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Abstract

‘We consider solutions to a nonlinear reaction diffusion equation when the reaction term varies
randomly with respect to the spatial coordinate. The nonlinearity is the KPP type nonlinearity.
For a stationary and ergodic medium, and for certain initial condition, the solution develops a
moving front that has a deterministic asymptotic speed in the large time limit. The main result
of this article is a central limit theorem for the position of the front, in the supercritical regime,
if the medium satisfies a mixing condition. !

1 Introduction and main results
We consider the scalar reaction-diffusion equation
UVt = VUgg + g(z,w)v(l —v), xR, t>0, (1.1)

with random reaction rate g(z,w) : R x Q — (0, 00), defined over a probability space (2, F,P). We
will make assumptions about g and about the initial condition at ¢ = 0 so that, with probability
one, there is a classical solution to (1.1) satisfying 0 < v < 1 and lim, , v = 1, lim; oo v = 0.
This ensemble of solutions behaves like a traveling wave or front propagating through the random
environment. We wish to understand the statistical fluctuations of the ensemble at large times.

When the reaction rate g is a constant, this equation is often called the KPP-Fisher equation,
and it has been known for a long time that there is a family of traveling wave solutions moving
with constant speed [12, 7]. There is a minimal speed ¢* > 0 such that for each ¢ > ¢* there is
a traveling wave of the form v(t,z) = 0(x — ct) where 0 < ¥ < 1 and 9(—00) = 1, 0(400) = 0.
The equilibrium states v = 0 and v = 1 are unstable and stable, respectively. So, traveling waves
describe the propagation of the stable state. When ¢ varies with z, there may not be traveling wave
solutions in this classical sense, although solutions may still exhibit some wave-like behavior. For
some examples of such behavior in periodic, almost-periodic, random media, or general disordered
media we refer to [2, 23, 19, 3, 26].

In this paper, we impose a statistical structure on g that is stationary and ergodic with respect to
shifts in . This means that there is a group of measure-preserving transformations {7y }rcr, acting
ergodically on (2, F), such that for almost every w € Q, g(x + k,w) = g(x, mpw) holds for all x € R,
k € R. We also assume that there are constants g, and gmaz such that 0 < gmin < 9(z,w) < gmax
holds for all z with probability one, so that the state v = 1 is everywhere stable and the state
v = 0 is everywhere unstable. Although the statistics of g are translation invariant, each realization
x — g(x,w) will vary with . We assume that the function x — g(x,w) is almost surely uniformly
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Lipschitz continuous. Under these assumptions and with suitable initial condition vy = v(0, z,w) to
be defined later, (1.1) admits a unique classical solution v (¢, z,w) for almost every w € 2.

The initial condition will satisfy 0 < vy < 1, lim,_,_ o v9 = 1, and lim,_,, vg = 0. One can show
that v " 1 locally uniformly, as t — oo. We define the position of the wave for ¢ > 0 to be the
random process

X(t,w) =sup{z e R| v(t,z,w) =1/2}.

This process will diverge as ¢ — o0, but because the environment is statistically stationary one
expects some averaging to occur in the large time limit. Indeed, Freidlin and Gértner [8, 9] have
proved that for suitable initial conditions the limit
X(t,w
lim (t, ) =c>0

t—o0

exists with probability one. This may be regarded as a law of large numbers for the random wave
position. The purpose of the present analysis is to understand the fluctuations around this average
behavior X (t,w) ~ ct. Specifically, are the fluctuations Gaussian? Under what conditions will the
central limit theorem hold

ajo
lim P (X(t,w)—ct > a> =®(a/o) = 1/ / e V2 qy
t—o0 Vit V21 J oo
for some o > 07

Equations like (1.1) arise in several physical and biological applications in which a front or phase
boundary develops and invades an unstable phase. The nonlinear term v(1 — v) is a prototype
model that leads to “pulled fronts”. For an extensive review of such applications, see [25]. From
the point of view of applications, the choice of a coefficient g which varies with = is natural, given
that g represents a physical or biological parameter like a reaction rate or birth rate. Because the
underlying environment may vary in a way that is best described statistically, these parameters may
be described as a random field, and it is interesting to consider the statistical behavior of fronts

moving through such a random environment. For work on some other models of noisy pulled fronts
see [22, 24, 17, 5].

1.1 The linearized equation

The dynamics of pulled fronts depends sensitively on the behavior at the leading edge where v takes
values close to 0, the unstable state. For this reason, it is natural to first consider the linearized
equation

Pt = Paz + 9(x, W), (1.2)
and then try to compare the solution of the nonlinear equation (1.1) to solutions of this linearized
equation. To this end, we will study a special family of solutions for z € [0, 00) having the form

o(t, z,w;y) = Mu(z,w;7),

where for sufficiently large values of the parameter v > 0, the random function wu(-,w;~y) is defined
by the following theorem.

Theorem 1.1 There is a real number 3 € [gmin, Gmaz| Such that the following hold, P almost surely:
For every v > 7 there exists a unique function u = u(-,w;vy) € C?((0,00)) N C([0,00)) which solves
the linear boundary value problem

Ugg + (9(z,w) —y)u=0, x>0 (1.3)



and satisfies u(x,w,y) > 0 for all x > 0; u(0) = 1; and limy,— oo u(x) = 0. If v < 7, then no such
solution exists. For v > 7, the limit

p(7) = lim —logu(z,w;) (1.4)

r—-+o0o I

holds with probability one. The decay rate u(vy) is deterministic, and it is concave and increasing in
.

For v > 7, ¢(t,x,w;7) solves the linearized equation (1.2) on the half-line z € [0,00) with
boundary condition ¢(t,0,w;v) = €7 for t > 0 and initial condition (0, z,w;~y) = u(x,w;) for all
x > 0. We define

Y(tw;’y) = sup{:p >0 ‘ go(t,x,w;*y) = 1/2}7

and we refer to this stochastic process as the position of the wave ¢ at time ¢. This process is
nonnegative and non-decreasing in . However, because v may not be monotone decreasing, Y ()
may not be continuous. Using the fact that log(u(x,w;v)) ~ —p(y)r as * — oo, we see that the
limit
lm 29 Y ) (1.5)
tooo ()
holds with probability one. The properties of the function p(7y) (see Lemma 2.6) imply that the

minimal speed

% - : v
= inf =inf — >0
) =

is positive. The asymptotic speed of ¢ depends on the exponential decay rate of the initial condition,
u(z,w; ).

To analyze the fluctuations in Y (¢, w;y), we must analyze fluctuations in the tail of u(z,w;~y) via
a refinement of (1.4). We will assume that g satisfies a mixing condition (2.39). This is a standard
condition that appears in central limit theorems for sums of dependent random variables; it controls
long-range dependence in the random field g(z,w).

Theorem 1.2 Suppose that g(x,w) satisfies the ¢-mizing condition (2.39) with 3", ¢(k)'/? < occ.
Let v > 7. Then as n — oo, the random variable

log(u(n,wyﬁ)) + p(y)n (1.6)

converges in distribution to a centered Gaussian with variance o2 > 0. If 02 > 0, then for any
M > 0 the family of processes {Vy(x,w)}, defined by

V(2 win) = log(u(zn,w; 7)) + u(v)m7 2 € [0, M] (1.7)

ov/n

converges weakly to a standard Brownian motion on [0, M] as n — oo, in the sense of weak conver-
gence of measures on C([0, M]) with the uniform topology.

In principle, the variance o could vanish, although we do not have a nontrivial example of this
phenomenon. If o = 0, the convergence described by the theorem means that the quotient (1.6)
converges in distribution to zero. Later at Proposition 2.1, we construct a simple example for which
o is positive. From this we will obtain a central limit theorem for the fluctuations of Y (¢,w; ) about
its asymptotic mean behavior:



Theorem 1.3 Suppose that g(x,w) satisfies the ¢-mizing condition (2.39) with 3", ¢(k)'/? < cc.
Let v > 5, = u(v), and ¢ = ¢(vy). Suppose that o > 0, where o is defined in Theorem 1.2. For any
a €R,

: Y(t,wiy) —ct _ _ L

For each M > 0 the family of processes

Y (nt,w;~y) — ent

pteoyn

converges weakly, in the Skorohod space D, to a standard Brownian motion as n — oo.

Zy(t,w;y) = t € [0, M]

The processes Y (t,w;~y) and Z,(t,w;~) may not be continuous. This is why we consider conver-
gence in the Skorohod space D — the space of functions on [0, M] which are right-continuous with
left-hand limits, endowed with the Skorohod metric topology [4].

