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1 Introduction

Reaction-diffusion front propagation in incompressible space-time random
flows is a fundamental subject in premixed turbulent combustion [6, 34, 28,
20, 32]. One challenging mathematical problem is to establish the propaga-
tion velocity of the front (large time asymptotic spreading rate) using the
governing partial differential equations. Another mathematical problem is
to characterize the propagation velocity in terms of flow statistics. Such a
velocity is called the turbulent flame speed in combustion [28], and it is an
upscaled quantity that depends on statistics of the random flows in a highly
nontrivial manner. Due to the notorious closure problem in turbulence, the
turbulent front speed has been approximated by ad hoc and formal proce-
dures in combustion literature, such as various closures and renormalization
group methods [27, 34, 7]. However, these methods are difficult to justify
mathematically.

A pleasant surprise is that fronts governed by the Kolmogorov-Petrovsky-
Piskunov (KPP) nonlinearity are in some sense solvable, and the front speeds
have a well-defined variational characterization in the large time limit. This
important mathematical property of KPP fronts has been analyzed for spe-
cial temporally random flows (time random shear flows) [20, 24, 33] and spa-
tially random environments [12, 10, 19, 29]. There have been several studies
of KPP fronts in periodic flows, for example see [10, 4, 21, 11, 8, 3, 26].

In this paper, we study KPP fronts propagating through space-time
random incompressible flows. The flows can be unbounded in time, as for
a Gaussian process. We establish the almost sure existence of propagating
fronts which evolve from compactly supported initial data, and we derive
a variational characterization for the front speeds. Using this characteriza-
tion, we derive some estimates of the fronts speed. One can also use this
characterization to numerically approximate the front speed, as presented
separately in [25].

The governing equation for KPP reactive fronts is the reaction-diffusion-
advection equation:

Ou = Au+ V(x,t,0) - Vu+ f(u) éL'u—l—f(u), (1.1)

with smooth, compactly supported, non-negative initial data u(z,0,0) =
ug(z), 0 < ug < 1. The reaction function f(u) is nonlinear and satisfies:
f € CY[0,1]), f(0) = f(1) =0, f(u) > 0 for u € (0,1), and f(u) < uf’(0).
For example, f(u) = u(l — u). The value u = 1 corresponds to the hot or
burned state in the combustion model, while u = 0 corresponds to the cold
or unburned state, which is unstable.
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The vector field V (x,t,&) is defined over a probability space (€2, F, P).
We assume that:
(1) V is stationary with respect to shifts in = and ¢: there is a group of
measure-preserving transformations 7, ) : () — Q such that V(z + h,t +
r,w) = V(x,t,7,w), and T acts ergodically on Q.
(2) V is locally Hoélder continuous, almost surely, in the sense that for each
T > 0 there is o = a(w, T') such that

V(@) o maxiory < o0 (1.2)

holds for almost every & € .

(3) V is divergence free, V-V = 0, in the sense of distribution, almost surely
with respect to 15;

(4) V satisfies the moment condition:

Va2 By | sup |[V(,t)*| < oo (1.3)
te[0,1]
z€R?

The condition (4) means that V(x,t,@) is uniformly bounded in z for
each fixed ¢t and &. However, we do not require that V (z,t,-) € L=(), so
that V may become unbounded as ¢t — co. The Hélder regularity condition
(2) is satisfied by turbulent flows [20, 32] and is a physical assumption for

turbulent combustion problems [28, 27, 32].

For almost every w, there exists a unique classical solution satisfying
(1.1). Our main result is the following theorem regarding the almost-sure
asymptotic behavior of the solution u(z,t,w) as t — oo:

':A[‘hQOIA'eIIi 1.1 There is a convex open set G C R* and a set of full measure
Qo C Q, P(Q) =1, such that the following limits hold for all © € Qq:

lim supu(ct,t) =0 (1.4)

t—00 ceF
for any closed set F C R\ G, and

lim inf u(ct,t) =1 (1.5)

t—oo ce K

for any compact set K C G.
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Thus, the set {ct € R? ¢ € G}, which is deterministic, represents the
spreading interface in an asymptotic sense, made precise by (1.4) and (1.5).
The set G may be characterized in the following way. Let ¢(z,t,@) > 0 solve
the advection-diffusion equation 0;¢ = L¢ with initial condition ¢(z,0,w) =
oo(z) > 0, where ¢p(z) is smooth, deterministic, and compactly supported.

Theorem 1.2 The limit

1 1
p(A) = lim —log/ ANTP(x,t,0) dr = Jim — log Eple**(z,t,&)] (1.6)
Rd —00

t—o0

exists almost surely with respect to P. Moreover, w(N) is a finite, convex
function of A € R%,

Now the characterization of G is given by the following theorem:

Theorem 1.3 The set G described in Theorem 1.1 is given by
G={ceR! H(c) < [(0)} (1.7)

where H(c) = supyerd(A - ¢ — p(N)) and p(X) is defined as in Theorem 1.2.
It follows that the asymptotic front speed c* in direction e € R® is given by
the variational formula:

(1.8)

For the KPP model, Theorem 1.1 and Theorem 1.3 address two open
problems in turbulent combustion [28]: the existence of a well-defined turbu-
lent flame speed and the precise analytical characterization of the turbulent
flame speed. In Theorem 1.2, one may normalize ¢ so that ¢ is the density
for a probability measure on R?, for each fixed &, and the theorem character-
izes the asymptotic behavior of the tails of the distribution (large deviations
from the mean behavior) almost surely with respect to the measure P on
the velocity field. The function H in Theorem 1.3 is the rate function that
governs these large deviations.

The quantity p(A) has another characterization. Consider the function
©*(x, 7;t,@) which solves the terminal value problem (7 € (0,t)):

0" + Ap* — (V(2,7) = 20) - Vg + (AP = A V(@.7) " =0, (L9)

with linear terminal data ¢*(z,t;t,&0) = 1, € R We will show that
©*(z,0;t,w) grows exponentially in ¢ with a rate equal to p(\):
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Theorem 1.4 If o*(z,7;t,0) solves (1.9) with terminal data ¢*(x,t,0) =
1, then for any r >0

1
lim sup |-logy™(x,0;t,&0) — u(A)| =0 (1.10)

00 |z|<rt

holds almost surely with respect to the measure P.

The function p(\) is related to the effective Hamiltonian that arises
from the theory of homogenization of “viscous” Hamilton-Jacobi equations
in stationary ergodic media (see [16, 17, 19]). For V' that depends only on z,
Lions and Souganidis [19] showed that the front is governed by an effective
Hamilton-Jacobi equation (see Section 9 of [19]). It turns out that p(X) in
(1.6) is equal to an effective Hamiltonian H()). To see this clearly, define the
function n*(z,7;t,0) = eMVo*(x, T;t,&) which satisfies 0,1 + L*n* = 0 for
7 < t and terminal data n*(z,t;t,0) = eMY. Here L*n* = Ayn* — V- (V¥)
denotes the adjoint operator. For ¢ > 0 and T > 0, define

C(x, T, ) = elogn*(e Lo, e tr e 1T, 0).

