that of h(Zy) where Zj is a standard normal random variable and h : R — R is twice differentiable

and satisfies |h/(z)| < ¢1 and |h”(2)] < co. While this assumption excludes some interesting choices



for the law of (, it does not imply that the law of (i has a density with respect to Lebesgue measure
on R. We suppose that h is not a constant, so that Var(¢x) > 0.

Our main result is the following theorem. Recall that the total variation distance dry (X,Y)
between the laws of two real-valued random variables X and Y is defined as

dry(X,Y) = sup |P(X € A) — P(Y € A)],

where the supremum is over all Borel sets A C R. This quantity is invariant under centering and
scaling: dry (X,Y) =dry (X — p)/o, (Y —p)/o) for all p € R, o > 0.

Theorem 1.1 Let d > 1. There is a constant C' > 0 and q > 4 such that

912/q
drv(Trs, Wrg) < CL_d/QE[(I)D]

E2o]? (1.9)

holds for all L > 1 and B > 0, where W, g is a normal random variable having the same mean and
variance as I'r, g, and

@02/ IVp(z) + e1]* da. (1.10)

Observe that the random variable ®y which appears in Theorem 1.1 depends on both L and /.
It is easy to see that E[®g] > 1 holds for all L > 1 and § > 0 and all d > 1 (see (2.27)). So, when it
is also true that E[®{] is bounded by a constant, independent of L > 1, then the right side of (1.9)
is bounded by O(L‘d/ 2): in particular, the distribution of I' 1,3 approaches that of a normal random
variable. As explained below, O(L_d/ %) is the optimal bound on drv (I'f g, Wy, ), in the sense that
this is the expected bound if I'y, 5 behaves like the average of O(L?) independent random variables.
For all dimensions d > 1, if 8 > [y > 0 is bounded away from zero independently of L, then all
moments E[®{] are bounded independently of L > 1 (for example, see Corollary 5.5). In this case,
Theorem 1.1 implies that drv (L' 5, Wi 5) = O(L™%?) as L — oo, which is the optimal bound.

If 3=0orif 8> 0is allowed to vanish as L — oo, estimating the moments E[®{] is a delicate
issue. To estimate E[®{] in this situation one can use the arguments developed recently by Gloria and
Otto in [13], which is the work most directly related to this article. In [13], the authors derive variance
bounds for a discrete functional similar to I'z, g, involving an infinite network of random resistors on
the bonds of the integer lattice Z%. The PDE (1.1) is replaced by a discrete difference equation on
all of Z¢, without the periodicity assumption. The stationary potential field ¢(z) is defined at points
x € Z% the gradient and divergence have interpretations as difference operators. For each edge e in
the integer lattice, the conductivity A = A(e) is a random variable which is stationary with respect
to lattice translation, but it is not periodic. Consequently, ¢ depends nontrivially on the infinite set
of conductances A(e). Gloria and Otto then consider the random variable

Trs= Z (A(e)|V(e) + er]* + Bo(x)?) ni(z)

7.4

where 1z, (z) > 0 is a deterministic weight function that is supported on a cube of size L, and having
total mass 1. In present setting, the periodization of the random field a(z) over Dy serves a similar
purpose to the weight function n7,. One of the main results of [13] is that there is a constant C' > 0

such that J
~ CL™ if d>3
< ) -
Var(T'z,g) < { CL=log(B)|, if d=2



holds for all 5> 0 and L > 1. Another important result from [13], and a key step in the analysis of
Var(I'z, ), is the following bound on moments of the discrete corrector ¢:

C, if d>3

OIS SN (L11)

The constants Cy,y, > 0 are independent of L > 1 and 3 > 0. Observe that in dimension d = 2,
there is an extra factor that diverges as 8 — 0. The extension of the analysis of [13] to the present
setting (spatial continuum, with periodicity on Dy) can be carried out to estimate moments of
both fQ x)dx and ®g. In particular, the argument shows that for d > 3 all moments E[®Y]
are bounded 1ndependently of L > 1 and 8 > 0. Therefore, for d > 3, Theorem 1.1 implies that
drv(Tr 5, Wr5) = O(L~%?). In the case d = 2, however, the argument shows that E[®] is bounded
by C|log B|" for certain constants Cy, v, > 0 independent of L > 1 and 3 > 0. So, in the case d = 2,
if 3 =0 or if |logB[ — oo faster than L%? as L — oo, we cannot conclude from this bound
that dry(I'r g, Wi g) — 0 as L — oo. In Section 5 we explain a few points about this method of
bounding E[®{] and its relation to the present setting. However, the extension of the results of [13]
to the periodic setting is being worked out in [12], so we do not pursue it further.

Other works related to Theorem 1.1 include those of Naddaf and Spencer [18], Conlon and Naddaf
[8], and Boivin [4] in the discrete case and Yurinskii [26] in the continuum setting; they also derive
upper bounds on the variance of quantities similar to T’ L and 'y, 3. Komorowski and Ryzhik [15]
have proved some related moment bounds on ¢ in the discrete case when d = 1. In the discrete
setting the work of Wehr [24] contains a lower bound on the variance of a quantity analogous to
I'r 0. However, none of the works we have mentioned address the issue of a central limit theorem:
whether the distribution of I'y, g is approximately normal for L >> 1. If 8 = 0 and the dimension
is d = 1, then equation (1.1) can be integrated, with the solution ¢ written in terms of integrals of
1/a(x). In that case it is known that the solution itself may satisfy a central limit theorem after
suitable renormalization; see Borgeat and Piatnitski [5] Bal, Garnier, Motsch, Perrier [1] for precise
statement of these results. In the multidimensional setting, however, those techniques do not apply.

The basis for our proof of Theorem 1.1 is the following general inequality developed recently by
Chatterjee [7], based on Stein’s method of normal approximation. From now on, we often use I" for
'z, 3, the dependence on L and /8 being understood (¢ also depends on both L and ).

Theorem 1.2 ([7], Theorem 2.2) Let h € C*(R;R). Let {Z;}rer be a collection of independent,
standard normal random variables, where T is a finite index set. For k € I, let x = h(Zy), and let
I =T(¢) : RE = R be a function of the random vector ¢ = (Ci)rez. Define constants

1/2
Ko = EZ ,
JET
and
2 1/2
AT 0°T . , s
w2 (2+ﬁ) > agac O Com@mzmz e ) | a) . 0w

i€l \jeL
where C(t) = (Cu(t))xer is the random vector defined by

Ck(t) = h(Zx(1)), Zy(t) = VtZy + V1 —tZ,



and Z' = (Z})rez is an independent copy of the random vector Z = (Zy)gez. If W is a normal
random variable having the same mean and variance as I, then

2\/50162%0 + 2k3

dry (I, W) < 5 )

. (1.13)

where 0% = Var(T'), ¢ = Hh/Hooy and cg = Hh‘//”oo-

We have stated this theorem differently from its statement in [7], yet the bound (1.13) follows
directly from the anlaysis proving Theorem 2.2 of [7] (see p. 33-34 therein). One way to bound
(1.12) uses the operator norm for the Hessian of I', as in [7]. With this approach, one obtains from
(1.12) the estimate

r3 < AVB(E| VY)Y EVED Y, (1.14)

which implies that

2\/50102/% + 2\/50‘1’5152
2 b

dpy (D, W) < (1.15)

o
where
r1= (EIVINYY me = (E|VEDIHYA.