1.2 The nonlinear equation

Now we return to the nonlinear equation (1.1). Freidlin and Gértner [8, 9] proved that if

lim vo(z,w) =1, (1.9)
r——00
and )
lim ——logvy(z,w) > p* = u(v"), (1.10)
T—00 I
where
=ity > 7| ) =, (1.11)

then X (¢t,w)/t — ¢*, with probability one as t — oo. The bound (1.10) means that the initial
condition vy decays to zero more rapidly than (0, z,w;~*), which corresponds to the minimal speed
c*. This result can be extended to more slowly decaying initial conditions. Specifically, if (1.9) and

1
lim ——logvo(z,w) = u(y) <17, (1.12)

r—00

hold for some 7 € (3,7*) (with probability one), then

X (t
lim 7( @)

t—o00 t

=c(y) > c".

So, the decay rate of the initial condition v selects the asymptotic speed of the front.

The fluctuations of the solution are a more delicate issue. One expects that the large time
behavior of v(t, z,w) will be close to that of ¢(t, x,w;~) if the initial condition vy (z,w) is sufficiently
close to u(x,w;y) = ¢(0,z,w;7) for x >> 1. Thus, we might obtain a central limit theorem for
X(t,w) by comparing v to ¢ and using Theorem 1.3. For technical reasons, however, our approach
to estimating v by ¢ allows us to consider only supercritical waves which move faster than the
minimal speed ¢*. We suppose that for some v € (7,7*) the initial condition vy(x,w) satisfies (1.9)
and

Cr(w)u(z,w;y) <wvo(z,w) < Cr(w)u(z,w;y), Vao>D0. (1.13)

and some positive constants C} (w), C2(w). Our main result for the nonlinear problem is the following:



Theorem 1.4 Suppose that g(x,w) satisfies the ¢-mizing condition (2.39) with p(k)/? < 0.
Suppose that v € (7,7*), ¢ = ¢(7), p = p(7), and that vy satisfies (1.9) and (1.13). Suppose that
o > 0, where o is defined in Theorem 1.2. Then for any o € R,

) X(t,w) —te 1 afa 422

In [18] the author derived a complementary result in the case that the nonlinear term is of the
bistable or ignition type. Those nonlinearities correspond to “pushed fronts”, which are not as sen-
sitive to fluctuations in the leading edge of the wave. Moreover, in that setting the asymptotic wave
speed is unique. The strategy in [18] was to show that the wave is stable with respect to fluctuations
in the environment that are far from the interface, so the motion of the interface depends primarily
on the local environment. That approach relies on stability analysis for generalized traveling waves
developed in [16], and resulted in a full invariance principle for the wave position.

For KPP fronts (i.e. pulled fronts), stability is a more delicate issue and the dynamics can be
quite complex, even in the case of the homogeneous environment where g is constant. This is due to
the sensitive dependence of the wave on the leading edge. For recent work on the stability of KPP
fronts, see [1] and [11] for the supercritical case, and [15] for the critical case. As the reader will see
later, our approach to proving Theorem 1.4 is to show that, with high probability as ¢ — oo, the
wave position X (f,w) (associated with v) does not lag too far behind Y (t,w) (associated with ¢).

Observe that the initial condition vg(z) satisfying (1.13) is random. In particular, this assumption
excludes the case where vg(z) = Ce™* for x >> 1. In that case log(u(z,w;~)/vo(x)) behaves like
a Brownian motion and is not bounded above or below; typical values of u(x,w;)/vo(z) are of the
order O(e?V?) as € — co. While the condition (1.12) is sufficient to select the asymptotic speed,
it is not clear whether this is also sufficient to guarantee the central limit theorem for X (¢,w). To
understand this point, consider the linear equation (1.2) with g being a constant (i.e. a deterministic,
homogeneous medium). If the initial condition is vg(z) ~ e ***7VZ then it is not hard to show that
the corresponding wave position Y () satisfies Y (t) > ¢t + kov/t for some positive constant k, and
¢ sufficiently large. Thus, even in the deterministic linear setting, fluctuations of order e“VZ in
the initial condition could lead to O(kov/t) fluctuations in the position of the wave. We hope to
investigate this issue further in future work.

Let us also point out that our approach to analyzing the nonlinear equation does not extend to
the critical case v = v*. For critical waves in the homogeneous medium, there is a logarithmic gap
between the solution of the linearized equation and that of the nonlinear equation: Y (t) — X () ~
3 Jogt (see [15], and references therein). In the random setting, however, it is not clear whether
the gap between ¢ and v is only logarithmic or much larger. If the gap is o(v/t) then Theorem 1.4
also holds in the critical case. We hope to address this critical case in future work. Fluctuations of
the interface in the multidimensional setting is another interesting and challenging topic. Although
asymptotic spreading of the interface has been proved in this setting ([14, 13, 18]), little is known
about the statistics of the fluctuations.

The rest of this paper is organized like this introductory section. In Section 2 we study the
stationary equation (1.3). There we prove Theorem 1.1 and Theorem 1.2, and we derive some useful
estimates on the function u(x,w;v). In Section 3 we prove Theorem 1.3 for fluctuations in the
position of ¢ which solves the linearized evolution equation. In Section 4, we prove some technical
estimates that are needed to bridge the gap between solutions of the linearized and the nonlinear
equations. In particular, we show that the leading edge of (¢(t,z,w;v))? is dominated by a slower-
moving wave; this is where we use the supercritical assumption, v € (7,7*). In Section 5 we prove
Theorem 1.4 using the key estimate in Lemma 5.1 which shows that, with high probability, X (¢, w)
(associated with v) does not lag far behind Y (¢,w) (associated with ¢).

t—o0
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2 The stationary equation

2.1 Proof of Theorem 1.1

In this section we give a proof of Theorem 1.1. Most aspects of the theorem are proved already
in [8] (see Chapter 7.5 therein) using the Feynman-Kac formula and probabilistic estimates. For
completeness and in order to establish some important estimates that we will use later, we give a
proof here using different arguments.

The constant 7 will be identified with the principal eigenvalue of the operator u, + gu on R (in
the sense described below), and in order to construct the function u(x,w;~y) we will need to study
properties of the eigenvalue problem on bounded intervals. For an interval I = [a,b], let ['(1,w) be
the principal eigenvalue and 9! (x,w) > 0 the principal eigenfunction of

Upe + 9@, )" =T(Lw)p!,  x € (a,b), (2.14)
with 17 (a) = ¢!(b) = 0, and ¢! (z) > 0 for all z € (a,b), and normalized by [; ¢! dx = 1.

Lemma 2.1 There is a constant T s € [gmin, Ymaz| such that the following statements hold P-almost
surely. If I C Iy C R are two intervals, then I'(I1,w) < I'(I2,w). Also,

I = lim I'([—k, k], w) = klim ([0, k], w).

k—oo

Proof of Lemma 2.1: If I} C Iy, the fact that I'(I;,w) < I'(I3,w) follows from the variational
representation

I'(I,w) = max {/l—(wm)2 + g(z, W) dx | € H(I), /IwQ dx = 1} . (2.15)

Since gmin < g < gmaz, this representation also implies T'(I,w) € [gmin — 7 21|72, gmaz — 7 2|1 72],
because 7~ 2|I|~2 is the principal eigenvalue on of the Laplacian on I. It follows that the limit

Too = lim T([—k, k], w) (2.16)

k—o0

exists and satisfies I'oo € [Gmin, Imaz]- We claim that I's is a constant, independent of w. This
follows from the ergodicity assumption and the fact that I'oc must be invariant with respect to the
action of ;. Specifically, the stationarity of g implies that with probability one,

Fo(mpw) = klirgo D([—k, k], mpw) = kli)ngo D([—k+ 2,k + z],w)

holds for all x € R. However, since I' is nondecreasing in I, I'([—k + z, k+ z],w) > T'([—(k — |z|), k —
|z|],w), and thus

Foo(mpw) > klim L([—(k —|z|),k — |z|],w) =T (w), VzeR

—00

holds with probability one. Since 7, is measure-preserving, this implies I'oo (m;w) = I'o(w), P-almost
surely. Now the ergodicity assumption implies I' is constant, almost surely.



Since I' is nondecreasing in I, the limit
'L = lim ([0, k], w)
k—oo

also exists and satisfies I'l, < T'ss. Given § > 0 and € > 0, we may choose K large so that
P(I'([—k, k],w) > T'oo —€) > 1—4 holds for all £ > K. Hence, because m, is measure-preserving and
g is stationary,

P(TL(w)>To—¢€) > P(I([0,2k],w) >To —€)

P(I'(]0, 2k], mpw) > Lo — €)
= PT([-kk,w) >Too—€) >1—0. (2.17)

Since ¢ and € may be chosen arbitrarily small, this implies I'}, > I's, holds with probability one, so
', =Tw. O

In the construction of u(z,w;~y) and in the subsequent analysis we will make frequent use of the
following estimates:

Lemma 2.2 Let I = [a,b] and v > T's. Let € > 0. There is a constant C > 0, such that if w(-,w)
satisfies
’U)g;g;—i-(g(.’IJ,W)—")/)wZO, (S (a7b)

then
w(z,w) < max(0, w(a,w))Ce™ @DV~ L max(0,w(b,w))Ce@ VI vz e,

In particular, if w(a,w) <0 and w(b,w) <0, then w < 0 for all x € [a,b]. The constant C' depends
on €, gmaz and 7y, but not on w or I.