Then (€ solves the Hamilton-Jacobi equation

xr T

BrCE+ eACE+ V¢ -V (;, E,w) VeE=0, rel0,T)  (L11)

with terminal data (¢(x,T;T,0) = X-z. For a velocity field V' (z, 7,©) which
is uniformly bounded in 7 (i.e. V € L®(Q; L>°(R%))), the result of Kosygina
and Varadhan [17] implies that as e — 0, the function (¢ converges locally
uniformly to a function ¢%(z, 7;t) which solves an effective Hamilton-Jacobi
equation 9,¢%(z,7;t) + H(V(Y) = 0 with the same terminal data. The
effective Hamiltonian FH()\) is a deterministic function. In particular, by
choosing T' = 1, we see that

H\) = lim ¢5(0,0;1,0) = lim e log n* (0,051, 0) = () (1.12)
€— €—
holds almost surely with respect to P. Theorem 1.4 extends this connection

to the case of velocity fields V(x,t) which are not uniformly bounded in ¢,
a case not covered by the results in [16], [17], and [19].

We develop a new Eulerian approach to prove the results. The first step
is to use the Harnack-type inequality of Krylov and Safonov to establish
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continuity estimates of the solution. One technical difficulty that arises is
that the constants appearing in the Harnack inequality may be arbitrarily
bad. However, we show that the constants are well-behaved “on average”.
We use this observation and the subadditive ergodic theorem to establish
almost sure behavior of the tails of the linearized equation. To apply this
to the solution of the nonlinear equation, we construct sub- and super-
solutions and use the comparison principle. Our proof uses only the Harnack
inequality and the comparison principle, and so applies readily to a large
class of operators £. In fact, one can see that all of the proofs may be
modified slightly to treat the case that the diffusion is also variable. For
example, a variant of Theorems 1.1 - 1.4 hold in the case that u is governed
by an equation of the form

Ou =V - (A(z,t,0)Vu) + V(z,t,0) - Vu+ f(u) (1.13)

where A(z,t,w) = A;j(x,t,w) is random, positive-definite matrix function
and uniformly C1*. For clarity we concentrate on the case that Ajj is the
identity.

Some previous analysis [12, 10, 24] of KPP fronts have been based on
analysis of the associated It6 diffusion processes that play the role of char-
acteristics in the Feynman-Kac formula for solutions of the linearized equa-
tion. This Lagrangian approach is particularly useful when there is either
an explicit solution formula [24] or a hitting time characterization of the It6
paths in one space dimension [12, 10]. In the present Eulerian approach,
quantities like () and H have a similar Lagrangian interpretation, and we
utilize both the Eulerian and Lagrangian aspects to prove bounds on the
front speeds.

The paper is organized as follows. In section 2, we employ the Krylov-
Safonov-Harnack inequality and the subadditive ergodic theorem to obtain
the large deviation estimates for solutions to the linearized evolution and
to identify the function H(c). In section 3, we construct sub- and super-
solutions to show that the large deviation rate function H indeed defines
the propagating interfaces in the large time limit. The proofs in this section
are related to those in previous works [10, 24]; the new twist is to rely on
comparison functions instead of the associated It6 paths and the Feynman-
Kac formula. In section 4, we prove Theorems 1.2 - 1.4. We study the
Lyapunov exponent p, and establish its connection to the function H. The
variational principle for the front speeds is given in terms of u, which is
easier to calculate and estimate than H. In section 5, we prove upper and
lower bounds on the front speeds. A Lagrangian method and random change
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of measure are used in a Feynman-Kac representation to deduce an upper
bound of i in terms of second order flows statistics. These bounds extend
those on time random shear flows by the authors [24]. The bounds show that
front speed enhancement in incompressible flows can grow at most linearly
in the root mean square amplitude of the flows, and may have much slower
growth due to rapid temporal decorrelations of flows. Conclusions are in
section 6, and acknowledgments are in section 7.

2 Preliminary Estimates

2.1 Harnack Inequality

To prove Theorem 1.1, we will make use of the Harnack-type inequal-
ity proved by Krylov-Safonov [18]. First, we define Q(6,R) = {(x,t) €
R max;|z;| < R, t € (0,0R?)}, and we state a well-known result of
Krylov and Safonov:

Theorem 2.1 (Krylov-Safonov [18]) Letf > 1, R <2, and0 < {(z,t) <
1. Supposen € W;fl(Q(O,R)); n >0, and Om—Ln+E&(x, t)n = 0in Q(6, R).
Suppose ||V|| L (qo,r)) < 1. Then there exists a constant K, > 0 depending
only on 6 and the dimension such that

inf OR%) > K, n(0, R?).
‘mgiw2n(x, ) > K,n(0, R?)

Remark 2.1 Throughout this paper, the constant 6 from Theorem 2.1 will
appear. Our arguments do not depend on the precise value of 8, and we will
assume this constant is always fized at 6 = 2.

We wish to apply this estimate to the function u(z,t,w) and to the func-
tion ¢(x,t,w) defined by (1.9). As we have stated the theorem, the drift V'
and the source function £ must be bounded uniformly in the region of inter-
est. Although we are working with a drift for which individual realizations
are not uniformly bounded for all ¢ > 0, we may obtain a Harnack-type
inequality for uw by rescaling the solution and iteratively applying Theorem
2.1. The constants that appear in the resulting inequality may become ar-
bitrarily large since V' may not be uniformly bounded in ¢. However, in the
next section we will show that the constants are well-behaved on average.

Suppose n(z,t) > 0 solves

on = An+V(x,t)-Vn+&(z,t)n
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for (z,t) € Q(0,R), while V and £ are not necessarily globally bounded.
Then for (z, ) Q(f,R) and h > 0 to be chosen, the function 7(z,t) =
e Mn(M~tz, M~2t) solves

8t77(*757t) = Aﬁ(l‘,t) + VM(‘T’t) ) Vﬁ(l’,t) + §M(x7t)ﬁ(x7t)7

where Vi (z,t) = M~V/(M 1z, M~—2t) and &y, t) = —h+M ~26(M Lo, M~2t).
If we choose the constant M to be

M=max(l, swp [V@0, s V@O (21)
(z,t)€Q(O,R) (z,t)€Q(O,R)

and set h = 1/2, then for any (z,t) € Q(, R), we also have (M ~tx, M~2t) €
Q(0,R) and |Vas(x,t)] < 1. Also, —1 < &p(x,t) < 0. Thus, Theorem 2.1
applies to 7:
f 0R?) > K,7(0, R?).
‘x‘lgR/zn(w ) (0, %)