Here VI refers to the gradient with respect to the variables ¢ for k € Dy, and VEF is the Hessian,
an L% x L¢ matrix. The norm ||VEF|| is the L? operator norm. The bound (1.15) is precisely the
bound stated in Theorem 2.2 of [7]. Instead of using (1.14) and (1.15), however, we will use a
different approach to bounding k3 that allows us to make better use of the structure of I'.

For the moment, let us consider (1.15) instead of (1.13). What should we expect of the scaling
of each of the terms in (1.15)? Consider a sum of random variables

1 &
5= 0(2) (1.16)
j=1

where Z; are independent standard normal random variables. Then 9;S = L=d¢ (Zj), so that
Ko = O(L™3%2) if ¢’ is bounded. Also, ||[VS|* = L‘4d(2j d'(Z;)?)?, so that k1 = O(L~%2). For sy
notice that 9;0,.S = L™%,1.9"(Z;), so that ka = O(L™%) if ¢” is bounded. Thus k3 = O(L™3%2).
Finally, the variance is 02 = O(L~%), so that the bound (1.15) is O(L~%?) for this simple sum
of independent random variables. In general, if the dependence relations are sufficiently local, in
the sense that Ldajaks is typically small for |j — k| >> 1, we could still have k3 = O(L*3d/ 2) and
dpy (S, W) = O(L_d/z). Obviously I'z, g can be written as the normalized sum

1
FL,,B = ﬁ Z 15, (117)
jEDLNZA

where the random variables 7, are

m= [ a@IVo(@) +erl + o) o
J
Although the variables n; in (1.17) are identically distributed, each n; depends on the O(L?) variables
(k in a nonlinear way through solution of the PDE (1.1). Consequently, the terms in the sum (1.17)
are mutually dependent, which makes the analysis of I'z, 3 challenging.
Starting from (1.13), a proof of Theorem 1.1 will follow from a suitable upper bound on ko and
K3 as well as a lower bound on o = Var(I';, 5), which appears in the denominator of (1.13). We will
show that kg = O(L3%?) and k3 = O(L~3%?). We will also prove the following lower bound on
02, which is similar to a result in [24]:



Theorem 1.3 Let d > 1. There is a constant C > 0 such that
Var(T'y, 5) > CL™9E[®q)* > CL ™

holds for all L > 1 and 8 > 0.

Although the proof of Theorem 1.1 does not require an upper bound on the variance of I'y, g, the
variance of I'z, 3 can also be estimated from above in terms of ®g:

Proposition 1.4 Let d > 1. There is a constant C > 0 such that
Var(Tp 5) < CL™E[®2]
holds for all L > 1 and 5 > 0.

As we have mentioned, if d > 3, or if d = 2 and 3 > 0 is fixed, then E[®3] is bounded as L — oo,
and Proposition 1.4 implies that Var(I'z 5) = O(L~%).

Let us point out that the proof of Theorem 1.3 makes use of the structural assumptions on the
coefficient a(z). Specifically, the lower bound in (1.3) enables us to estimate él; from below, a key
step in proof of Theorem 1.3. This structural condition is not used anywhere else in the analysis. If
(1.3) were replaced with

()

0
’ “ < CQ]IBT(k)(I'), ae. v €Dy, VkeZzZ'nDy,

9

then (1.9) may be replaced with

w2

E
dTV(FL,Ba WL,B) < CLigd/Q [ (1.18)

o2

The rest of the paper is organized as follows: In Section 2 we prove Theorem 1.3, the lower
bound on o2. Upper bounds on the constants kg and x3 and the rest of the proof of Theorem 1.1 are
developed in Sections 3 and 4. Section 3 contains some deterministic PDE estimates (Caccioppoli’s
inequality and a version of Meyers’ estimate) which are useful in bounding 3 and do not rely on the
statistical structure of the coefficients. Section 4 contains the main argument bounding xo and k3.
Finally, in Section 5, we prove Proposition 1.4 and Corollary 5.5, which is an estimate of E[®{] in
the case that 8 > 0 is fixed. We also make some remarks about estimating E[®{] using the method
of [13] to deal with the case that § vanishes as L — oc.

A few more comments about notation: throughout the article we will use the convention that
summation over indices j € D, means a summation over j € ZN Dy, with j € Z¢ being understood.
For a given measureable set A C R%, we define the normalized integral

]lAu(x) i — ‘j”/Au(x) da.

We also use C' to denote deterministic constants that may change from line to line, but do not
depend on L or 3. We will use ®; and <I>;- to refer to the integrals

0= [ Vo) +elar @[

|Vo(x) + e1]* d (1.19)
Q; Bz (35)



which appear frequently in the analysis. Recall that B-(j) D @, so <I>;- > P,

After this paper was submitted for publication, we learned of two other related works on discrete
resistor network models. By making use of the martingale central limit theorem, Biskup, Salvi, and
Wolff [2] have proved a central limit theorem for a discrete quantity similar to r 1,8 When ¢ satisfies
linear Dirichet boundary conditions on a square box, in the regime of small ellipticity contrast (i.e.

% — 1| is sufficiently small). Using different techniques, including generalized Walsh decomposition
and concentration bounds, Rossignol [21] has proved a variance bound and a central limit theorem
for effective resistence of a resistor network on the discrete torus. We refer to the recent review

paper [3] for many other references on the random conductance model.
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2 A lower bound on the variance o2

In this section we prove Theorem 1.3, the lower bound on ¢ = Var(T'; 5) which appears in the
denominator of (1.13). One approach to proving the lower bound is to use the argument of Wehr
[24] who considered a functional similar to I" for a discrete resistor network with random conductance
(without a uniform ellipticity constraint). If we assume (1.5) with M} = @ and that the law of
(k is absolutely continuous with respect to Lebesgue measure on [(nin, Gmaz), that argument can be
adapted to the present setting, under the constraint

/Cm (v(s) + s/(5)" o 00, (2.20)
¢

in v(s)

where v is the density for the law of (i. Here we give a proof that allows for the more general
structural condition (1.3) and allows for the law of (; to be singular with respect to Lebesgue
measure.

First, since the variables {(j}cz¢ are independent, we have the lower bound

Var(T) > Y Var (E[T'[G]), (2.21)
keDy,

where E[T"| (] is the conditional expectation of I', conditioned on the value of ;. This inequality
is proved in [25] (see Proposition 3.1, therein). Since the (; are identically distributed, we have
Var (E[T"|(]) = Var (E[I"|¢;]) for all j,k € Dp, so that

Var(T') > L%ar (E[T'| (o]).

Next, observe that

Var (BT 1G)) = [ asv(ds) = 5 [ (066) = o) Pridsputas) (222)
where
o(s) = E[T| G = 5] — E[T] (223



and v(ds) is the probability measure supported on [Gmnin,Cmaz) Which is the law of the random
variable (.

Since ¢ — a(z, () is nondecreasing with respect to each coordinate (y, it follows from (1.8) that
I is a nondecreasing function of each (i, so we have ¢’(s) > 0. We will establish the following lower
bound on the difference g(s) — g(s'):

Lemma 2.1 Define p(s) =E[®q | (o = s] > 0. There is a constant 6 > 0 such that
l9(s) = g(s)| = L™]s — &'| max (p(s), p(s"))
holds for all §', s € [Cmin, Cmaz], for all L > 1, 8> 0.