Proof of Lemma 2.2: We first prove the result assuming w(a,w) = 1 and w(b,w) < 0. Let
6 > 0, and define z = ®@=Dy(z, w) — e~ (*=% which satisfies

vo =202+ (g =7 +060)z> (~1420—(g—v+0%))e ), z€(a,b)

and z(a) = 0, 2(b) < 0. After multiplying this equation by 2+ = max(z,0) € H}(I) and integrating
over I, we obtain

/—(zJ“)?C +g(zM)2dz > (v - 6?) /(er)2 dx + / (-1+25—(g—~+6%) e~V dr. (2.18)

I I 1

By the representation (2.15), the left side is bounded by I'(Z,w) [;(z")? da. Therefore,

_ 52— 22 e < — — — (g — 2)) e~ (@=a) + g,
(v m))/I( Y de < /I( 1425~ (g +6%) d

For > 0,let 62 =7 —T's — B <y —TI'(I,w) — 3 and apply the Cauchy-Schwarz inequality on the
right side to obtain:

. o 2\\2 _—2(z—a) é +4\2
5/ 2 gp < L /l( 1426 (g—~+62) e dm+2/l(z



Therefore,

(1420 + gmaz + T + 6)°
232 '
Observe that the constant on the right side is independent of I and w. Returning to (2.18) and

applying Cauchy-Schwarz again, we conclude that there is a constant C; — depending only on 9,
9maz, Vs Foo, and ﬁ — such that

/(z+)2d:n < ﬁ_Q/ (-1426 — (g—7+52))26_2(z_“) dzr <
1 a

Consequently, for all x € 1

and thus,
w(z,w) = eI (2 4+ e(070)) < T (\ /Oy (w = a) + =),

Now we let 8 be small so that 6 = /v —T — 8 > /7 — 'ec — €/2 and we have

w(z,w) < Cpe~@-OVIT==0
= max(0, w(a,w))Cae~ = VVTT=0 4 max(0, w(b, w))Coele DI T2

since we have assumed w(a,w) =1 and w(b,w) < 0. In the case w(a,w) < 0 and w(b,w) =1, a very
similar argument (with z = e¥(=2)qy — e¥=b) leads to the same bound with the same constant Cs,
independent of I and w. The general case then follows from the linearity of the equation. [

The following corollary will enable comparison of functions on the unbounded interval I = [a, o0).

Corollary 2.1 Let I = [a,00) and v > I'g and € > 0. There is a constant C' > 0 such that if w
satisfies
wm‘i‘(g(ﬂ?yw)—’}’)wZQ Vz>a

with limsup,_, ., w(z,w) < 0o, then
w(z,w) < max(0, w(a,w))Ce” @ DVVITe=) vy e, (2.19)
In particular, if w(a,w) <0, then w(z,w) <0 for all z > a.

Proof of Corollary 2.1: If w vanishes outside an interval [a,b], then this is an immediate con-
sequence of Lemma 2.2. Otherwise, since M (w) = limsup,_,., w(z,w) is finite, we may choose a
point b (depending on w) arbitrarily large such that w(b,w) < 2M (w). Then apply Lemma 2.2 on
the interval [a, b] to conclude that

w(z,w) < max(0, w(a,w))Ce” @DV L 9N OV v 4 & [a, b].

Since b may be chosen arbitrarily large, and since C' is independent of b and w, we conclude that
w(z,w) satisfies (2.19) for all z > a. O

Now we continue with the proof of Theorem 1.1. The solution u(z,w;~) is defined as the limit,
as k — oo, of the function u*"(z,w) satisfying the boundary value problem:

uyy + (g(w,w) —7)u =0,z € (0,k) (2.20)



with «*7(0) = 1 and v*7(0) = 0. If ¥ > T, then v > I'([0, k],w) and the Fredholm alternative
implies that there exists a unique solution to this problem. For each k, u®7 (x) >0 for all z € [0, k].
This follows from Lemma 2.2 applied to the function w = —u®7(z). Moreover, for each z € (0, k),
uF7(x,w) is increasing in k. Specifically, if j > k then we may apply Lemma 2.2 to the function
w = uFY(Z,w) — " (Z,w) to conclude that u/ (z,w) > uF¥(z,w) for all z € [0, k] if j > k.
Therefore, for all v > I', we may define
w(z,w;y) = lim o7 (z,w). (2.21)
k—o0

By Lemma 2.2, u®7(z,w) < Ce~(V7~T=92 holds for all = € [0, k] with a constant C' = C/(e, ) that
is independent of k£ and w. Therefore, the limit u(z,w;~) is also finite and satisfies

w(z,w;y) < Cem W1 Teoma)w (2.22)

with the same constant C, independent of w. Because u(z,w;~y) is finite, elliptic regularity implies
that u(-,w;~y) satisfies equation (1.3) for x > 0, and u(0,w;y) = 1 and u(z,w;~y) > 0 for z > 0. Thus
we have established that if v > I'y, there exists a function u(z,w;~y) with the desired properties.
With Corollary 2.1 it is not hard to see that the solution u(z,w;~y) must be unique. Moreover, by
applying Corollary 2.1 to the function w = e~ *V 7 9min — y(x, w; ) we obtain the lower bound

u(z,w;y) > e TVITImin Y x> (). (2.23)

Let us also observe that for each z, the functions y — u(z + y,w;~y) and y — u(x, w;y)u(y, Tzw;y)
satisfy the same boundary value problem on [0, c0), because of g(z + y,w) = g(y, myw). Therefore
the uniqueness of v immediately implies the following useful relation:

Lemma 2.3 With probability one, u(x,w;~y) satisfies

u(z +y,w;y) = @, w; y)uly, mw; ) (2.24)
forallx >0,y>0,~v>7.

Now suppose v < Ty < I's. If % = 9! is the eigenfunction (2.14) for I = [0, k], then the
function 7(t, x) = eTr=Mtpk(z) satisfies 1 = 10 + (g(x) — )y and i~ co. If there were a solution
u(x,w;y) satisfying v > 0 for £ > 0, then the maximum principle would imply that for suitable
constant C, u(z,w;vy) > Cn(t,z) must hold for all ¢ and x € [0, k]. However, this cannot hold since
1n — 00 as t — 0o. Therefore, for v < ', no such solution exists since I'y — I's as k — oo.

We now have established the first part of Theorem 1.1 and identified ¥ = I's,. Next we show
that the limit (1.4) exists, almost surely, and satisfies the stated bounds. For each integer n > 1, we
may iterate the equality (2.24) n — 1 times to obtain

n—1 n—1
log(u(n,w;~)) = log (H u(l,ﬂ'mu;y)) = Zlog u(1, mpw;y). (2.25)
k=0 k=0
Let grx(w) = logu(l, mw;7y). The F-measurability of ¢ may be proved as in [19]. By the bounds
(2.22) and (2.23), E[gg] is finite, so the ergodic theorem implies that the limit
1 1 n—1
—p(y) = lim —log(u(n,w;v)) = lim — kz qr(w) = E [go] = E (log u(1, w; 7)) (2.26)
=0
holds with probability one. The fact that u is independent of w follows from the ergodicity assump-
tion, since we can show (using Lemma 2.3) that p() is invariant under the action of every 7y, k € R.
Elliptic regularity implies that the limit holds along continuous x, as well. This concludes the proof
of Theorem 1.1. [J



2.2 Properties of u(y) and u(z,w;7)

In this section we gather some useful observations about the functions u(v) and u(z,w; 7).

Lemma 2.4 The following bounds hold P-almost surely. If v >~ > 7, then

u(y, w; )

u(y, w;y') (2.27)

u(r,w;y) > ulz,w;y)

forall0 <y < x.
Proof: By (2.24) we know that,

u(x, w;y') /
=u(r — y, myw;y and ——L =ur —y, myw;y
( v 7) u(y, w; ') ( v 7)

u(x,w;7)
u(y,w; )

hold for all z > y. By applying Corollary 2.1 to the function w(z) = u(z—y, Tyw; ) —u(zr—y, Tyw; )
on the interval = € [y,00), we see that u(x — y, myw;vy) > u(x — y, myw; ') for all x > y, so (2.27)
must hold for all z > y. [

Lemma 2.5 Let v > T, ¥ > T and 0 =2y — ' > T. Then
(u(z,w;))? < uz,w; 7 u(z,w; o) (2.28)
holds for all x > 0. Also, for any € > 0, there is a constant C' such that
(u(z,w;7))? < u(:v,z,u;7')06_(‘/m_6)373 (2.29)
holds for all x > 0. The constant C' depends on o and €, but not on w.