Therefore, for the original 1 we have

R? 2 R? R?
inf .0 > K,eft 0-D/2 p0, =) > Kn(0, — ). 2.2
|x|§1%/2Mn( SVEL 10, 775) = Kon(0: 775) (2.2)
We now summarize these observations in a manner that will be conve-
nient for our analysis. For z € R% and ¢t > 1, let us define the cylinder
set

Qe,1.0,8) = {(5:7) € B mays — il < R 71 € (-0 - DR}

and the constant

M($,t,R, 9) = max | 1, sup |V(y77_)|a sup 2|§(y77—)‘ >
(y,7)€Q’ (x,t,60,R) (y,7)€Q’ (x,t,60,R)

(2.3)
which is a local upper bound on |V'| and |¢| over the cylinder set @)". Theorem
2.1 and the above scaling analysis imply the following:

Corollary 2.1 Let 0 > 1, R < 2. Let M(x,t, R,0) be defined by (2.3). For
any M > M(z,t, R,0), let At = ( — 1)R?/M?. Then

n(x + Az, t + At) > Kon(z,t)

whenever |Az| < where K, = K,(0) is the constant from Theorem 2.1.

2M’
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Now we will use this estimate iteratively to relate n(x1,t1) to n(xa,ts)
for two points z1, x2 and two different times 1 < t; < to — 1. We will derive
a lower bound on infyep;(2,) 7(y; t2) in terms of supycpg; ;) (Y, t1), where
Bjs(x) denotes the ball of radius 6 > 0 centered at x € R%.

Let ¢ € R? be defined by ¢ = (9 — x1)/(t2 — t1), and let (21, t1; T2, t2)
denote the set of points in R%*! formed by the line segment with endpoints
at (w1,t1) and (z2,t2). Define T C R to be the set

T= |J (Bs(@i+es)x(ti+59). (2.4)
s€[0,ta—t1]

This is a tubular region with the line segment ~ as the central axis and
radius §. Now choose R < 1 small enough so that

le| +20 <

SRO—1)'
Then define the constant
M$17t13127t2 = Sup M(.’IZ‘, t7 RJ 0) (25)
(z,t)eT

with M (x,t, R, 6) given by (2.3). This constant bounds |V (z,¢,&)| and +/[¢]
over a neighborhood of the tube T'.
Next, using M = My, t,:25.t5, let At be defined as in Corollary 2.1:

(6 —1)R?
(Mm,tl;IQ,tz)Z '
Let k be the ratio k = (to — t1)/At. By increasing M slightly, we may

assume that k is an integer:

to — t1 (t2 - tl)(Mxl t1;22 t2)2
k— - AELb L VA 2.
At 0 — 1R (2:6)

At =

Now suppose that z} € Bs(x1) and oy € Bs(z2). Define y; € R? by

/ /

yJ:xa+x2_x1(At)]7 j:0?1727"'?k'

The set of points {(y;,t1 + jAt) ;?:1 is contained in the tube T. Moreover,
from our choice of R, we see that |y;11 — y;| < % for each j. Therefore,

we can iteratively apply Corollary 2.1 k times to conclude that

77(?/j+17t1 + (j + 1)At) 2 Kon(yjutl +jAt)7 j - 07 o 7k - 17
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and thus

inf n(y,t2) > KF sup n(ytr).
vEBs (22) yeBs(z1)

The constant K, is the same constant from Corollary 2.1, depending only
on . The integer k, however, depends on x1, xg, t1, and to through (2.5)

and (2.6). By putting together the above analysis, we have the following
Lemma:

Lemma 2.1 Fiz § > 1. Let § > 0, and x1,22 € R%.  Let t1,to satisfy
1<t <ty—1. Then
inf 7z, ts) > Ky sup n(y,t1) (2.7)
w€Bs (22) y€Bs(z1)

where K, is the constant from Theorem 2.1, depending only on 0, and k is
an integer bounded by

2
Tro — T
:IC S 502(t2 - tl)(Mxl,tl;xz,tQ)Z <% + 26) .

Although the constant K, is universal, the integer k and the constant
My, t1:20,t, depend on the x1,t1,22,%2 and on the realization of V. Where
V is large, these constants also become large. However, when applying
Lemma 2.1 we will use the stationarity and ergodicity of V' to show that, on
the average, the constants are not too bad.

2.2 Continuity Estimates

In this section we derive a continuity estimate on the function logu(z,t)
that holds asymptotically as ¢ — oco. By the maximum principle, v > 0
for all (z,t), and we define (z,t,0) = f(u(z,t,w))/u(x,t,&). Therefore,
equation (1.1) may be written as

Ou = Au+V(z,t,w)  Vu+&(z,t,0)u (2.8)

where £(x,t,-) € L LO(R™1)) and &(x, ,) € [0, f/(0)], almost surely
with respect to P.In fact, the regularity of u implies that &(x,t,®) is locally
C', almost surely. For the following estimates, however, we assume only that
&(+,-,w) is almost surely continuous and that

(8, 0)| < C(L+ |[V(x,t,0)]) (2.9)

for some deterministic constant C', P-almost surely, for all (x,t).

10
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Proposition 2.1 Let u(z,t,0) > 0 solve (2.8) such that &(x,t,w) satis-
fies (2.9). There is a set of full measure Qo C Q, P(Q) = 1, such that
the following holds: if v(t) > 0 is any nondecreasing function satisfying
limsup,_, ., v(t)/t < €, then for any c € R?

1
liminf — [ log inf w(ct+ z,t) — log sup u(y,t — (1))
t—oo t |2|<(t) y€Bs (c(t—(t))

> —C(1 4 |c| +0)%e(1 + Va)

and

t—00 2| <~(t) yEB; (c(t+(1))

< C(1+|c| +6)%(1 + V3)

1
lim sup — (log sup u(ct + z,t) — log inf u(y,t+ 7(t))>

for all & € Qo. Here, Vy is defined by (1.3) and C = C(6) is a constant.

To prove this continuity estimate we will make use of the following esti-
mates on the growth of the vector field V' as t — oo:

Lemma 2.2 Almost surely with respect to ]5,

n—1

lim — sup |[V(z,t,0)]> = Ep | sup |V(z,t,0°| = Vo < co. (2.10)
N0 N =2 e[, +1] t€[0,1]
7=0
zeR? zeR?

Proof: Due to the moment bound (1.3), this follows from the ergodic the-
orem and the assumption that V is stationary and ergodic with respect to
shifts in « and t. [J

Corollary 2.2 There is a set of full measure )y C €, P(Qo) =1, such that

1 n—1 ~
lim sup — Z sup V> < el (2.11)
n—oo M telj—1,j]

z€R?

whenever € € [0,1) and {k,} 2, is a nondecreasing sequence of positive
integers satisfying kn, < mn for all n and liminf, o ky/n > (1 —¢).