Therefore, from (2.22) we have

1

Var (BT G)) = 5 [ (906) = o(s)P(ds)utas)

> %02L72d /R2(s — §')2p?(s)v(ds)v(ds")

_ %QQL*M /R ( /R (s—s’)QV(ds’)> 2(s)v(ds).

(2.24)
Since [(s — s')?v(ds’) = E[(s — (o)?] = Var((o), this implies
1
Var (BT |G)) 2 H#PLVar() [ p(s)oids)
R
1 2
> 592L72d\/ar(§0) </ p(s)y(ds)>
R
= %92L*2dVar(go)E[q>o]2. (2.25)
Hence, (2.21) implies that
Var(T) > %L‘dé??Var(Co)E[cbo]z.
Let us observe that E[®y] > 1. Indeed, by stationarity of ¢ we have
E[®o] = E[/ |V + e1|* dx] (2.26)
0
= E [][ Vo + el|2d4
Dy,
= E [][ (IVo|? +2Ve-e +1) dx] .
Dp,
Since ¢ is periodic, fDL V¢ - e dr = 0. Hence,
E[®o] > 1+ IE[][ |Vo|? dx] > 1. (2.27)
Dy,

Except for a proof of Lemma 2.1, this establishes Theorem 1.3. To prove Lemma 2.1, we will
make use of the following lemma:



Lemma 2.2 Let 8 > 0. Suppose that a(x) and a'(x) are two measurable functions satisfying (1.2).
Let ¢,¢' € H}.,.(DyL) satisfy

-V - (a(Vo+e1))+ o =0, and — V- (d(Vd +e1))+ B¢ =0,

respectively. If (a — a’) is supported on a measureable set M C Dy, then

/DL \Vé(z) — V' (x)* dr < (a*a*a*>2/M|v¢(x)+612dx7 (2.28)

and

a*

N
/ IV + 1 d < <1 + 2 a*) / V6 + 1|2 da. (2.29)
M M

In particular, if the vectors ¢ and (' differ only in the j*" coordinate (i.e. ¢ = ¢ if k#j). Then
a(:) = a(-,¢) and d'(-) = a(-,¢") differ only on the set B-(j) (by 1.3), so (2.28) and (2.29) hold with
M = B-(j).

Proof of Lemma 2.2: The function v(z) = ¢ — ¢’ € H,,,

—V - (d'Vv)+ v ==V ((d —a)(Ve+e1)).
Multiply by v and integrate by parts. The uniform ellipticity implies:

a*/ (Vo (x)|? dz < / Vo ((d' —a)(Vé +er)) du.
Dy, Dy,

(Dp) is a weak solution to

Since a’ — a = 0 outside the set M, the Cauchy-Schwarz inequality leads to

1/2 1/2
Qs /DL |Vv(x)\2dx < (a* — ay) (/DL |Vv|2 dm) </M \Vo(z) + 61|2d$> ,

which is (2.28). The bound (2.29) now follows by the triangle inequality in (L?(M))%. O

Proof of Lemma 2.1: Recall that g(s') — g(s) = E[l' | {,, = §'] — E[l' | (o, = s]. Suppose the
vectors ¢ and ¢’ differ only in the j coordinate (i.e. (x = ¢ if k # j) and that &' = G>¢=s
Define a(-) = a(+,¢) and a'(-) = a(-,¢’). The difference o’ — a is supported in B.(j), but its support
may not be confined to Q;. For this reason, we also define a function a” according to

oo d(x) ze @j
@ (z) { a(z), =z ¢ Q.
Since a'(x) > a”(x) > a(x) almost everywhere, we must have I'(a’) > T'(a”) > I'(a).

Let ¢,¢" € H', (Dy) satisfy

per
—V-(a(Vo+er1)+Bp=0, and  —V-(d"(V4"+e1))+p¢" =0,

respectively. From the variational representation (1.8), we know that

LT(a) = min / alVu + e1)? + Bov? da
’UGH;ET(DL) Dy,

IN

/ AV + e de + B(6")? da
Dy,

= / a”]qu"+61|2dx+ﬁ(¢)//)2d:z+/ (a—a")|V¢" + e1)? du
DL DL

~ L) + / (a — a") V" + e da. (2.30)
Dy,

10



Therefore,

P(a") - T(a) > L~ / (0" — )|V + e da. (2.31)
Dy,

Since (a” — a) > 0 is supported on @;, then by (2.31) and Lemma 2.2,

1
L") —T() > L™ < inf |a” — a|> / V¢ + e da
$EQ~7‘ 2 Q;

—2
* . 1
> L~ <1+a a ) <inf |a”—a|> 2/ Vo +e1[2de.  (2.32)
Qj

* T€Q;

Hence by using (1.3) and (2.32) we obtain

(d)—T(a) >T(d") =T(a) > L7 < inf |a” — a!) 1/ Vo + e1|? dx
Qj

xEQj 2
1
= L ¢ < inf |a" — a|> / IV + e |* da. (2.33)
:L'EQ]' 2 Qj
By the lower bound in (1.3), this implies
I'(a') —T(a) > L_dC'C'l\Cj'- - C]|/ IV + e1|* da. (2.34)
Qj

On the other hand, arguing as at (2.31) and using (1.3) we also have

[(a') —T(a) > L_d/ (a/ —a)|V' + e > dx > L_dC'1|Cj/~ — ¢ / V¢ + e1]* da. (2.35)
Dy, Qj
Lemma 2.2 now follows from (2.34) and (2.35) and the definition of g(s). O

3 Deterministic estimates for solutions of the elliptic equation

Our next goal is to prove Theorem 1.1 by using Theorem 1.2. In this section, however, we first
establish some regularity estimates that apply to solutions of elliptic equations. These estimates will
be used in the process of bounding the constants kg and k3 which appear in Theorem 1.2. These
estimates rely only on the uniform ellipticity assumption, not on the statistical structure of the
coefficient a(x).

3.1 Caccioppoli’s inequality

Recall that the Poincaré inequality tells us that for sufficiently regular sets D there is a constant
Cp > 0 such that

/ (u(x) — pp)?*dx < CD/ |Vul|? de (3.36)
D D

holds for all u € HY(D), where

. :][Du(x) dz = ID?! /Du(a:) da.

11



For solutions of elliptic equations Caccioppoli’s inequality gives the reverse inequality, enabling us
to control moments of V¢ by moments of ¢ itself. Here and at other points in the paper it will be
convenient to use the notation 3Q); and 5Q); to refer to the cubes

3Q;=j+[-1,2)" and  5Q;=j+[-2.3)",

which are concentric cubes of width 3 and 5, respectively, and containing @Q; = j + [0,1)? in their
center. We also define the random variables

psj=+F é@)dz and  p5; =1 ¢(x)dr. (3.37)
3Q; 5Q;

Here is Caccioppoli’s inequality, presented in two different forms for convenient reference later:

Lemma 3.1 Let d > 1 and let w € HY(3Q;) be a weak solution to —V - (aVu) + Bu = V - £ for
x € 3Q;, with & € (L2(3Q;))%. There is a constant K, depending only on a* and a, such that

/\vu|2dx < K(/ |§|2dx+/ (u(w)—b)Qdaz+ﬁb2>
Qj 3Q; 3Q

J J

holds for any constant b € R. Similarly, there is a constant K such that if R > 0 andu € H'(Bg(xo))
is a weak solution to —V - (aVu) + fu =V - € for x € Bg(zo), with & € (L?(Bg))¢, then

/ |Vul*dz < K (/ €]? da + % (u(z) — b)* dx + 5b23d>
Bg(IO) Br(zo) R Br(zo)

holds for any constant b € R.