Proof: Let 0 = 2y — 7' > I'o. Since o > 'y, the function u(z,w; o) is well-defined. To make the
notation simpler in what follows, we let 8(z,w) = u(z,w;~’) and n(z,w) = u(z,w; o). Now consider
the function z(z,w) = /0(x)n(z). A simple computation of z,,/z shows that z satisfies the equation

e [ ”) (2.30)

Because the right side is nonpositive and because z(0) = 1 and z(x) > 0 for x > 0, we may apply
Corollary 2.1 to the function w(z) = u(z,w;7y) — z to conclude that w < 0 for all x > 0. Since
u(x,w;7y) > 0 this means that

(u(z,w;7)? < 2(2)° = ulz,w;y)u(z,w;0) (2.31)

holds for all z > 0. The bound (2.29) now follows immediately from (2.19) applied to the function
w = u(z,w;o).0

Lemma 2.6 For~y > 7, the function v +— pu(vy) is concave. Also, (7 — ’7)1/2 <u(y) <(y-— gmm)l/Z.

Proof: Let 1 < 72 be such that I'ox < 71 and v9 < 291 + ['ox. Then we may apply Lemma 2.5 with
v = (71 +72)/2 and v/ = 2. In this case, 0 = 71, and (2.28) implies

Y1+ Y2
2

Since this holds for all such ~; and 2, g must be concave. The upper and lower bound on p follow
from the bounds (2.22) and (2.23) on u. O

21 ) =2u(y) 2 p(y') + p(o) = pln) + p(r2)

10



Lemma 2.7 Let v >~ > % and § € [0,V — gmin — VY — Gmin |- Then
u(z,w;y) < e %u(z,w;y), Ya&>0 (2.32)

holds with probability one. Thus u(y') > w(y) + VA — gmin — V7 — Gmin > (7).

Proof: Consider the function z = e~%%u(z,w; ) which satisfies
Zew + (9(1,0) =)z = €70 (§*ul@, w;7) — 26up(z,wi7) — (7 = Yu(z,w; 7)) (2.33)
The function n = logu(x,w;y) satisfies nze + (12)% + (9(x) — ) = 0. If 5, attains a negative
local minimum at a point Z, this implies that ¢(Z) < v and 7,(Z) = —v/7 — 9(Z) > —/Y — Gmin-
Therefore,
e (2,05 7) 2 =V = gminu(, ;) (2.34)

holds for all x. Therefore,
2oz + (9(x,w0) — )z < e 0% (52u(x,w;'y) + 20V — gminu(z,w;y) — (Y — ’y)u(m,w;v)) (2.35)

If 0 € [0,V — gmin — /Y — gmin ], the right hand side is nonpositive. Now by applying Corollary
2.1 to the function w = u(x,w;~') — z, we conclude that u(z,w;v") < z. O

2.3 Fluctuations in the tail of u

We are ready to prove Theorem 1.2 which describes fluctuations in the tail of u(x,w;~). We have
shown that the functions u(z,w;~y) decay exponentially with rate —u(vy). Now consider the partial
sums

N-1
Sn(w; ) =logu(N,w;7) = > gp(w),
k=0

where g (w) = logu(1, mpw;y). We will show that for fixed v € (7, 00), Sy satisfies the central limit
theorem, meaning that the quotient (Sy + Nu(y))/VN is asymptotically normally distributed as
N — o0o. One approach to obtaining a central limit theorem (CLT) for Sy is to use the method
of martingale approximation. This strategy can be made to work via the following theorem. Let
F,, C F denote the o-algebra generated by g(z,w) for < k. Also, let ]__j+ denote the o-algebra
generated by g(z,w) for x > j.

Theorem 2.1 (See Hall and Heyde [10], Section 5.4) Suppose that a stationary sequence {ny}r C
L%(Q, F,P) satisfies E[n,] =0, and that the two series

> (o —ElmlF )  and > Elml ] (2.36)
k=1 k=1

converge in L*(Q0, F,P). Then, the limit
2

N-1
2 .
= 1 —_— .
o= lim N]E Z Mk (2.37)
k=0
exists and is finite. If 0> > 0 and Sy, = Zf;é n;, then as n — oo the family of processes
- 1
Zn(x)= ——=(Sg+(nz—k)ng), k<nx<k+1, k=0,1,...,n—1 (2.38)

ovn
converges weakly to a standard Brownian motion on [0, 1], in the sense of C([0, 1]) with the topology
of uniform convergence.
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In order to apply the theorem with np = qr + 1 = logu(1, mrw;y) + p, we will require a mixing
condition on the random field g(x,w). Suppose that ¢ : [0,00) — [0,00) is a continuous decreasing
function such that ¢(+o00) = 0. We say that the random field g(x,w) is ¢-mixing if the following
holds: for all j > k and any £ € LZ(Q,}",;,P) and n € Lz(Q,f;r,]P’),

B [¢n] — B[R] < (60 — k)" (BIEE[?]) . (2.39)

1/2

Let us suppose that g(z,w) is ¢-mixing for some ¢ satisfying > 7, ¢(k)'/* < cc.

Now we consider the first series in (2.36):

[e.9]

(no — ElnolF; 1) Z g0 — E[qo| F;]) -
k=1 k=1

We need to show that E [|go — E[go|F, ]|*] decays sufficiently fast as k& — oo so that the series
converges in L?. Since Elgo|F} | is the best L? approximation of ¢y that is JF, -measurable, we can
prove the desired result by constructing an F, -measurable random variable ¢{ which is very close
to qo (error decays fast with k& — o0). Since gy = logu(1,w;~), a natural candidate is obtained by
solving the differential equation with homogeneous Dirichlet condition at x = k. Let wg(x,w;7)

solve
Wy + (g(xa LU) - ’Y)w = 05 HAS [07 k] (240)

with wg(0,w;y) = 1 and wg(k,w;7y) = 0. Then for all = € (0, k),
u(@, w;y) = wi(z,w;y) + 2@, w; Y)ulk, w;7)

where 2, (z,w; ) solves (2.40) with z;(0) = 0 and zx(k) = 1. Both wy and z; are F, -measurable.
Therefore, with ¢, = logwg(1,w;~y) we have

Let € = (/Y —7)/2 > 0. By Lemma 2.2 there is a constant C independent of k£ and w such that
u(k,w;y) < Cre %, By applying the same Lemma to z, we see that 0 < z,(1,w;2) < Cre(l=F)e
also holds. The maximum principle implies that u(1,w;~y) is bounded below by p(1) > 0 where p(z)
satisfies pgz + (gmin —v)p for x € [0, 2] with p(0) = 1 and p(2) = 0. Consequently, there is a constant
Cs, depending only on +, such that

QO—Qéz—log(

a0 — gy < log (1+ Coe ™)
holds for all £ > 1, with probability one. This upper bound, and a similar lower bound, imply that
E [la0 — Elgo| 7, 11*] < E [lgo — p/*] < Cae™

for some constant C3 depending only on €. So, the first series in (2.36) converges in L?(€2, F,P).
Next, we consider the series
[e.e]
> ElmlF ).
k=1

We have to show that E[|E[ng|F,]|?] decays rapidly as k — oo, and this is where we use the
assumption that g is ¢-mixing. Observe that each g and 7 is f]j measurable. This follows from
the fact that g, = logu(1l, myw) = log @*(k + 1,w), where @* is defined for > k by

ik 4+ (g(z,w) =) =0, x>k @kw) =1; lim @(z,w)=0.

T— 00

12



Hence, @* depends only on g(z,w) for & > k. Let 0 € L*(Q, F; ,P) with E(6?) = 1. Because 7y, is
f,j measurable, 6 is F;, measurable, and E[n;] = 0, we have

B (ORm1 75 1)| = E (6ne)| = [E (0BImkl7}1) | < o(k) 2EIm)?)2 < CotR)2. (2.41)

The last two inequalities follow from the mixing condition (2.39). Therefore, as 6 € L*(Q, F, ,P)

1/2

was arbitrary, we conclude that E (|E[n;|F5]|? < C¢(k)'/2. Now the triangle inequality implies
k170

n

<memﬂ < ST E[EmIF D < S k).
k=m k=m

k=m

E

Since the series Y72, ¢(k)'/? converges, it follows that Y5> E[ni|F, | converges in L2(Q, F,P).

We have shown that the random variables n, = qr+p = log u(1, mpw; )+ satisfy the hypotheses
of Theorem 2.1. Therefore, Theorem 1.2 follows immediately from an application of Theorem 2.1.