11
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Proof: This follows from Lemma 2.2 and the fact that the number of terms
in the sum grows more slowly than O(en). Specifically,

n—1 kn—1
1 2 2 n 1 2
LS v = —Z swp (VP = (22) () X s

) — te[j_l)j] te[] 1’.]] te[] 1’.]]
—k j=1 j=1
I=n T reRrd zeRA zeRd

Now the result follows from Lemma 2.2 and the fact that liminf,, . (k, —

1)/n>(1—c¢).
U

Proof of Proposition 2.1: We first prove the lower bound by a chaining
argument. Let Qo C € be the set described in Corollary 2.2 with P(Qq) = 1.
Fix ¢ € R? and suppose that limsup,_,. v(t)/t < e < 1. Let z; € R? satisfy
|zt| < ~(t). Without loss of generality, we assume that (¢) takes values in
Z. For t sufficiently large, t — y(t) > 1. Let t; =t — v(t), and x1 = ct1 =
ct —cy(t). For j =2,..., Ny = 7(t) define the points (z;,¢;) € R¥*! by

tj=t1+]J

and

x; = <1 - %) ) +%(zt+ct)

Notice that for N; = v(t), xnx = 2z + ct, and that (z;,t;) is a sequence
of equally spaced points in R4T! along the line segment connecting (cty,t1)
to (2t + ct,t). Now we apply Lemma 2.1 for each pair of points (x;,t;),
(zj+1,tj41). Notice that

) = 2
tjv1 — V(1)

By applying Lemma 2.1 iteratively, we find that

o <l +1. (2.12)

inf  w(y,t) > KD sup u(y,tr) (2.13)
YEBs (2t+ct) yE€Bs(x1)

where k(t) = E;V:tl k; and the numbers k; are random variables bounded by
2
ki < 502(M;)>2 <\M| + 25) < 50%(M;)? (|c| + 1 + 26)12.14)
ljy1 —1
and the numbers M; (also depending on w) are

Mj = Mgy, 4 (2.15)

G54+ 15t541"

12
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Although the choice of points (z;,t;) depends on z;, the term k = k(t)
can be bounded, independently of the choice of z; since

(M$j7tj§$j+l,t]’+l)2 < C(l + sSup ‘V(x7t>w)|2) (2'16)
te[tjfa,tj+1+a]

z€R?

for some integer a < 562 (since R < 1). The right hand side of (2.16) is now
independent of the choice of z;, and we can bound log(K*) by

Ny
log(Kg(t)) 2 _|10g(K0)|ClZ(M$j7tj§$j+l,tj+l)2 (2'17)
j=1
n—1
> —|log(Ko)|C1Cy > |1+ sup [V(x,t,@)

z€R?

where n < t+a+1 and k, > t —v(t) — a — 1 are integers satisfying
liminf,, o k,/n > 1 — € and k,, < n. The constant C; may be bounded
uniformly by C; < (56%(|e| + 1 + 26)?), and the constant Cy depends only
on the integer a (which depends only on #). The right hand side of (2.17) is
independent of the choice of z;, as long as |z| < ().

Inequalities (2.13) and (2.17) now imply that

1
— | log inf wu(ct+ z,t) —log sup wu(y,t1) (2.18)
t |2]<(t) yEBs(ct1)
1 n—1
> —|log(K,)|C1Co= Y [ 14 sup [V(z,t, &)
" e telj—1,]

z€R?

Now we apply Corollary 2.2 to the sum on the right hand side to conclude
that

1 _
—|log inf wu(ct+ z,t) —log sup wu(y,t1) | > Cse(1+ V3)
t |z1<~(2) y€Bs(ct1)

holds for any w € Qo, where QO has full measure. The constant C3 now

satisfies C3 < Cy(|c| + 1+ 6)? for some other constant Cy depending only on
f. This proves the lower bound.

13



23 Lal“ge DeViathﬂ Estjmates KPP fronts in space-time random advection

The upper bound can be proved by following the same argument, except
that Lemma 2.1 is applied forward in time along points (z;,t;) € RIt!
defined by

P = —i zt+c Lc c P= ] .
z; (1 ’Y(t)>(t+ t)+7(t)(t+ ~(t)), ti=t+j (2.19)

for j =1,...,Ny = v(t). Thus, (x1,t1) = (2 + ct,t) and (xn,tn) = (c(t +
v(t)),t + v(t)). The remaining details are the same as in the case of the

lower bound.
O

2.3 Large Deviation Estimates
For 6 >0,z € RY and t > s > 0, let ¢(y,t;2,8) = d(y,t;x,5,&) satisfy the
advection-diffusion equation

Orp=Dyp+V -Vo (2.20)
for ¢t > s with the initial condition

1 y € Bs(x)

0 otherwise (2.21)

¢(y’ S; aj? 87 CD) = {

at time t = s, where 6 > 0 is a fixed parameter. In this section we will derive
tail estimates on ¢ that we will later use to bound the solution u(z,t,).
The main result of this section is the following:

Theorem 2.2 There is a set of full measure Qg C €, ]5((20) =1, and a
convex function H(c) : R — [0,00) such that the following holds. For any
open set G C RY,

1
ool . . N> '
htIEwl)Iolf ; log zle%fG #(2,t;0,0,0) > 01€an° H(e) (2.22)

and for any closed set F C RY,

1
lim sup - log sup ¢(z,¢;0,0,0) < — inf H(c) (2.23)
t—oo t T zetF ceF

for all & € Q.

14
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The function H appearing here is the same H described in Theorem 1.3.
Later in Section 4 we will show that this function H is characterized as in
Theorems 1.2 and 1.3.

Remark 2.2 The function ¢(x,t;0,0) depends on the parameter 6. How-
ever, using the stationarity of the field V(x,t) and the linearity of the equa-
tion for ¢(x,t;0,0), one can show that the function H(c) is actually inde-
pendent of § and that Theorem 2.2 holds for any such ¢ with non-negative,
compactly supported initial data.

The proof of Theorem 2.2 will rely on the following lemma:

Lemma 2.3 There is a set of full measure Qy C Q, P(Qo) =1, and a
convex function H(c) : R — [0, 00) such that the following holds: If y(t) >0
is any nondecreasing function satisfying limsup,_, ., v(t)/t < €, then for any
ceQ?

1 _
limsup — log sup ¢(ct+2,t;0,0) < C(1+|c|+0)*e(1+ V) — H(c) (2.24)
tooo b 1<)

1 _
liminf -~ log inf )¢(ct+z,t; 0,0) > —C(1+4|c| +0)*e(1+ Vo) — H(c) (2.25)
t

t=oo t T ] < (
for all & € Qo. Here, V is defined by (1.3) and C = C(6) is a constant.