Lemma 3.1 and variants are a consequence of the following:

Lemma 3.2 Let K1 = 2/a., Ko = (2/as) + 8(a*/a.)?, and K3 = (2/a.) + 2/(a.)?. Let Q be a
bounded open subset of R® with smooth boundary. If > 0 and v € HY(Q) is a weak solution to
~V - (aVu) + pu= f+ V£ forx € Q, with f € L*(Q) and £ € (L*(Q))?, then
/ O*|Vul*dr < Kl/ f(u—b)<p2d:c—Klﬁ/ u(u — b)p? d
Q Q Q

+K2/ Vol (u — b)2dx+K3/ €2 % dx (3.38)
Q Q
holds for any smooth function @ > 0 which vanishes on the boundary of Q, and any constant b € R.

Proof of Lemma 3.2: A proof of this sort can be found in various texts, for example Chapter
III of [9]. Suppose that u € H(Q) solves —V - (aVu) + Bu = V - € in the weak sense:

/QaVquda:—i—/Qﬁuvdac:/vadx—/Qf-Vvdx Vo € HH(Q). (3.39)

By choosing a test function v = (u — b)p? € H}(Q), using the uniform ellipticity, and the fact that
¢ > 0, we obtain from (3.39) the bound:

a*/gp2|Vu|2d:L' < —/250(u—b)aVqu0dx—/Bu(u—b)g&de—l—/f(u—b)go?da:
Q Q Q Q

—/ ¢ (Vu)p? do — 2/ & (Vp)p(u —b)de. (3.40)
Q Q

12



By the Cauchy-Schwarz inequality, for any ¢ > 0,

(a

*\ 2
/ 2¢0(u — b)aVuVedr < e/ ©?|Vul* dz + ) / |Vol?(u — b)? dx
Q Q

Q €
and
1
/ £ (Vu)p?dr < e/ ©*|Vul* dx + - O*|€? da (3.41)
Q Q 4 Jg
and
2 [ € (Voretu-bidr< [ |66+ [ (w-bP(Teld (3.42)
Q Q Q

Now by choosing € = a, /4, we infer from (3.40) the bound

A«

5 /Qcp2|Vu\2da: < —/Qﬁu(u—b)<p2dx+/Qf(u—b)gonx

+ 1+4(a*)2 IVol*(u—b)*dr + (a;' +1) [ |€]2p*dx. (3.43)
() e,

[
This completes the proof. [J

Remark 3.3 The conclusion of Lemma 8.2 also holds if we assume that v € H!, (Dr) and ¢ > 0

per
is periodic. In that case, p(x) need not vanish at any point Dy ; the integration-by-parts is made

possible by the periodicity.

Proof of Lemma 3.1. Let u(x) and b be as in Lemma 3.1. We apply Lemma 3.2 with Q = 3Q);.
We may choose 0 < ¢(z) < 1 to be a smooth function with support in Q = 3Q; C Dy, and satisfying
¢ =11in Q; and |Vy| < C. In this case, observe that since § >0 and 0 < ¢ <1,

_5/ u(u —b)g” dz < Bb*[3Q;-
3Q;

This proves the first part of Lemma 3.1. The second part also follows by a similar argument with
@ = Bpr(zp). In that case, we choose the test function ¢(z) to be a smooth function with support
in Q = Br(zo) C Dy, and satisfying ¢ = 1 in Br/2 with |[V¢| < C/R. O

3.2 Higher regularity — Meyers’ estimate
If u € HY,, (Dy) satisfies =V - (aVu) + fu = V - v with v € (L?(Dy))? and 3 > 0, then it is easy to

per
2 1 2
/ |Vu| dm§2/ |v|* dx
Dy, (a’*) Dy,

see that
must hold. If v € (LP(Dg))? for some p > 2, a well-known result of Meyers [17] implies higher
integrability of Vu, as described by the following lemma.

Lemma 3.4 For all s > 2, there is a constant p* > 2 and C > 0 such that the following holds: If
L>1,8>0,ve (L*(Dy))?, and if u € H}.,.(Dyr) satisfies =V - (aVu) + fu =V - v, then

][ |VulP de < C][ |v|P dx (3.44)
Dy Dy

for all p € [2,p"].
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Proof of Lemma 3.4: For 5 =0, (3.44) can be derived directly from Theorem 2 of Meyers [17] by
using the periodicity of u. However, for 8 > 0 it is more convenient to give a proof based on a result
of Giaquinta and Modica [10]. By the Caccioppoli inequality (Lemma 3.1) applied to u(x) we have

/ \Veu(z))?dz < CPa*RY + Cz/ lu(z) — al*dz + C lv?dz  (3.45)
Kr(zo0) R JKp(wo) Kap(zo

where
1

| K2R| Kar(zo)

u(x) dx

u =

and Kpr(xg) is a cube of width 2R centered at a point . By the Poincaré-Sobolev inequality, this
implies

(d+2)/d
][ \Vu|?de < CB u?dx + C ][ |V |24/ d+2) g
Kr(zo) Kar(zo) Kar(zo)

+C lv|? dz. (3.46)
KaRr (o)

Now we apply Proposition 5.1 of [10] (see also Theorem V.1.2 of [9]) with g = |Vu|?¥/(@+2) ¢ =
(d+2)/d, and f = (CPu® + Clv|*)"/9. Since

q
][ qung(][ gdx> +][ fadx
KR(zo) Kag(zo) Kag(zo0)

holds for all g € Dy, and R > 0, that proposition implies that for some ¢ > 0 and p = ¢(1 + €), we

must have
1+e

][ g’ dr < C ][ g?dx +C fPdx
Kpr(zo) Kor(zo) Kar(zo)

for any R > 0 and xg € Dy. This means that

r/2
][ |Vu(z)|"de < C<][ |Vu(w)|2d:1;>
Kgy2(wo) Kr(zo)
+cgr/2][ ]u|Tda:+C’][ lv|" dz, (3.47)
Kr Kr

where r = 2(1 +¢€) > 2. In particular, we may choose R = L so that Kp/y(70) = Dr. Since u and v
are periodic over Dy, we conclude that

(f, raora)” = e, muora) " se(f, i)

1/r
+CpY? <][ lu|” d:v) . (3.48)
Dy,

If § > 0, the last term in (3.48) may be absorbed into the others, as follows. Since r > 2, we
may use the test function 1 = |u|""'sign(u) € H).,.(Dr) in the equality

/aVand:v+5 unda::—/ v-Vndz,
Dy, Dy, Dy
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to obtain:

a*(r—l)/ |Vu\2|u\r_2d:c+ﬁ/ lul"dx < (r—l)/ ||| V| |[u|" 2 d,
Dy, Dy, Dy,

— e !
S (7“ )6 / |,U|2’u|'r—2 dr
2 DL
-1
+(r >6/ |Vu|?|u|" 2 dz
2 Dy

for any € > 0. Therefore, with € = 2a,, we obtain

-1
g jupar< )/ lo||u|"~2 dz.
Dy, dax Jp,

By Holder’s inequality, this implies

1 r/2
gr/? lu|" dz < (r=1) lv|" dz.
4
Dy, A Dy,

Now we substitute this bound for the last term in (3.48), and we conclude that

<]{)L IVu(a:)!Td;c>1/T < C<]{3L‘vu(x)|2dx>l/2+0(]iL U|de>1/r

holds for all L > 1.
Since u satisfies =V - (aVu) + pu = V - v, we have

1
/ Vul? dz < 2/ v|? d.
Dy, (a.)* Jp,

Therefore, since r > 2, Jensen’s inequality implies

(]iL\Vu(x)|2dm>l/2 < a1<]£>L \v(az)|’"dm>1/r.