We can construct a class of examples for which the variance o2 > 0 in Theorem 1.2 is positive. Let
{96(@)}32 . be a family of independent, identically distributed random variables on a probability
space (Q,]:" , ]f”) Assume also that gmin < gk < gmas With probability one and Var(gx) > 0. Now
we define (2, F,P) to be the product space with product measure P defined in the usual way, and
for k € Z let m, act on 2 as the shift-operator in the natural way: mx : (...,0-1,00,01,...) —
(..., 0k—1, Wk, Wk+1,--- ). Define the continuous, piecewise linear, random function g(x,w) by

gx,w)=1—z+k)gr(w)+ (z —k)grr1(w) Yz ek k+1), (2.42)

for each k € Z. Because the g are independent and idendically distributed, the family {7 }rez is
measure-preserving and ergodic in its action on (2, F,P). So, Theorem 1.1 applies. Moreover, the
mixing condition holds so Theorem 1.2 also applies.

Proposition 2.1 Let g(z,w) be defined by (2.42). For each v > 7%, the constant o defined by
Theorem 1.2 is positive.

Proof of Proposition 2.1: If 1, = log(u(1, mxw; 7)) + p, then

n—1ln—1 n—1

.1 .2
of = lim —> > Elp] = Enf] + lim = (n— k)Efnon]. (2.43)
k=0 j=0 k=1

We claim that every term in the sum (2.43) is nonnegative, while E[n3] must be positive. It is useful to
think of the variables n;(w) as functions of the random sequence {g }32 ;. For each positive integer K,
we may approximate 19 by 14(g0, 91, - - -, gk ) where 0, = log(wg (1,w;7))+ i, and wx was defined at
(2.40). Similarly, we may approximate n; by 7}(g;, gj+1, - - -, gj+x) where n; = logwg (1, mjw;y) + p.
Both 7 and 775 are increasing functions of their arguments, so Lemma 2.8 implies that Cov(n()n;-) > 0.
Since E[non;] = limg o Covlngn;l, it follows that E[ngn;] > 0 for all j > 0. Because 7o is an
increasing function of each of the variables {g}32, and Var(gx) > 0, 7o cannot be constant. Thus
E[n3] > 0. O

Lemma 2.8 Let X = (X1,...,X,) € R" be a vector of independent random variables. Suppose that
X; takes values in the interval Ij; CR: P(X; € I;) =1 forj=1,...,n. Let I = H;L:1 I;. Suppose

13



that f(x) : I — R and g(x) : I — R are such that E[f(X)?] < oo and E[g(X)?] < oo and for each
j=1,...,n either

0f(x) >0 and 99(x) >0

8.%‘ B 8xj -
holds for allx € I or

0F() _ g 4ng 290

8.%] a’Ej

holds for all x € I. Then Cov(f(X),g(X)) > 0.

Proof: This follows from Lemma 2.3 of [6]. If X' = (X{,..., X)) is an independent copy of the
random vector X, that lemma gives the representation

1
Cov(f(X),9(X) =5 > ZE 908 F(X)]
AC[n] (\AI)( = |41)
where A;g(X) = g(Xq, .. .,Xj,l,Xj’-,XjH, ..., X,) — g(X) and X4 is the random vector given by
XA = X!ifi € Aand X! = X; ifi ¢ A. By our assumptions on f and g, both A;g(X) and A; f(X4)
have the same sign, almost surely. Thus, each term in the sum satisfies E[A;g(X)A; f(X4)] > 0. O

3 CLT for traveling front solutions of the linear equation

In this section we prove Theorem 1.3. For v > 7 fixed, let ¢ = ¢(vy) and p = u(y). The function
o(t, r,w;y) = eMu(x,w;v) solves the linear boundary value problem
O = @z +9(z,w)p, x>0,teR
e(t,0)=¢e", t>0,
¢(0,2) = u(z,w;7y), x>0, (3.44)

For ¢ € (0, 1], let us define
Yat,win) = suple = 0| plt,z,w37) > o). (3.45)

Sometimes we abbreviate: Ys(t). In Theorem 1.3, Y (t,w;~y) = Y5(¢t) with § = 1/2. This stochastic
process is nonnegative and non-decreasing in t. However, because u may not be monotone decreasing,
Y5(t) may have jumps. The F-measurability of Yj(¢,w;~y) may be proved as in [19].

We define the random function R(z,w;7) : [0,00) x @ — R by

R(z,w;v) = logu(z,w;y) + p(v)z (3.46)

so that
U([E, w; 7) = 6_MI+R(LM;’Y)7

and R(z,w;7)/x — 0 with probability one as x — oo. For suitable hypotheses on g, Proposition 2.1
shows that R(x,w;~) behaves like a Brownian motion for large z. Specifically, for any M > 0, the
family of processes Vj,(z,w;7y) = R(zn,w;7v)/(cy/n) converges weakly in C([0, M]) to a Brownian
motion, as n — oo. For § € (0,1] fixed, the wave’s position is

Ys(t,w) =suple > 0| — 2+~ R, wi7) +ct = p~ " log(9)}.
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Therefore, if we define hy = Yj(t) — ct we have
hi(w) =sup{h > —ct| —h+p 'R(h+ ct,w;v) = ' log(d)} (3.47)

Theorem 1.3 now follows immediately from the next lemma applied to h;, with W = p~'R and
y=1/2.

Lemma 3.1 Let k > 0. Suppose that W (x,w) : [0,00) X Q — R is a continuous, random process on
(Q, F,P) satisfying
. W(z,w)
lim ———=

T—00 x

=0
and W(0,w) = 0, P-almost surely. Also, suppose that the family of processes {n‘l/QW(n:c,w)}ff:l
satisfies W(0,w) = 0, P-a.s., and converges weakly as n — oo to kB(z) where B(x) is a standard
Brownian motion on the interval [0, M], for any M (in the sense of weak convergence of measures
on C([0,1]) with the topology of uniform convergence). Let r < 0 and ¢ > 0. Define the random
process hy by

hi(w) =sup{h > —ct | W(h+ct,w)=h+r}. (3.48)

Then as t — oo, (ht)/\/t converges in distribution to a Gaussian random variable with zero mean
and variance k2c?. If K2 > 0, then the family of processes

——=hny (3.49)

converges weakly (as n — 00) to a standard Brownian motion on [0,T], in the Skorohod space D.

Proof: First we show that the finite dimensional distributions of H,(t) converge to those of a
Brownian motion. Then we show that the induced family of measures is tight in the Skorohod space
D. These two conditions imply the weak convergence stated in the lemma (see Chapter 3, Section
15 of [4]).

For 0 <t; <ty < --- <ty < T, weshow that the finite dimensional distributions of {hy,,/v/n}%_,
converge to those of {kB(ct;)}¥_,. Since ¢ > 0 and r < 0, the assumptions on W imply that with
probability one h; is well-defined and finite for all ¢ > 0. Let y; = hy;n +ctin, i =1,..., k. Observe
that y; is defined as the largest point of intersection between the line y — y — ct;n + r and the
function W (y) which behaves like Brownian motion:

W(yi) = yi — ctin + - (3.50)

Let us now define a subset of 2 on which we can control the possible location of the intersection
points. For € € (0,1/2) and § € R, let

S(e,9) = {w € Q| min(—eg, —ey) < W(y,w) < max(eg,ey), Vy >0}

Because W(-,w) is continuous and grows at most sublinearly, we may choose a constant § = ¢(e
sufficiently large so that P (S(e,g(e))) > 1 —e. For g defined in this way, set Sc = S(e,y(€)). B
considering the intersection of the line y — y — ct;n + r with the functions y — max(eg, ey) an
y — min(—ey, —ey), we see that if w € S, then any solution of (3.50) must satisfy

Q. < —

min ((1 — 2¢)(ctin —r) , —eg+ctin —r) < y; < max ((1 + 2¢)(ctin — ) , €+ ctin — )
Therefore, if w € S, then y; must lie in the interval I :

If, ={y € R| |y — ctin|] < max (2ectin + (1 + 2€)[r|, eg +[r|) }.
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max(eg, ey)

See the figure for an illustration of this point.
Let a; € R. Since P(S) < e and hy,,, = W (y;) — r, we have

P ({n_l/thm > g, ¥ i}) - P ({n_l/thm >y, Vil N S€> 4P ({n_l/thm >y, Vi) N SE)
< P(&f”%mn>ahViN7&>+e

=P ({n_lﬂW(yi) >rn Y2 4, Viln SE}) +e

< P ({w | sup n”Y2W(y) > rn V2 4oy, ¥ z}) +e.
yeli,

The family of processes {n~'/2W (nt,w)}>>, converges weakly in C([0,2¢T]) to B(t), so it is tight

n=1
in C([0,2cT]). Therefore, as n — oo the last quantity converges to

lim P ({w | sup n V2W(y) >rn Y2 +ay, ¥ z}) =P sup  kB(s)>a;, Vi|. (3.51)
noee yels s>0
’ |s—cti|<2ect;