Proof of Lemma 2.3: Define the family of functions

¢~ (y,t;,s) = inf oy, ;2 ). (2.26)
y' €Bs(y)

(For clarity we will suppress the dependence of ¢ and ¢~ on w). By the
maximum principle, it is easy to see that for any z,y,z € R and r < s < t,

¢ (z,t52,m) > ¢ (y,5:2,7)0 (2, 1;9, ). (2.27)

For ¢ € R? fixed, define the random process gmn (W) = log ¢~ (em, m; en, n, @)
indexed by m,n € Z, 0 < m < n. We observe that ¢, , is stationary and
superadditive:

Gmpn = Gk + %n, YM<k<n
Qm—l—r,n—l—r(‘i}) = Qm,n(T(c'r,'r)‘*D)- (228>

We will show in Lemma 2.4,

E{|gonl] < oo (2.29)

15
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for all n. Therefore, from the ergodic theorem (e.g. [1]) it now follows that
the limit

A

1 1
—H(c) = lim —qo, = 31;%) —don <0 (2.30)
n

n—oo N

exists almost surely and is non-random. The convexity of H follows from
the subadditivity relationship (2.27), as in [24].

Lemma 2.4 For any c € R, § > 0, and any integer n > 1, E[|qo.n|] < 0o.

Proof of Lemma 2.4: We will iteratively apply Lemma 2.1 to the function
o(y,t;0,0). First, we claim that

E [|10g inf ¢(y,1;0,0,a&)|] < 0. (2.31)
yEBs(c)

(Here t = 1.) To prove this, consider the function p(\,t,&) defined by

t
p(M @) = tA]* + / sup |A- V(z,s,w)|ds. (2.32)
0 zeRd4

It is easy to verify that the function n = e M*+P(M) gatisfies 9y < Ln
for all t > 0. So, for any z, A € R? the maximum principle implies that
P(x,t;0,0) < elMoe=A2+p(M)  For ¢ = 1, we may construct an upper bound
on ¢(x,t;0,0) using multiple such A with |A| = 1. This implies that

/ d(x,1/2;0,0)dx < KeP1/2) =R pd=1
|lz|>R

where p(1/2) = 1/2 + f01/2 sup, |V (z,s)| ds. Therefore, there is a constant
K such that for R > K + 4p(1/2), the right hand side is bounded by
1/2 [ ¢po(z)dz > 0, where ¢o(z) = ¢(z,0;0,0). From the incompressibil-
ity of V(z,t,w), we see that the integral of ¢ is preserved for all ¢ > 0.
Thus

1
/x<Rq5(m,1/2;O, 0)dx > §/¢0(a:)dx

and therefore, sup|,<p ¢(7,1/2;0,0) > CR™% [ ¢o(z)dz. Lemma 2.1 now
implies that

inf ¢(z,1;0,0) > KfCR_d%/qﬁo(x) (2.33)

lz|<R

16
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where k is bounded by
2

E<Cy |14 sup |V(z,t)|]| . (2.34)

z€R?
t€(0,3]

Since the right hand side of (2.34) is integrable with respect to P, by as-
sumption (1.3), the lower bound (2.33) implies (2.31).
Next, for any integer j > 1, define x; = c¢j and t; = j, and let

M; = M,

Zj5t53T5415t5+1

(2.35)

where My, 1.2, t;,, 18 given by (2.5). Now if we apply Lemma 2.1 itera-
tively, once at each of the n — 1 intervals [7,j + 1], j = 1,...n — 1, we see
that

log inf ¢(y,n;0,0) >log  sup ¢(y,1;0,0) + log(K Zk (2.36)
y€Bs(cn) y€Bs(c(1))

where the numbers k; are bounded by
2
T T
b < 50— OGP (1252214 2) = 520G (e + 20 (11— )
tit1 — 1
The k; are the exponents from estimate (2.7) when we replace (z1,t1;22,t2)
by (@j,t5; %41, tj+1)-

Since each M is square integrable by assumption (1.3), it follows that
the sum > 7, k; is integrable. This implies that

Blltonl] = B [log_inf 60100 < o0
y€EBs(cn)
if (2.31) holds. This proves Lemma 2.4. [J
So far we have shown that for a given ¢ € R,
1
lim —qo, = —H(c) (2.37)
n—oo n

holds almost surely with respect to P, as n runs through the integers. Using
(2.7), we see that for any ¢ > 1

inf @y, t+7;0,0) > KFD sup ¢(y,;0,0) (2.38)
yE]?’nzse([Cl(';J]rT)) yEBs(ct)

17
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for some number k(t) that can be bounded by k(t) < 10(02)(Mep 4.c(142),(1+2))° (I¢] + )2,
However, this bound and (2.37) imply that both

tlirglo%logyeng(ct #(y,t,0,0) = —H(c), (2.39)
and
lim 1log sup ¢(y,t;0,0) = —H(c), (2.40)
t—oo t yEBs(ct)
holds along continuous time provided that limsup,_, ., @ = 0. Since the

random variable M = M 4.0(142),(t+2) 18 square integrable and stationary
with respect to shifts in ¢, the ergodic theorem implies that

o1 2 2
z\}féoﬁz_:l(M") = E[(M)?] < o0
Therefore,
k(t M;)?
lim sup Q = tlim % =0
t—o0 0

almost surely.

This proves Lemma 2.3 for v(¢) = § and ¢ € R? fixed. For the general
case with limsup,_, . v(t)/t < € and |z;| < y(t), we may prove (2.24) and
(2.25) by applying the continuity estimates in Proposition 2.1 to the function
&(y,t;0,0) (in this case, &(x,t,w) = 0). From the lower bound in Proposition
2.1, we see that there is a set ), of full measure such that

1
liminf — | log inf ¢(ct + 2,¢;0,0) — log sup o(y,t —~(t);0,0)
tmoo t =< (@) yEBs (e(t—(1)))

> —C(1+ e 4 0)%e(1 + Vh) (2.41)

holds for all ¢ € R% From (2.40) and (2.41), it now follows that for any
fixed ¢ € RY

hm 1nf log‘ ‘mf o(ct + 2,t;0,0)
2| <v(t
> —C(1+|c| +0)%e(1 + V3)
(t—n() 1
log sup o(y,t —v(t);0,0
t =) " yeBset—®)) ( (£):0,0)
—C(1+ |c| +8)%e(1 + Vo) — H(c) (2.42)

+ lim inf
t—oo

18
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holds almost surely with respect to P. (Note that since H(c) > 0, we
have discarded the extra eH(c) term that comes from the factor ~(t)/t.)

Similarly, the upper bound in Proposition 2.1 and (2.39) imply that for any
fixed ¢ € R?