Combining this with (3.49) we conclude the proof. [J

4 The Proof of Theorem 1.1

(3.49)

In this section we prove that the constants kg and k3 appearing in Theorem 1.2 are bounded according

to
Ko = LTPE[®G]Y? and kg < CLT3PE[@F]/ 20 4 O L3R [9f)/2

(4.50)

for all L > 1 and 8 > 0, if ¢ > 4 is sufficiently large. By combining this with Theorem 1.3 and

Theorem 1.2, we obtain Theorem 1.1.

To obtain these bounds, we will need to compute derivatives of I' and ¢ with respect to the

variables (i. First, we establish the differentiability of ¢(z, () with respect to (.

Lemma 4.1 For 8 > 0, the function

wi(z) = aik (2,0)
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is in H),, (D) and it is a weak solution of the equation

—V - (a(x)Vwy) + pwp, =V - &, x€ Dy, (4.51)
where &, € (LgeT(DL))d is the vector field

da

Proof of Lemma 4.1: For € > 0 small, let (; = (; for all j # k and let ¢} = ( — €. Let
vi(x) = o~ ¢)
where ¢ = ¢(x, (). The function ¢ — ¢’ € H;er

=V (aV(¢p—¢)) + B(¢ — ¢') = V- ((a(2,¢) — a(z,{)(V +e1)) - (4.52)

Using ¢ — ¢ as a test function against (4.52), we integrate by parts and apply the Cauchy-Schwarz
inequality to obtain

(Dp) satisfies

/D V(6 — )P de < - Jax.¢) — a(x. )% / Ve + a1l da. (4.53)

(a*)2 Dy,
Ase— 0, [la(z,¢)—a(z,¢")||5% — 0. So, combining (4.53) and the fact that [}, ¢dz = [, ¢ dz =0,
we conclude that ¢/ — ¢ strongly in Hl}er(DL) as € — 0.

Let wy be the unique weak solution of (4.51) satisfying fDL widr = 0. The function v¢ €
H! (D) satisfies

per

—V - (aVv©) + prvc =V -

(a(w, ¢) - a(@.¢) gy ¢ 61)> , (4.54)

Therefore, v¢ — wy, satisfies

V- @V — wp)) + B —wy) = (Ve +e1) - @)

_ v <<“("“”O - alz,¢) _ gg;@,()) (Vo + el)>

. (( ¢) - a(,¢')

v. (29 ue)

€

(Vo' — w)) . (4.55)

Using v — wy, as a test function against (4.55), we obtain

2 |la(z.¢) ~a(@.¢)  da  I° / )
VolPde < ——(z,C Vo + e dx.
2 — N2
o al@,¢) — a(@,¢) / V¢ — Vo] da. (4.56)
(a*) € oo 4/ Dy,
Since ¢ + a(-, () is Fréchet differentiable, we know that HM - a%(x, Olloc — 0 as e — 0.
Furthermore, HMH is bounded as € — 0. Since (¢ — ¢) = 0 in H,, as e — 0, the right

side of (4.56) vanishes as € — 0. This and the Poincaré inequality implies that v — wy strongly in
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H).,. Elliptic regularity implies that the limit holds pointwise in 2 and that wg(z) is a continuous

function. O

Using the dominated convergence theorem and the fact that ¢ — a(-,¢) € Lpg,.(Dy) is Fréchet
differentiable, we find that

or Oa

— = L —(2)|V + e > dx + 2L_d/ (a(x)(Vo + e1) - Vw; + 2B¢w;) dx, (4.57)
where wj(z) = %gb(m,() € H,..(Dr) was established in Lemma 4.1. Then, using integration by
parts and (1.1), we see that the last term vanishes so that

or Oa
Ol =—-—=L"1] —=|Vd+e|*da. 4.58
=3 . 8@-' | (4.58)
In particular, the structural assumption (1.3) implies
—d or —d g/
0 CiL 8 < 5o < CpL 78, (4.59)
J

Recall (I>;- defined at (1.19). From this and the stationarity of ¢ we see immediately that

1/2 1/2

= [EX Br@l)  sor( X mieph) - cr R (se))
JjE€D, JjeDr,

Y2 (4.60)

Moments of ®{, are related to moments of @y, as follows:

Lemma 4.2 For any power p > 1, there is a constant C' such that E[(®()P] < CE[(®¢)P] for all
B>0,L>1.

Proof: By Minkowski’s inequality and the stationarity of ¢:

p
E[(®p)"] < E > IV + €12 d
jeb, Qi
|B-(0)NQ;|>0
p
p71/p
< > E (/ |V¢+ell2dx> ]
jeDy, @
|B-(0)NQ;|>0
p
- Yo E[(@))P | < CTME[(®0)]. (4.61)
JjeEDL
|B-(0)NQ;[>0
O
By combining (4.60) and Lemma 4.2, we now have
ko < CL™PE((®0)"]"/?, (4.62)
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which is the first estimate in (4.50).
Now we bound k3. The term x3 involves the Hessian VEF, and from (4.58) we compute

da 0%a

OT iy [ 2% (Gh(a)+ er) - V(0i) da+ L
Dy, 6Cja<z

0G0G b, 9

Vo + e |*dx, (4.63)

where 9;¢ denotes the function 0;¢ = Ve 9_4. Recall that the function z — gg is supported in B (7).
In particular, the bounds (1.3) and (1.4) imply

‘ 9T
3@"9@

< CL_d / |(V¢(:L’) + 61) : V(8@¢)| dx + / |V§Z5 + €1|2 dx | . (4.64)
B (j) Br()NB-(j)

We will make use of the following observations:

Lemma 4.3 There is a constant p* > 2 and C > 0 such that
E {/ |[VolP d:z] <C (4.65)
0

holds for all L > 1, >0 and p € [2,p*].

Proof of Lemma 4.3: This is a consequence of Lemma 3.4 and the stationarity of ¢. Applying
Lemma 3.4 to ¢, with v(z) = a(z)e; € (L>®(Dr))? we conclude that for some p* > 2, there is C' > 0
such that, almost surely,

<][DL Vo ()l da:) v < C (]{n |lae |P da:) v <C (4.66)

holds for all p € [2,p*], L > 1, and 8 > 0. Now, by the stationarity of ¢,

P _ P P
]E[/QO\V¢| dx] E[][DLWqﬁ] dx]<0.

Lemma 4.4 Let ((t) = h(Z(t)) be the random vector defined in Theorem 1.2, and let a; = a(x, ((t))
denote the associated conductivity. There are constants q > 4, C > 0 such that

O

< CL™*E[®{*/7 + CLTE[®]]  (4.67)

2
{Z (Z e @) S @ N 22 <>>>

holds for all L > 1, >0, t € [0,1].