Since € > 0 is arbitrary and B(s) is almost-surely continuous, we have

lim sup P ({n_l/thm >a;, ¥ i}) < P({kB(ct;) > ai, ¥ i}).

n—oo

A lower bound is proved in a similar manner:

P ({n—l/thm > a, ¥ i}) > P ({n_1/2htm >, Vil N S€>

Y

y€1§7n

Because {n~'/2W (nt,w) o0 1 is tight in C([0, 2¢T7), for any 1,02 > 0 we may choose € smaller and
n sufficiently large so that

P ({w | n Y2 sup |W(y) — W(ct;in)| < 61, Vz}) > 1— da.

yely,

Therefore,

i ({w |0~ Y2hy > g, ¥ i}) > P ({(W(ctm) V2 > a6, ¥ i}) — 5 (3.52)
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for n sufficiently large. Thus, since d; and d may be chosen arbitrarily small,
lim inf P ({n—l/%tm > g, ¥ i}) > P (kB(ct;) > ai, Vi) (3.53)
n—oo

holds, as well. This proves convergence of the finite dimensional distributions.
Now we prove tightness in D. We will show that for any ¢; > 0 and €3 > 0,

limsupP | sup |Hp(t) — Hp(s)| > e | < e (3.54)
n—oo s,t€[0,T
ls—t[<é

holds if 9 > 0 is sufficiently small, and
supP (|H,(0)| > o) < e (3.55)

n>1

holds if « is large enough. These two conditions imply tightness in D (and in C([0,7T7), if the
processes H,(t) were continuous [4]). For given n and any s,t € [0,7T], let ys = hgy, + csn and
1yt = hg + cst. Then observe that

1
Key/n

|Hy(t) — Hn(s)| = (W (ys) = W (y)l-

Just as before, we see that for all w € S,

lys — esn| < max (2ecsn + (1 + 2¢)|r| , ey + |r]),
and

ly; — ctn| < max (2ectn + (14 2¢)|r|, eg + |r]).

Therefore, if s,t € [0,T], |s —t| < 6, and w € S, we must have n~tys — | < ed +4Tce +6n~tr| +
2n~tejj(e). For a given 6, let € > 0 be sufficiently small and then ns, sufficiently large so that
cd + 4Tce + 6n Y r| + 2n"tej(e) < 2¢6 holds for all n > ns.. Now we return to (3.54). For all
n > ns. we have

1
P sup |Hn(t) - Hn(*S)‘ > €1 =P sup 7‘W(ys) - W(yt)’ > Keey
s,t€[0,T] 5,t€[0,T] vn
|s—t|<d |s—t|<d
1
< P sup  ——|W(nr) — W(nt)| > keey | +P(SY)
rref0,2¢7] VT
|r—7]<2¢é

Recall that P(SY) < e. Now because € € (0,1/2) is arbitrary and because

1
limsup P sup —|W(nr) —W(nt)| > keey | < e2/2
n—00 r,7€[0,2¢T] \/ﬁ
[r—7|<2c¢hd

if § is sufficiently small, this proves that (3.54) holds for ¢ sufficiently small.

Finally, we prove that (3.55) holds. Since W(z)/x — 0 with probability one, W(h,w) = h +r
can have no solution if h is sufficiently large, depending on w and r. Therefore, for any ¢ > 0,
P(hg > K) < € if K is sufficiently large. Since hg > 0 and H,,(0) = ho/(kcy/n), this implies that for
any € > 0, P(|H,(0)] > €) — 0 as n — oo, which clearly implies (3.55). This completes the proof of
Lemma 3.1. U
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4 Estimates for the supercritical solutions of the linear equation

Here we prove some estimates that will enable us to compare solutions of the nonlinear problem (1.1)
to the functions ¢(t, z,w; ) which solve the linearized problem (1.2). The estimates are restricted
to the supercritical regime v € (¥,~*), which corresponds to fronts moving faster than the minimal
speed, c¢(A\) > c¢*. In the following analysis we will be comparing two functions ¢(t,x,w;~y) and
o(t, z,w;v’) corresponding to two values v and 7/. With the parameter ~ fixed, we will use the
abbreviated notation Y;(¢) and h; to refer to

Yi(t,w,y) =sup{z > 0] ot z,w;y) =1}
and
ht(w;V) = Yl(taw;fY) - 0(7)t7
always with parameter v, not ~/'.
Lemma 4.1 Let v € (3,7*) and p = p(y). There are constants 5 > 0, v € (v,7%), and C3 > 1

such that the following holds with probability one: If for some time T > 0 and some constants
C1(w), Ca(w) > 0, the function w(t,xz,w) satisfies

Wy = Wy + g(x,w)w, x>0, t>71
w(t,z,w) < Cr(w)p(t, z,w;y), ¥V x>0,t>T
w(r,z,w) < Co(w)(p(r,2,w;7))%, ¥ 220,

then,
o(t, x + Y1(t), w;v')
< .
w(t7x + Yl(t)7w) = maX(Cl(w)7CQ(w)C3) 30(7',Y1(7'),w;’y’) (4 56)
and
w(t7 r+Y (t)> w) < maX(CI (w)a C (W)Cii)u(xv Ty, (t) W5 Vl)e_ﬁ(t_T)E(tv T, W7, ’}/) (457)

hold for allt > 7 and x > —Yi(t), where ' := pu(y') > p and

BE(t,7,w,7,7) = exp (=4 (he(w; ) — he(w; 7)) + R(Y1(1), w,7) = R(Ya(7),w, 7))
The constant C3 does not depend on w or T.

The significance of the bounds in Lemma 4.1 lies in the fact that 4/ > ~ corresponds to a wave
moving more slowly than ¢(¢,z,w;~y). Observe that 4/ appears in (4.56) and (4.57), although Y;(t)
corresponds to . Another important point is that the terms in the exponent defining E grow at
most sublinearly in ¢ and 7. Consequently, we have the following estimates on F which we use later:

Proposition 4.1 Let E(t,7,7,v',w) be defined as in Lemma 4.1. For any 6 > 0, the random
variable

&(w) =supe "' E(t,0,7,7,w)
t>0

is finite with probability one, and for any € > 0,

t
lim IF’(/ e SEIER, 7,4 w) dr > 65\/2) =0. (4.58)
0

t—o0
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Proof of Lemma 4.1: Using the upper bounds on w, we will show that we can fit above w
a wave that moves more slowly than ¢(t,z,w;7y). Let ¢ = v —4 > 0. Because we have assumed
v € (7,7), we may choose v € (v, min(v*,y+¢)) such that ¢ := ¢(v') < ¢(y) and p' = u(v'") > u(y).
Since (7, Y1(T,w,7),w;y) = 1, we have, with probability one,

w(r,z,w) < Cow)(p(r ,w,7))
_ CQ(CU) QD(T,ZL‘,(U,’}/) (QD(’T,SU,W;’}/))Q 90(7—7 Yl(T),u);’)/)
P Y10, 7) (p(7, Vi (1), 0, ) o(m i)

QO(T,.%',LU,’)//) (u( - }/1(7'),71')/1(7—)&};’}/))2
(7-7 Y1 (7—)7 W '7/) u(a: - (7-)7 Ty, (r)W5 7/)

= CZ(W)SO

for all x > Y1(7) = Y1(7,w, 7). Since 2y — 4" > 7, we see from Lemma 2.5 that this is bounded by

o(r,z,w,7)

,x,w) < Co(w)C 4.59
w(T, z,w) 5 (w) 3¢(T,Yl(7),w;'y’) (4.59)
for a constant C5 that depends on v and 4/, but not on w or 7.
For 0 <z <Yi(r,w,7), and t > 7, Lemma 2.4 implies that
o(t,Y1(7),w;7)
t <C t ; < C t !
w( ) x7w) = 1("‘})90( y Ly W5 ’Y) = 1("‘})()0( y Ly W, Y ) (t, Yl(T),u); ’7/)
A o(r, Vi (1), w5 7)
= C t7 ) ) / 7 - ,
A P ARG
@(tﬂx?w7 /y/) (4 60)

AW i W)

The last inequality follows from the fact that ¢(7,Y1(7),w;7) = 1. Combining this with (4.59) and
applying the maximum principle, we conclude that

p(t; z,wi)
(7 Y1(7), wiv)

holds for all ¢ > 7 and all > 0. This proves (4.56). The second bound (4.57) now follows from this
and Lemma 2.3:

w(t, z,w) < max(Ci(w), C2(w)Cs) (4.61)

otz + i(t),w,7) _ & ula, my w, v )u(Va(t),wiy)

= ) 4.62
ECSACRTED u(h (7). 0.7) o
Using Y1(7) = ¢7 + h,(w) in the last quotient, we obtain
t,.’L‘—F}/lt,w,’)/ —B(t—1
o ®) ) = u(x,ﬂyl(t)w,'y’)e At )E(t,T,w,’y,'y’) (4.63)