1
limsup —log sup ¢(ct + z,t;0,0)

t—0o0 |2<~(t)
< O(1+ e +6)%e(1 + Vo)
. (t+~(1)) 1 .
+ lim su lo inf ,t—(t);0,0
t—><>op t (t+~()) gyGBa(C(ter(t)) Py ) )
< C(1+ || +6)%e(1 + Vo) — H(c) (2.43)

The subset of 2 on which this convergence holds depends on c. However,
by taking the countable union of all such subsets for ¢ € Q¢, we obtain a set
Qo, P(Qp) = 1, such that both (2.42) and (2.43) hold for all ¢ € Q% and all
& € . This completes the proof of Lemma 2.3.

O

Proof of Theorem 2.2: We first prove the upper bound (2. 23) Sup-
pose that F' is compact. For any e > 0, there is a finite set {c]} v, C Q4

such that F C Uj:1 Bc(c;j). Therefore,

sup ¢(z,t;0,0) < sup sup ¢(cjt + 2,¢;0,0)
2€tF j=1,..,N |z|<et

Since N is finite, and F is compact, (2.24) now implies that

1 1
limsup — log sup ¢(2,¢;0,0) < limsup —log sup sup ¢(c;t+ 2,t;0,0)
t—00 2CtF t—oo b =1, N |z|<et

= —H(c)+ O(e).

So, for compact F', we obtain the upper bound (2.23) by letting € — 0. The
case of general closed F' follows from Lemma 4.1.

The proof of the lower bound (2.22) is similar to the preceding argument,
except that we invoke (2.25) instead of (2.24). This completes the proof of
Theorem 2.2.

O
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3 Proof of Theorem 1.1

3.1 The upper bound (1.4)

The upper bound (1.4) of Theorem 1.1 follows easily form Theorem 2.2. Let
d > 0 be large enough so that the support of ug is contained in the ball
B;s(0). Then by the maximum principle,

uly,t) < etf’(0)¢(y7t;070):et(f’(0)+%logfb(y,t;O,O)). (3.1)

Let F be a closed set satisfying F' € R\ G where G is the bounded, convex
set

G = {c e RY H(c) < f’(o)} .
Now, by Theorem 2.2,
1
lim — logsup ¢(ct,t;0,0) < —f'(0). (3.2)
t—oo ¢ cEF

Combining this with (3.1), we have lim;_,~ sup.cp u(ct,t) = 0, which proves
(1.4). O

3.2 The lower bound (1.5)

To prove the lower bound (1.5) we will use the following lower bound on the
decay rate of the solution u(x,t,&) beyond the front interface. This bound
is modeled after a similar estimate of Freidlin in the case of steady, spatially
periodic drift (see Lemma 3.3 of [10]), and it relies on the assumption that
1(0) > 0, which holds for the KPP-type nonlinearity.

Lemma 3.1 For any compact set K C {c € R H(c) — f'(0) > 0},

lim inf 1 log in}f{u(ct,t) > —max(H(c) — f'(0)) (3.3)

t—o0 ce ceK
holds almost surely with respect to the measure P.

We will postpone the proof of Lemma 3.1 and conclude the proof of the
lower bound (1.5). In the following step, we construct subsolutions and use
a comparison argument to show that v ' 1 behind the interface. For each
s > 0, define the bounded convex set I'y C R4 by

T, = {c e RY| H(c) < s}. (3.4)
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Let €; > 0 and set s1 = f/(0) — €;. For h € (0,1), we will show that

lim inf wu(ct,t) > h .
pm inf u(ct,t) > (3.5)
since €; and h are arbitrarily chosen, this implies the lower bound (1.5).

Now we construct a subsolution to (2.8) to which we will compare u and
obtain (3.5). Let h € (0,1) be fixed. Let us define the set

Jn(t) = {z € RY| u(z,t) < h} (3.6)

for each ¢ > 0. The boundary of Jj(¢) (if there is a boundary) is the level set
defined by u(-,t) = h, and this level set must be bounded, by the established
upper bound on u. For €3 > 0, let s3 = f/(0)+e€2. Let J!(¢) and J?(t) denote
the sets

TN = Tn() (VTsy, () = Ju(t)[ )T s,

Notice that these sets are bounded at each t, and that J'(t) C J2(t) for
all ¢ whenever the sets are nonempty, since I'y;;, C I';,. Lemma 3.1 and the
maximum principle imply that we can take ey sufficiently small and ¢y > 0
sufficiently large so that
inf wu(ct,t) > e 12 (3.7
c€ls,
for all ¢ > tg. Thus, inf,¢ s2(4) u(x,t) > e 2 also holds for t > t.
Let us define the positive number &, = inf,¢o ) f(u)/u. Thus, &, —
1'(0) as h — 0. For given h € (0,1), tg, and a parameter x € (0,1) to be
chosen, we will compare the solution u(z,t) with a function ) (z, ¢;tg) of the

form
P(x,t;to) = ho(x, t; 1) — goer 10Dy (x, 1), (3.8)

We will compare u(x,t) and (x,t;tg) for z € J?(t) and t € [to, (1 + K)to).
The family of functions ¢(z,t;tp) will be chosen to satisfy the following

properties:
(i) O < L for all z € R and t > t.
(i) ¢(z,t;t0) <1, for all (x,t).
(iii) @(z,t;t0) < 0 for all x € tAl's, and t € [to, (1 + K)to].
)

(iv
lim inf @(c(1 + K)o, (1 + K)to;to) = 1. (3.9)

to—o0 cel's;
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The constant go will be positive. We choose the constant e (appearing in
(3.7)) sufficiently small so that 2es < £,k. Thus, €2 and I'y, depend on the
choice of k and h. Then we set gy = he?*2%0,

A straightforward calculation using property (i) shows that ¥ (x,t;tq)
satisfies

o < L+ & — Eho + Eugoe” )
= Lo+ & — ho(€ — &) — Env (3.10)

fort > tg. For any x € Ji(t), {(z,t) > &, > 0, by definition of &,. Also, since
u >0 and gy > 0, (3.8) implies that ¢(x,t) > 0 wherever ¢)(x,t) > 0. So, if
x € Jp(t) and ¢(x,t) > 0, (3.10) implies that ) must satisfy the inequality

oy < L+ &y (3.11)

at the point (x,t). So, the function 1 is a subsolution to the equation solved
by u in the region of interest.

The function v also takes values less than u(zx,t) on the parabolic bound-
ary of the region of interest. If the boundary 90Jy(t) is nonempty and
x € 0Jy(t), then u(x,t) = h > ho(z,t) > (x,t). Since go > 0, Y(x,t;t) <
0 < u(z,t) for all z € tdl's, and t > ty. Moreover, by the choice of gy and
o(x,t;tg) < 1, ¢ satisfies

W(z,tosto) < u(w,ty), Va e J2(t0), (3.12)

since u satisfies the lower bound (3.7).