Proof of Lemma 4.4: For each index i € Dy, let

Za@az ) G @ Z)H 25 (0).
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We claim that there is a constant C, independent of ¢, 3, and L, such that

yHAgcm-M/P Vo, a) + er||Vu(@) dz+ CL2 S @ (a)®) (@) (4.68)

BT(Z) jGDLﬂBQT(i)

where u(z) € H}

per

(Dp) satisfies

Oa

-V - (aVu) + pu= -V - ((Vqﬁ(x,a) +e1) Z (S]]IBT (@ )8Cg

JjeEDL

(40), reDr  (4.69)

and the random variables {s;};ep, are defined by

or
__Ld
a¢;

These variables are identically distributed and satisfy [s;| < C®)(a), by (4.58) and the fact that
|W| < ¢y If B =0, we may assume fDL udx = 0, so that u is uniquely defined. To see why (4.68)
must be true, observe from (4.63) that

(an)h'(Z;)h'(Z;).

L¥H, = 2 Z s]/ an z)(Vo(x,a)+er1) - (Voip(x,a))dx

Jj€DL

2
fa / ()NB-( )%3@( D)V, a) + el dz. (4.70)

JEDL

The second sum in (4.70) is bounded by

<C DY ®a)P(a).

JjE€B2+ (’L)

S eI+l ds
] (2

JjeDL

The first sum in (4.70) is exactly

> 8;/ )3Cg r)(Vé(z,a) +e1) - (VOip(x,a))dr = /D o(@) - VOid(z,a)dr  (4.71)

jeDL,

where the vector field v € (L?(Dy))¢ is

da
v(@) = (Vo(z,a) +e1) Y silp (e 2 ae; ®<): (4.72)
jeDy !
which depends on the random vectors Z and Z(t). Therefore,
2 <C| [ o) Voswads +C 3 a0 (4.73)
D FEDLNBax (i)

Using equation (4.69) for u(x) and equation (4.51) for w;(z) = 0;¢(x), we have
/ v(x) - Voip(x,a)dr = / a(x)VuVw; + Puw; dx
DL DL

= —/ g@ (Vé(z,a) +e1) - Vu(z) d.
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Hence

/ v(x) - Voip(x,a)dz| < C Vo(x,a) + er||Vu| dz.
Dy B (i)

This combined with (4.73) establishes (4.68). Observe that the vector field v is stationary with
respect to integer shifts in x, and it is independent of the index i. Consequently, u is also statistically
stationary and independent of i.

To establish (4.67) we must bound Y, E [H?], and we will use (4.68). First, observe that there
is p > 2 such that v € (LP(Dy))? almost surely. This is a consequence of Lemma 4.3. Therefore,
since u satisfies (4.69), Lemma 3.4 immediately implies the following:

Corollary 4.5 There is an exponent p* > 2 and a constant C' such that, with probability one,

][ |\VulPde < C+  |v|P dx
Dy Dy

holds for all p € [2,p*] and L > 1 and B > 0, where v is the vector field defined by (4.72).
Now we proceed with the proof of (4.67). From (4.68) we have

LN E[H?] < C(S1+ Sa),
€Dy,

where

2

2
=Y E (/B (')|V¢+61|\Vu]dx) , S=) E > B(a)®(ar)

€Dy, €Dy, jGDLﬁBQT(i)

First we bound Sj. Let p € (2,p*) be as in Corollary 4.5, and let r = p/2 > 1 and ¢ =r/(r —1). By
Holder’s inequality and the fact that 7 is independent of L,

S < CY E [/ |v¢+e1\2dx/()yvu\2dx]
B-(t

€Dy,
r rq1/r
< Y E[@a)]E (/ |Vu|2dx>
€Dy, L BT(Z) i
r rq1/r
— CLE [®)(a)!]""E ( / |Vu|2da:> : (4.74)
L \/5-(0) |

In this last step we have used the stationarity of both u and ¢. Now, as in the proof of Lemma 4.2,
the stationarity of u implies

rq1/r
E [(/ yvu|2dx> ] > / \Vul|? da
7(0) Lezd Qe

|QeNB~(0)[>0

Y E K/Qe \vu|2dxﬂ v < CTiE [(/O |Vu]2d:n)r] I/T.

278
|Q¢NB-(0)|>0

rq1/r

IN
=

IN
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So, by Jensen’s inequality, this implies

Y 1/r 1/r
/ |Vu|? da <CE [/ \Vu]%d:n} =CE {][ ]Vu|2’"dx] .
BT(O) QO DL

Combining this with Corollary 4.5 (p = 2r), we obtain

rq1/r 1/r
(/ \vu|2d:c> ] < CE [][ \uypdx] .
B (0) Dy,

By definition of v and the bound |[s;| < C®’(a),

E[][D ]v|pdx] _ E[/O|v|pda:]

c > E[(@@(at))f’ /QO ]qu(m,a)—i—el\pdx}

Lez
| B7(£)NQo[>0

E

E

IN

1/m
< CE [(@6@))“1’]1/"15[( /Q yv¢(x,a)+e1\de)m}
1/m
< CE[(@o(a))"|" E [( | 1ot + elpdmm] (4.75)

where n > 2 and m = n/(n — 1). In the last step we have used Lemma 4.2. Observe that ®y(a;) has
the same law as ®g(a), so E [(Pg(ar))™]"" = E[(®o(a))""]"/™. Since p < p*, we may choose n large
so that pm < p*. Then Jensen’s inequality and Lemma 4.3 imply that

1/m 1/m
E[( / |V¢(x,a)+el|pdx)m] <]E[1—|— / Vo(@,a) + er dx} <c
Qo Qo

so that
E [][ of? dm] < CE [(@)™] /.
Dy,
Combining the above computations applying Lemma 4.2, we conclude that
$1 < CLE [#)(a)7] /" E [(@0(a))""]/™ < CLIE [@0(a)"]"/* E [(®o(a))""]"/™ .

By choosing p > 2 smaller, if necessary, we may assume that ¢ > np. Therefore, by Jensen’s
inequality, ) < CLIE [®g(a)?)?/9.
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Bounding S> involves similar arguments. By Minkowski’s inequality and Hoélder’s inequality
2

Sy = > E > ¥(a)®(a)

= jEDLNBar (i)

< > 3 E[@;(a)@(ao)ﬂlﬂ
i€Dr, \j€D;NBar (i)
2
< Y Y E[@@))E[(@)@)]"

€Dy, \jeDrNBar (1)

1/2
= Y | X E@@)”’] <CLE[(@a)]. (4.76)
€D, \jeDNBar (i)
Now we conclude that
2

E| Y [ 8 L aonzonzm ) | | =& | X wiz)ra?

i€eDy \jeDy QGC] 8C] ieDy,

<CE | Y HE| <CL™(S)+ S) < CLT3(E (@))% + E [(®0)"]). (4.77)
€Dy,

Having proved (4.67), the bound w3 < CL73¥/2E[®{]3/(20) 4 O =32 [(@0)4]1/2 now follows
immediately from the definition of k3 in Theorem 1.2 and the fact that the right side of (4.67) is
independent of ¢ € [0,1]. This completes the proof of Theorem 1.1.

5 Stochastic moment estimates

We close with some estimates on the moments of the random variable ®y which appears in Theorem
1.1. First, we have an estimate which is Lemma 2.7 from [13]:

Lemma 5.1 Letd > 1. Let n > 0 be an even integer. Then

+ 2k [ | @y dx] < (&) i wwra 6

J J

E [ / (6(2))"| V()2 dx

J

holds for any cube Q;, j € Dr,.