(7, Yi(7),w;7")
with = p/(¢c — ) > 0 and

E(t,7,w,7,7) = exp (=4 (he(w) — hr(w)) + R(Y1(t),w,7) = R(Y1(7),w,7")) .
This proves (4.57). O

Proof of Proposition 4.1: To see that the random variable {(w) is almost surely finite, observe
that the terms in the exponent defining E(¢,0,v,7’,w) grow at most sublinearly in ¢. Specifically,
we have already established that

I ht(w)
im

t—oo t

=0 (4.64)
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holds almost surely. Also, R(y,w,v)/y — 0 as y — oo and Yi(t,w, )/t — c(v) as t — oo, so that

/ / /
im FNO.09) o EMGO.0) N0 BOWG,00)

=0 (4.65)

holds almost surely. Thus £(w) < oo holds almost surely.
Now we prove (4.58). Let N > 0 and let 7, = kt/N for k =0,1,2,..., N. The integral we wish
to bound is:

t N
/ e UIE(t 1, y, 4\ w)dr = Z/ e B 1,7, w) dr
0

k=1"Tk-1

IN

N T
Ze,u’(htth)JrR(Y(t))R(Y(Tk))eM(k,t,w)/ * e 0t=7) 41
k=1 Tk—1

where
M(k,t,w)= max p'(h; —h;)+ max R(Yi(rx)) — R(Yi(7)).

TE[Th—1,Tk] TE[Th—1,Tk]

(Recall that p’ denotes the constant u(v').) We claim that for any €; > 0 and €3 > 0, we may take
N sufficiently large, so that

P(M(k,t,w) <evi, v kzl,...,N> >1— e (4.66)

holds if ¢ is sufficiently large. Therefore, with probability at least 1 — €3, we have

t N
/ e_é(t_T)E(ta 77 7/7 W) dr < 5_1€€1ﬁ Z e—u'(ht—th )+R(Y(t))_R(Y(7—k))6_6(t_7—k)
0

k=1
N-1
— 6—1661\/2 + 5—1661\/{5 Z e—ﬂl(ht—h‘rk)+R(Y(t))—R(Y(Tk))e—5(t—7k)
k=1

By taking « > 0 sufficiently large and then ¢ sufficiently large, we also have

plhe = he | [R(Y1(1) — R(Ya(72))]
(Gl Vi

Therefore, with probability at least 1 — 2¢5, we have

>a Vk:=1,...,N—1> < 6.

t N-—1
/ efé(tf‘r)E(t’ T, ’777/70‘)) dr < 671661\/2 + 571661\/2 Z 6204\/275(1577%)
0 k=1
< 5—1661\/Z+ (N _ 1)5—1661\/26204\/%—575/N

if ¢ is sufficiently large, depending on €; and es. Hence,
t
P (/ e_é(t_T)E(t, 7,7, w)dr > 25_1661\/Z> < 2¢9 (4.67)
0

if t is sufficiently large. Since €; and ez were chosen arbitrarily, this implies (4.58).
Let us verify the claim (4.66). Observe that

R(Yi()) — R(YA(7)) _ Rlemk) — R(er) | R(Yi(m)) — R(emw) | R(er) — R(Yi(7))
7 = 7 + NG + 7 (4.68)
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Obviously (¢, — 1)/t < ¢/N for T € [1g_1, 7). Also, Theorem 1.3 for Yi(¢) and (3.54) imply that

max |(Yi(r))/t — (cr)/t] < max |(h.)/t| < 2¢/N

TE[TK—1,Tk] T€[0,t]

with probability at least 1 — e3 if ¢ is sufficiently large. Therefore, since the family of processes
x — R(tx)/\/t is tight in C([0,T]) for any T, we see that

P <T€max R(Yl(Tk)) - R(Yl(T)) Z 61\/%) S 1-— €9 (469)

[Tk—1,7k]

holds if IV is large, and then ¢ is sufficiently large. Similar estimates hold for h; — h, , establishing
the claim. [J

5 CLT for solutions of the nonlinear equation

Finally, we shift attention to solutions of the nonlinear problem (1.1), and we prove Theorem 1.4. We
suppose that the initial condition v(0, z,w) = vo(z,w) satisfies (1.9) and (1.13) for some v € (7,7*).
For r € (0,1), let X,.(t,w) be the interface position associated with v(t, z,w):

X, (t,w) =sup{z € R| v(t,z,w)=r}.

We have already proved Theorem 1.3 for solutions of the linearized equation. So, if for almost every
w we could show that X, (¢,w) stays sufficiently close to Y;(t,w) as t — oo, the CLT would follow
for the solutions of the nonlinear equation (recall Y, defined at (3.45)).
For simplicity, we now suppose that vp(z,w) = min(1, ¢(0, x,w;)) for x > 0 and that vo(z,w) =
1 for z < 0. The more general case (1.13) — where vy is trapped between two fronts — follows readily
from this. The maximum principle implies that v(¢, z,w) < (¢, x,w;7) for all t > 0 and = > 0. So,
for any r € (0,1) we have
Xr(t,w) < Yr(t,w) (5.70)

for all ¢ > 0. However, since v(¢,z,w) is merely a subsolution of the linearized equation, X, (t,w)
might lag behind Y, (f,w). So, in order to obtain a CLT for X,(¢) by comparing with Y,(t), we
need to show that X, (t) stays sufficiently close to Y;.(¢) with high probability. Actually, we’ll need
to introduce a time delay: X, (¢ + h) stays sufficiently close to Y, (¢) with high probability, if A is
sufficiently large.

Lemma 5.1 Let v € (7,7*). Suppose that vo(z,w) = min(1, p(0,z,w;v)) for x > 0 and vo(z) = 1
for x < 0. For any € > 0,

Jim P (Xl/z(t + eV w) = Vi () (w) > o) ~1. (5.71)

Before proving this lemma, let us show how (5.71) and (5.70) imply Theorem 1.4. For h > 0, let
G(t,h) C Q be the set G(t,h) = {w € Q| Xy)o(t + h,w) > Y] /5(t)(w)}. Then for any o € R

Xyt +h,w) — (t+ h)c > <Y1/2(t)(w) — (t+h)c
IP( > > P
Vt+h Vt+h
Y o(t)(w) — te Vt+h  he
- P( Vi SV

> a) —P(G(t, h)°)

) —P(G(t, h)°).
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Therefore, if we set h = ey/t for some € > 0, Theorem 1.3 implies

X ,w) —
liminf P <1/2(S\;))SC > a) > 1 — ®(a/k + ec/k) — limsup P(G(t, ev/t)©)
§—00 S t—o0

with k = opu~'e. However, by (5.71), P(G(t,ev/1)¢) — 0 as t — 0o, so we must have

X1/2(8,w) — sc
NG

limianP’( >a> >1—P(a/k)

since € is arbitrary.
An upper bound on this probability follows easily from (5.70):

p(Rines) e, ) p (Vi) mac )

and the latter converges to 1 — ®(a/k) as s — 0o. This proves Theorem 1.4.

In the proof of Lemma 5.1, the following estimate plays a key role. It gives a lower bound on the
leading edge of the nonlinear wave in terms of the leading edge of the linear wave. The proof relies
on Lemma 4.1 and works only for the supercritical regime.

Lemma 5.2 Let v € (7,7%). Suppose that vo(z,w) = min(1, p(0,z,w;v)) for x > 0 and vo(x) =1
for x < 0. Then there is a constant 6 > 0 and a random variable 6;(w) > 0 such that

vtz 4+ Yi(t),w) > otz + Yi(t),w;7) (1 — e2%6,(w)) (5.72)
holds for all x > 0 and t > 0, and for any € > 0,

lim P(6(w) < V) = 1. (5.73)

t—o00

Proof of Lemma 5.2: The strategy here is inspired by [1]. The idea is to think of the nonlinear
equation as an inhomogeneous linear equation. The nonlinear term is then controlled through the
Duhamel expansion and the estimates of Section 4. Let us define the difference 9 (t, z,w) := ¢ — v,
which satisfies the equation

) — Yy — gz, W)Y = g(x,w)v2 < gmazvz, x>0, t>0.