Inequality (3.11) holds if x € J2(t) and % (z,t) > 0. Since v > 0 and
Ou = Lu + &u, the maximum principle implies that u(z,t) > ¥(x,t;tg) for
all x € J2(t) and t € [to, (1 + k)tg]. From (3.9) and the definition of ¢ we
see that

lim inf ¥(z, (14 K)to;to) = h. (3.13)
to—00 zeJL (1)
Here we have used the fact that 2e5 < &pk. Since u(z,t) > h for all z €
(Jn (1)), the limit (3.13) now implies that

lim inf wu(c(l+ K)to, (1 + K)tg) > h (3.14)

to—oo cel's

This is equivalent to the desired bound (3.5).
Therefore, to complete the proof, we must construct the function ¢(z, t; t¢)
satisfying the desired properties. Set €3 = (¢1)/2 and s3 = f'(0) — €3, so that
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I's, cI's, C I'y,. Since I'y;, I's, and I'y, are convex, we can choose finite
sets {cj};-vzcl C I's, and A\; C R? such that both

Ne
Ty, € (e eRY N - (c—¢j) >0} (3.15)
j=1
and
dist | 0T, , (e €RY| N (c—¢;) >0} | >0 (3.16)

j
are satisfied. Notice that properties (3.15) and (3.16) depend on the orien-
tation of the A\; but not on the magnitude of the ;. Also, notice that the
sets OI's, and OI's, are both bounded away from the set JI's, by a distance
that is independent of k. The sets Iy, and I'y, (and the vectors {c;}, {)\;})
do not depend on k. The sets I'y,, I's,, and I'y, are depicted in Figure 1.

Figure 1: The convex sets OI'y,, OI's,, and OI's,. The points represent c;,
j =1,... N, and the lines represent the sets {c | A; - (c —¢;) = 0}. The
region bounded by these line segments represents (;{c| A; - (¢ — ¢;) > 0}.

Now for fixed tp, let z; = c;tg, and consider the function ¢(z,t;t0)
defined by
Ne
d(x,t;tg) = 1_Ze*)\j'(xij)*ﬁ(%j)tow()\jﬂf) (3.17)
j=1

where the function p(\, ¢, @) is defined by (2.32), and

p(N) =N+ E

sup |A; - V(z,0,0)|| . (3.18)
z€RY

23



32 The ]OWGI" bound (15) KPP fronts in space-time random advection

It is easy to verify that 0;¢ < L¢ for all ¢t > tg. Thus, property (i) holds.
Clearly property (ii) is satisfied, as well.

Now we verify properties (iii) and (iv) for ¢(x,t;to). Since the sets OL's,
and OI'y, are both bounded away from the set 0I's, by a distance that is
independence of &, it follows from (3.15) and (3.16) that for ~ sufficiently
small there exists §; > 0 such that

s
inf inf \;-(c——"=)>96 3.19
Jje{l N} cely, Y (c (1-— n)) ! (3.19)
is satisfied and such that
s
inf  sup —\j-(c— —L—) >4 (3.20)
€Ty jef1, N} (1-k)

is also satisfied.
From the ergodic theorem, we see that

1 _
Jim =p(Aj;¢) = p(A)

holds almost surely with respect to P. Define R(\,t) = [p(\) — %p()\,t)], S0
that [R(\, )| — 0 as t — co, P-almost surely.
Now by (3.19), we find that for each j =1,..., N,

sup loge N (c(I+r)—c;)to—p(Aj)to+p(A;,(1+k)to)
0

Cel"sl (1 + /“ﬂ)t

< (15 ) o+ - (3= 7259)) + IR (01 -+ )

- < n >5(Aj)_ inf (Aj-(c—i)) +[R;((1+ &)to)]

1+ k cely, (1 + /4;)
< <1%ﬁ> p(Aj) — 01+ |R; (1 + k)to)]. (3.21)

Thus, by taking s smaller, the right hand side of (3.21) can be made negative,
for all j, for ¢y sufficiently large. Therefore, returning to (3.17) we see that

lim inf ¢(c(1 + k)to, (1 + K)tosto) = 1.

to—oo cel's;

This establishes (3.9).

24



32 The ]OWGI" bound (15) KPP fronts in space-time random advection

Similarly, using (3.20) one can establish property (iii), as follows. We
now find that

—Aj-(e(1+8)=¢j)to—p(Xj)to+p(Aj,(1+B)to)

inf inf sup loge

Bel0k] celsy 5 (14 B)to
C; J6]
> inf inf —Aj - (e— =—L=)+p(\; <—>>
Jnt i s (<o - )+ ) (15
— sup sup|R;((1+ B)to)|- (3.22)
Be0,k] 7
Using (3.20) and the fact that

lim sup sup|R(Aj, (1+ B)to)| =0,
tp—00 Bel0,x] J

we may take k sufficiently small and ¢y sufficiently large to make the right
hand side of (3.22) strictly positive. Then, returning to (3.17) we see that

limsup sup sup ¢(c(1+ B)to, (1 + B)to;to) = —o0. (3.23)
to—00 ,BE[O,F»J] CEFSI

This establishes property (iii). Having verified all the necessary properties
for the family of functions ¢(x,t;t¢), this completes the proof of the lower
bound (1.5).

O

Proof of Lemma 3.1: Forc ¢ R4, t—1 > s > 0 given, and b > 0
to be chosen, we define an auxiliary quantity ¢, (¢;s,c) as follows. First,
let z9 = c@. Now, we will fix b > ¢/2 sufficiently large so that the
ball By;_g)(20) contains both Bs(cs) and Bs(ct). For z € Byy_g)(20) and

€ (s,t], let ¢(z,7;s,t,c) satisfy

D=0, +V(z,7) -V (3.24)
with the initial condition

~ { 1 z € Bs(cs)

?(z,8:8,8,¢) = 0 otherwise (3.25)

at time 7 = s, and Dirichlet boundary condition ¢(z,7;s,t,¢) = 0 for z €
OBy(1—s)(20). Now define ¢, (t;s,c) by

“(t:s,¢) = inf ¢y, t;s,t,c), 3.26
Gy (.0 = nl dntis 0 (3.20)
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Notice that the only difference between ¢, (t;s,c) and ¢~ (ct,t;cs,s) (de-
fined by (2.26)) is the Dirichlet boundary condition used in the definition of

@, (t;s,c).

We will now make use of the following fact, which we prove later:

Theorem 3.1 There is a set of full measure Qg C Q, P(Q) = 1, such that
the following holds. For any c¢ € Q% there is b > 0 sufficiently large so that
for any K € (0,1],

lim inf 1 log ¢, (t; (1 — K)t,c) = H(c) (3.27)

t—oo Kt

for all 0 € Qo. The function H(c) is the same as in Theorem 2.2 and
Lemma 2.3.