This is proved by using the test function v = ¢"*! H;eT(D 1) in the variational equality (1.6)

satisfied by ¢. By (1.6) and the Cauchy-Schwarz inequality one obtains

(n+1) /D a(x)|Vo|?¢™ dx + B " dr = (n+1) i ¢"V¢-a(x)er dx

Dy,
(n+1)
204

<

¢”|a(:17)61|2dx—|—(n+1)%/ PV dx.  (5.79)
Dy, 2 Dy,
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Therefore, since a, < a(z) < a*, we conclude that

2. n 2/6 n+2 a* ? n
/DL\wy ¢ dx+(n+1)a*/DL¢ +2 g < <a> Dqu da. (5.80)

Then (5.78) follows by the stationarity of ¢ and V.

Corollary 5.2 Let d > 1 and let m be a positive integer. Then

E [/Qo(gz)(x))% daz} < <\/‘;7>2m g—m ﬁ(Qm —2k+1) (5.81)

k=1

holds for all 5 >0 and L > 1.

Proof of Corollary 5.2: Observe that the final product over k£ = 1,...,m is bounded by
2"(m!). By (5.78) with n = 0, we have

B[ [ aa] < &lp

0 20,

So, (5.81) holds for m = 1. Now, arguing inductively, suppose that (5.81) holds for some integer
m > 1. Then by (5.78) and the induction hypothesis

*\2
Bl [ worew) < Sl ena s | [ (o@)pn il
Qo 2a. Qo
(@) (@)™ T
< _
< Ge ATem+ 1)(2a*)m5 kHl(2m 2k + 1)
ot O\ 2mtD) i) m+1
= —(m+ 2 1) — 2k +1). 5.82
(&) p o Hemen-—2sn. 6o
So, (5.81) also holds for m + 1 and by induction on m it holds for all m > 1. O

Proposition 5.3 Let d > 1. For each even integer n > 0, there is a constant C,, such that

(/QO IVo|? daz) " </QO gbd:z) 21 (5.83)

holds for all L > 1 and 8 > 0.

E <C,+C,E

Proof of Proposition 5.3: By Caccioppoli’s inequality (Lemma 3.1) we know that

/ \Vo|? dz < C (1 + Bb? +/ (¢p(x) — b)de)
Qo 3Qo
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holds with probability one, where b is the random constant

1

_ 1 n—+1 n+L
"= <13Q0! /3@0 # ) dx) '

Therefore, with probability one, we have

n+1
< / |v¢|2d$> <c (1  grHpnty) | / (6(x) — b2+ d:n> . (5.84)
Qo 3Qo

Then, by (5.84) and Lemma 5.4 below, we have

n+1
(/ ’v¢|2 dx) S C <1 + ﬁn+1b2(n+1) +/ (¢TL+1(1,) o bTL-‘rl)Q dm) ]
0 3Qo

Now by applying the Poincaré inequality in 3Q)y to the last integral, we conclude that

n+1
(/ ’v¢|2 dl‘) S C <1 +l8n+1b2(n+1) +/ |v(¢n+1)’2 d.’E>
0 3Qo

- C (1 + B (4 1)2/ V|2 dx) . (5.85)
3Qo

Consider the term g"+t1p2("+1) By Jensen’s inequality, the stationarity of ¢, and Corollary 5.2 we
know that

B < g | [ ] < @ Vel 6

Qo
holds for all L > 1, 8 > 0. Also, by Lemma 5.1,

2 2n 2n _ d 2n
E[/3Q0‘v¢|¢ dx}SCE[/gQO¢ d:c}—Ci%E[/OqS dx].

So, returning to (5.85), we conclude that for a constant C,, independent of L > 1 and 5 > 0,

E [(/0 |V¢]2dx)n+1 < Cp <1+]E [/O&”de. (5.87)

By the De Giorgi-Nash-Moser theory (e.g. [11], Theorem 8.24), ¢ is Holder continuous with

[9(x) — o(y)|
ol e = sup ————=<C
19l (@) ryeQo T —yl*
T#Y

o) = paollL2sq) +1)

for some deterministic constants o > 0 and C' > 0, which depend on a* and a, but not on L or 8 > 0.
(Recall p3o defined at (3.37).) There must be a point zg € Qo such that [¢(zo)| < [[¢(-)l|£2(qo)-
Therefore, if [¢|ca(3g) = h,

s@) 2 ds < / (1$(x0)| + Ch)*" da
Qo o

< 1Qol (6]l 2 (o) + C (L + 16(-) = p30ll230))) "

< 0<1+ (/ QO<¢<x>>2d:c)1/2)2n. (5.88)
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Now returning to (5.87), we conclude that

(o) e oon[( ) et o[, ) ) o

The last inequality follows from the stationarity of ¢.
By the triangle inequality,

¢2d:1:§2/ (¢(x)—p)2dx+2/ p? dx

0

Qo

where p = fQ x) dz. Combining this with the Poincaré inequality in @y, we obtain

</ ¢? dm>n <cm (/ |V¢\2d:n)n L Cmp,

Therefore, by (5.89) we have
Cy, <1 +E [(/ |V¢2d:v) } +]E[p2”]> .
0

n+1
E[</ |ng5|2dx> ]
ntl n/(n+1)
(/ |V¢\2dx>

+E[p*"]
The bound (5.83) now follows from Young’s inequality. [J

IN

IN

Cp |[1+E

The following fact was used in the proof of Proposition 5.3:

Lemma 5.4 Let n > 2 be an even integer. For all z € R and m € R
0< (Z o m)2(n+1) < 32(n+1)(zn+1 o mn+1)2‘ (5.90)

Proof: If m = 0, the bound (5.90) obviously holds. If m # 0, then m?(" 1) > 0 and we see that the
bound is equivalent to
(7:, N 1)2(n+1) < 32(n+1) <2n+1 o 1)2 (5.91)

where 2 = z/m. Let f(z) = (2"*' —1)? and g(2) = (2 — 1)2**). Both of these polynomials are
nonnegative for z € R and f(1) = g(1) = 0. If z € [—2,0], we observe that g(z) < 32(**1) and
f(2) > 1, 50 g(z) < 32TV £(2) holds for z € [~2,0]. For other z € R, consider the factorization

g(z)=(z—1) ﬁz—l fz)=(=-1) ﬁz—wk )z — wg),

where wy, = ¢2™/("+1) s a (n + 1) root of unity. The products (z — wy)(z — @) are real and
positive for z € R, k = 1,...,n. For z < —2, it is easy to see that (z — 1)? < 3%(z — w,)(z — wy,).
It follows that g(z) < 3% f(z) for 2 < —2. For z > 0, we also have (z — 1)? < (z — wy,)(z — wy) for
each k = 1,2,...,n. Hence g(z) < f(z) for z > 0. We have shown that g(z) < 32"+ f(2) for all
z € R. Hence (5.91) holds. O

From Corollary 5.2 and Proposition 5.3 we immediately obtain the following:
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Corollary 5.5 Let d > 1. For all positive odd integers m, there is a constant C,, > 0 such that

E [(/0 |V¢\2daz)m] < Cp(14 8™ (5.92)

holds for all L > 1, B > 0. Hence, E[®J'] < C(1 + p1—™).