By the maximum principle, v(t,z) < min(1, p(t, z,w;v)) for all t > 0, x > 0. Therefore, gnav? <
Gmaz min(1, p?) = K(t,7,w). So, for x > 0, we have ¢ < 91 + ¥y where vy (¢, ) solves

(¢1)t:(¢1)m+9(%w)¢1, x>0, t>0
V1(t,0) = e, ¢t > 0; ¥1(0,2) = max(0, (0, z,w;y) — 1), >0 (5.74)

and 9 (t, z) solves

(V2)t = (V2)aa + g(z,w)hs + K(t,z), x>0, t>0
¢2(t’0) =0, t>0 1/12(0,$) =0, z>0. (575)

We will apply Lemma 4.1 to both ¥, and ». For 1¢; we apply the lemma with 7 =0, C; =1,
and C = 1 to obtain the bound

(01 (t7 r+Y) (t)) < CgU(IE, Ty, ()W vl)e_BtE(t’ 0,w,7, ’7,)
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By Proposition 4.1, the quantity

§(w) =sup e PRE(t0,w,7,7) (5.76)

is finite with probability one. Therefore, for all ¢t > 0 and x > 0,

U1(t, 2 + Yi(t),w) < Cau(z, Ty, (nw, 7 )e "2E(w) < e u(x, my, (pyw, v)e 2E(w).

The last bound follows from Lemma 2.7 with 6 = /%" — gmin — V7 — Imin-
Now we bound . For each 7 € [0,1), let p(s,z,w;T) : [T,00) X [0,00) X £ — R solve

ps = pzz + 9(z,w)p, x>0,5>7
p(s,0) =0, s>r7
p(r,z2) = K(1,2,w), x> 0. (5.77)

Then 19 is given by the integral

¢
@Z)g(t,x,w):/ p(t,z,w;T)dr. (5.78)
0

Since K(7,2,w) < gmae min(1, p?(7,2,w;7)) and K(t,2,0) < gmaze(t, z,w;7), we apply Lemma
4.1 to p (with C] = gmasr and C2 = gmaes) and obtain:

p(t, @+ Yi(1);7) < Cagmazt(@, Ty, 1), w37 )e P IE(R, 7,0,7,7). (5.79)

Consequently, using Lemma 2.7 we see that

t
Yalle + Yi()w) < Cagmarti(es Ty i) / P Bt 7y w,7,7) dr
0

t
< C’nga:ce_csmu(xa Ty, (t), W ’7) / e_ﬂ(t_T)E(ta T,W,7, r)/) dr (580)
0
holds for all x > 0 and ¢t > 0, where

E(t,7,0,7,7) = exp (= (hi(w;7) = hr(w37)) + R(YA (), w,7") = R(Yi(T),w,7)) -
Recall that y refers to the constant u(+').
Combining the estimates for ¥; and 9 we conclude that for x > 0,
v(t, e+ Y1(t),w) = @(t,z+Yi(t),w;
> otz +Yi(t),ws

) —(t, z + Yi(t),w)
) - 036_617“(:6’ Tyy (1) W) V)e_ﬂt/2§(w)

200

t
_C3gmam€_6xu($a Ty1(t) W5 7) / e_ﬁ(t_T)E(tv T,W,7, 7,) dr
0
= u(z, Ty (pw; ) <1 — e_(sxﬁt(w)>
— o, + Yi(t),w: ) (1 - e*ﬁwet(w)) (5.81)
where

t
0u(w) = Coe™72€(w) + Ciginar / P B, 7, w,7,7) dr.
0
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Finally, the fact that limy_o P(6;(w) < V%) = 1 holds for any € > 0 follows immediately from
Proposition 4.1 and the definition of 6;(w). O

Proof of Lemma 5.1:. Here is the strategy for proving Lemma 5.1. Lemma 5.2 implies that
if z is sufficiently large, v(t,z + Y1(t),w) > %gp(t, Z + Y1(t),w;~y) holds with high probability. So for
0= 3¢(t, 2 + Yi(t),w; ), we have a lower bound X,(t) > & + Y1(t). If this level ¢ is not too small,
then v will be larger than 1/2 at this point Z + Y1 (¢) if we wait only a little longer. This would give
us a bound of the form X /5(t+h) > z+Y1(t). Choosing 7 larger, if necessary, the latter is bounded
below by Y7 /o (t). However, the necessary lag time h is random since it depends on ¢, which depends
on the behavior of ¢ ahead of the point Y7 ().

With 6,(w) defined by Lemma 5.2, define

T = It(w) = max (5_1 log(26;), Y1 o(t) — Y1(t))

and
l(w) = @(t, T + Yi(t),w;7) (1 — e 70y (w)).

Observe that if 6" log(20;) < Y7 5(t) = Yi(t), then & = Y7 5(t) — Y1 (t) so that £;(w) > 1/4. Otherwise
l; may be small. By Lemma 5.2 and the definition of z,

X, (t) 2T+ Y1(t) > Yy )0(). (5.82)

So, we have a bound on the position of the /;-level set of v in terms of Y7 /5(). Since v(t, Z+Y1(t),w) >
ly, the Harnack inequality implies that there is a constant x > 0 such that

v(t+1,z,w) > Kl (w), Vrelz+Yi(t)—1,z+Yi(t)+ 1]

This constant may be chosen independently of w and ¢. Now we wish to bound the first time s > ¢
at which v(s,z + Y1(t),w) > 1/2. To this end, define 7(s, z) which satisfies

ns:nx:p+f1/277 z€e€R, s>0

with 7(0,z) = 1 for |z| < 1 and n(0,z) = 0 for |z| > 1. Here we choose fi/; = 3f(1/2) so that
() = gminv(1 —v) > f19v for v € [0,1/2]. The maximum principle implies that

v(t+ 1+ s,z,w) > kl(w)n (s,x — (T 4+ Yi(t)))

holds for z € R and s > 0 as long as kli(w)n(s,x — (Z+ Y1(t))) < 1/2 (before this time occurs,
(s,x) — rln(s, x) is a subsolution of the nonlinear equation). By symmetry, 1 has a global maximum
at © = 0. Therefore, if we define the function 7": (0,1) — R by

T(¢) =1inf{s > 0| n(s,0) > 1/(2kL)},

we have v(t + 1+ 5,7 + Yi(t),w) > 1/2 for all s > T'(¢s(w)). So, for all h > 1+ T'(¢;(w)), we have
Xy po(t+hyw) > 7+ Y1(t) > Yya(t).

We now have shown that

p (Xl/g(t +eviw) > Y1/2(t)(w)> > P (T(et(w)) <evi- 1) .
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Therefore, to finish the proof we must bound the distribution of T'(¢;(w)). It is not difficult to show
that 1 grows exponentially so that for any ¢ > 0, T'(¢) < ki + kz|log(¢)| for some constants ki, ko
depending only on  and f;/o. Therefore,

i <X1/2(t reviw) < Yl/g(t)(w)) <P (et(w) < exp(—evt/ks — (1+ k:l)/kQ)) .

Lemma 5.1 now follows immediately from Lemma 5.3 below, which shows that the level ¢; cannot
vanish too quickly as t — oco. [

Lemma 5.3 With {;(w) defined as above,

P (110 < (-evD) -

holds for any € > 0.

Proof: By definition,
b(w) = p(t, T +Yi(1),w;7)(1 = e 0(w)) = w(@, 7y, ywi)(1 —e 0 (w))
1

> Sul, Ty wi ) (5.83)

with & = Z(w) = max (67" log(26;), Y12 (t) — Yi(t)). If Yyp(t) — Yi(t) > 6~ 'log(26;), then T =
Yi/o(t) — Y1(t) so that £(w) > 1/2¢(t, Y1 5(t),w;y) = 1/4. So, it suffices to show that

1tlim P <{w | (6! log(20;), Ty, (1hw;v) < exp(—eVt), Oi(w) > 1/2}) =0 (5.84)
holds. For € € (0,1), u(6~"log(26;), Ty, (w;¥) < exp(—ey/t) holds if and only if

pé~ log(26) — R (6~ log(26;), Ty, ()w;Y) > eVt

On the other hand, from the bounds (2.22) and (2.23) on u, we know that there is a constant M
such that |R(z,w;v)| < M(z + 1) holds with probability one. Therefore, if 6; > 1/2,

pd~tlog(26;) — R ((5_1 log(20:), Ty, (1) w; v) < (p+ M)6 tlog(260;) + M < eVt

holds for ¢ sufficiently large, if 6 < %exp(e\/f/p) with p = 2(u + M)6~ 1. Therefore, by (5.73),

Jin P (o | 05~ log(200),myy i) < expl(-ev), 01) 21/2)) < Jim P () = g explevi/p)) =0

O

Remark 5.1 Let us point out that if the statement
P <litm inf X (t 4 v/, w) — Yy n(t)(w) > 0) =1, (5.85)
—00

holds (which is stronger than Lemma 5.1), then tightness of the renormalized process (X (nt) —
ent) /v/n would follow from that of Z,(t,w;~). Thus, we would have weak convergence of the process
(X (nt) — ent)/(u~tey/n) to Brownian motion as n — oo. The main issue is whether the estimate
(4.58) can be improved to the statement that, almost surely,

t
/ e_a(t_T)E(th,%'y',w) dr = o(e“/z), as t — oo.
0
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