Observe that the bound in Proposition 5.3 is better than what is immediately implied by the
Caccioppoli inequality and the stationarity of ¢, since the homogeneity of the integral term on the
right side of (5.83) is less than that of the term on the left side. This fact plays an important role
in the method of Gloria and Otto [13] to bound moments of ®(, independently of 5 > 0 and L > 1.
Although [13] pertains to the discrete setting on all of Z? (rather than continuum, periodic), that
method can still be applied here. In view of Proposition 5.3, the moments of ®q3 are bounded by
E[®;T!] < C,(1 4+ E[p?"]), where the random variable

p= | o¢(z)dx
Qo

has zero mean. In the discrete setting of [13], ¢(0) is analogous to this p.
Let us briefly sketch the method of [13] to bound moments of p. For integers m > 1, define
E,, = E[p™] and V,,, = Var[p™]. Therefore,

Eyn = Vi+ (Em)? (5.93)

for all m. Because E; = E[p] = 0 and Ey = Vi, the equality (5.93) can be iterated to obtain
1
Ejqe < Z Cq(vﬂfq)Qq (5.94)
q=0

for any integer ¢ > 2, where Cy = 1 and Cy = 2192...22" for ¢ > 0. Of course, this bound is very
general. However, in the discrete case on Z¢, Gloria and Otto proved that for ¢ sufficiently large,

(Var-0)*" < Ko(1+ (Eyp0)™) (5.95)

holds for all ¢ = 0,...,#, for some power r; < 1 and constant K,. For d > 3, the constant K, is
independent of L > 1 and 8 > 0. Applying this fact and Young’s inequality at (5.94), we conclude
that E5.oc must be bounded independently of L > 1 and 8 > 0, for d > 3; this is the first bound in
(1.11). For d = 2, the constant K, is indepdendent of L, but it depends on log 8. So, in the d = 2
case, one obtains Fy.qr < C|log |7 for some v, > 0. This is second bound in (1.11).

The bound (5.95) on the variances V,,, is obtained from a spectral-gap estimate (e.g. the Efron-
Stein inequality [22]). If F'(¢) is a function of the random vector ¢ = ({j), j € Dy, this inequality
is

VarlF(Q)] < 5B | S IAFQP (5.96)

JjeDL

where

AJF(C) :F(Cl?'"7Cj717CJ/'7<j+1)"'7CN) _F(Clv"'vgj*17Cj7Cj+17"'7(]\7)

26



and C;- is an independent copy of ;. By the mean value theorem, this implies that

Vi <CE | Y sup|d;(p™)| - (5.97)
jeDy, CJ'

Therefore, since
O
0

we have
0,02 < m? P23, /Q iy () d (5.98)
0

where

iy(a) = (@) Po00), ¥ = [ Vo)l dn

7(9)
(Recall Lemma 4.1.) Hence,

Vn<C Y E

JEDL

suppzinD;-/Q |wj(w)|2da:]. (5.99)
j 0

G

Now, suppose 1 < m < n. By applying Holder’s inequality with p = (n+ 1) and p’ = (n+1)/n
to each term in (5.99) we have

1
nt+1l
2 |sup 2 2(C) [ oyt <>|2dx] < E [sup@;-)"“] (5.100)
G Qo j
(n1)/n] "/ (1)
< E Supp(2m72)(n+1)/n (/ ‘UAJ](x)|2 d.iC) ]
G o

Consider the first term in the right side of (5.100). By Lemma 2.2, the stationarity of ¢, Lemma
4.2, and then Proposition 5.3 we have

1
n+1 1
E sup (q);)n-‘rl] < CE [(q);)n+l:| n+1

G

_1
-k |:(q)/0)n+1i| n+1
L 1
< CE [(@0)”“} <o+ ER). (5.101)
Therefore,
1 (n+1)/n /(n+1)
Vn <CA+E;T) > E lsup pZm=2)(n+1)/n ( / | () | dat) ] . (5.102)
]EDL C] 0

To estimate the sum remaining in (5.102), one needs to control the random variables |, Qo 1 W5 (@) 2 du,
which we expect to be small if dist(B;(j), Qo) is large. In fact, it was observed in [13] that the func-
tion w; is related to the gradient of the Green’s function G(x,y) for the operator u — —V-aVu+ fu
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on Dy. As has been pointed out in [12], in the periodic setting it is important to choose the Green’s
function that respects the normalization [, u(z)dxz = 0 in order to obtain the optimal estimates on
V@G, uniformly in 8 > 0. For each y € Dy, this function G(-,y) is periodic over Dy, and for each
r>0,G(y) € H..(Dr\ Br(y)). Also,

1

— o(y) dy
D1 Jp, #¥

| a@)9.G . 0) V(@) + B ) (w) do = (o)
L
holds for all smooth, periodic functions . That is,
—Va - (a(2)VG(x,9)) + BG = b,(x) — |Dr| ™.
In the present setting, the connection between w;(x) and G(x,y) is as follows:

Lemma 5.6 Let d > 1. Suppose A C Dy, is an open set for which dist(A, B-(j)) > 0. Then we
have

[ sy < (o / N . [T Py (5.103)

In particular, if dist(Qo, B-(j)) > 0,

(n+1)/n
( / \@(@sz) <@ [ 9GP dedy,
0 y€Qo JxE€B-(j)

When n is large, the exponent ¢ = 2(n + 1)/n is only slightly larger than 2, and Meyers’ estimate
implies that |V,G| € L} if ¢ —2 > 0 is small enough (away from the singularity at x = y). As

loc
shown in [13], this fact, the Caccioppoli inequality, and uniform decay estimates on G(x,y) can be

used to obtain optimal bounds on the decay of |[VG|? away from the singularity. This leads to the
optimal estimate of (5.102). Extension of the Green’s function estimates of [13] and of the moment
estimates on ®( to the periodic setting is being carried out in [12].

Proof of Lemma 5.6: Let v € H!

per

(Dp) satisfy
1
-V - (aVv) + fv = 0;¢l4(x) — Dy /A@jqﬁ(x) dx.
By applying Lemma 4.1 to 0;¢ = (@;)1/2113]' and using fDL 0;¢(x) dx = 0, we have
/ (0;6(x)) dz = / (La(2)9;())0;6(x) da
A Dy,

= / a(z)VuVo;¢ + fvo;j¢ dx
Dy,

1/2 1/2
= - &(w)-wwdm(/ ,w) (/ WUF) (5.104)
Dy, Br(j) B (j)

since ¢; is supported in B;(j). On the other hand,
v(x) = /AG(z,y)@jcb(y) dy, Vo(z) = /AVxG(x, Y¥)0;9(y) dy
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hold for almost every = outside A. Therefore, by Cauchy-Schwarz we have
Vo) < [ V.G dy [ 0,00 dy

for almost every x in B,(j). Also, fBT(j) &% dx < C22<I>9, by (1.3). Combining this with (5.104) we
obtain (5.103). O

Proof of Proposition 1.4: This also follows from the inequality (5.96). Specifically, using
(5.96) and (4.59), we obtain

Var(l) < = Z [1A,T7]
JEDL
< (Cmaa: szn Z E sup ]
JEDL
(Cma;r _Cmin) 21 —2d I\2
< SR ERCIL Z E[s?p(cpj) ].
JjeDL J

By Lemma 2.2, E[supcj(q);)Q] < CE[(@;)z]. By stationarity of ¢ and Lemma 4.2, E[(@;)z] =
E[(®})?] < CE[(®¢)?]. Hence

Var(T) < CL7 ) E[ = CL™E[(®0)?.
JEDL

O
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