Now we finish the proof Lemma 3.1. Pick ¢ € K N Q% Thus, H(c) >
1(0). Now take b > 1+|c| sufficiently large, as required by Theorem 3.1. The
upper bound (1.4) on u(z,t) implies that we may take x € (0, 1) sufficiently
small and ¢ sufficiently large so that

K

£(z,8) > &, Vo€ Byg((l 5

)et), s € [(1— k)t t]. (3.28)
The maximum principle implies that

inf 1) > (e rhgp(t: (1 — k)t inf 1—k)t). (3.2

We already know that

1 1
liminf —log inf w(z,t) > liminf —log inf ¢(z,¢;0,0),
t—oo { z€Bgs(ct) t—oo T z€Bgs(ct)

which is finite since it is bounded below by —H (c). Therefore, (3.29) and
Theorem 3.1 imply that

1 1
N & . S o1 1
hg})rolf ; log Zeg;f(ct) u(z, t) > &+ htrgloglf ; log ¢, (t; (1 — K)t, c)
= & —H(o).

Since the left hand side is independent of h, we now let h — 0 so that
&n — f'(0). Therefore,

1
liminf —log inf wu(z,t) > f'(0) — H(c) (3.30)
t—oo { z€Bg(ct)
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To finish the proof, we apply the continuity estimate of Proposition 2.1.
For ~(t) = et, the lower bound of Proposition 2.1 implies that

el .
htni'g.}f " log |Z1|I;f€tu(ct + 2,t)
1
> liminf — 1 inf 1—e)t
> liminf - OgyeB(;l(Icl(l—e)tu(y’( €)t)

—C(1+|e| +6)*e(1 + [l + V2)
= f(0) — H(c) — O(e) (3.31)

The last equality follows from (3.30).
Now we proceed as in the proof of Theorem 2.2. Since K is compact, we
can pick € > 0 and a finite set {cj}é-vzl C Q4, such that

N
K K'(e) 2 | Beley)
j=1

while € is small enough so that H(c) < f'(0) — €/2 for all ¢ € K'(¢). There-
fore,

inf u(z,t) > inf inf wu(cjt + z,1t)

z€tK j=1,...,N |z|<et

Since N is finite, and K is compact, (3.31) now implies the result (3.3). O

Proof of Theorem 3.1: The only difference between ¢(z,7;s,t,¢) and
¢(z,7;cs,8) (defined by (2.20)) is the Dirichlet boundary condition in the
definition of ¢. Therefore, the maximum principle implies that for 7 €

[s,t] and z € By(z0) ¢(z,7;s8,t,¢) < ¢(z,7;¢s,8). For given s < t, let
m(z,7;8,t,¢) be defined by

w(z,T;8,t,¢) = P(z,T;¢8,8) — ¢~)(z,7'; s, t,c) (3.32)
for 7 € (s,t] and z € By(zp), 20 = c@. Then w(z,7;s,t,c) satisfies
O,m = L7 with

m(z,8;8,t,¢) =0, YV z€ By(z)
0 <m(z,7;8,t,c) <1, Vze€dBy(z), T€(s,t] (3.33)

Now we choose s = (1 — k)t, and we claim that

1
lim limsup —log sup 7(z,¢; (1 — K)t, t,c) = —o0. (3.34)
b—=00 t—oo K z€Bgs(ct)

27



32 The ]OWGI" bound (15) KPP fronts in space-time random advection

However, we already know that

1
lig}gf o log Zeg(lgf(ct) o(z,t;c(1 —K)t, (1 —K)t) = —H(c) > —o0.  (3.35)
Since 7(z, 7; (1 — K)t,t,¢) > 0 for all ¢, the combination of (3.34), (3.35) and
the definition of 7 imply Theorem 3.1.
We prove the claim (3.34) for k = 1. The proof in the case K < 1 is
similar. We compare 7(z,7;0,t,¢) with a function 7(z,7) of the form

N
n(z,7) = Z e~ N (z2=2)+p(X5,7) (3.36)
j=1

where p(Aj,7) is defined by (3.17) (here, tg = (1 — k)t = 0). The function
n(z, ) satisfies 0,n > Ln. Next, we choose b, z; and A; and use the maxi-
mum principle to show that n(z,7) > m(z,7;0,t,c) for all 7 > 0 whenever ¢
and b are sufficiently large. The constructed function 7(z,7) depends on ¢,
¢, and b, but for clarity we suppress this dependence in the notation.

We choose b > 10(1 + |¢|). By choosing z; in the set 0By /5(20), we have
Bs(ct) C Byya(20) so that

inf inf 23S (3.37)
J z€Bg(ct) t

We choose the \; € R? independently of ¢ so that |\;| = 1 and

inf inf ;- E=%) | o (3.38)
J 2€By;/4(20) |z — Zj|
and
inf inf—\, - E=2) o (3.39)
2€0Byi(z0) J ‘Z — Zj‘

hold for all ¢ > 1, for some constant C' > 0.

Clearly 1(z,7) > 0 for all z € R%, 7 > 0. Moreover, for b sufficiently
large and ¢ sufficiently large, n(z,7) > 1 for all z € OBy (z9). This follows
from (3.39) since

inf infe

=X (z=25)+p(Njym) > (Cbtp(AT) . Cbt (3.40)
2€0Byi(20) J o B

So, we can take ¢ sufficiently large so that the right hand side of (3.40) is
greater than 1 for all 7 € [0, ¢].
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For any z € Bs(ct) C By ja(20), (3.38) implies that

(:=2) , POt

1
Elogn(z,t) < N max —)\;-

Jj=1,.,N t t
i, t
< N max —Cb—i—M
j=1,..,.N t

Since limy_,o0 p(Aj, 1)/t = p(A;) is finite, this implies that

. . 1
limsup limsup —log sup n(z,t) = —oc.
b—oo  t—oo z€Bgs(ct)
This implies the claim (3.34) since m(z,t) < n(z,t) for z € Bs(ct). This
completes the proof of Theorem 3.1.
O

4 The Lyapunov Exponent

In this section we prove Theorem 1.2, Theorem 1.3, and Theorem 1.4. For
A € RY let ¢ = ¢y be defined by (1.9) with oy (z,0) = 1. If ny(z,t) =
e Ay (z,t) , then ny solves

Ah(m) = A+ V- Vi (4.1)
with initial data 7y = e~*. When the dependence of 7y and ¢, on A is
clear from the context, we will just write n and ¢ respectively.

Lemma 4.1 For any ¢ € RY,

o(ct,t;0,0,0) < exp (—t 4

for all t > 0, where Vi(®) = %fg sup,cra|V (y,5,@)|ds and lim;_o V; =
Elsup,|V (z,0,w)|] almost surely.

Proof: By the maximum principle, ¢(x,t;0,0) < n\(z, t)ewé. Therefore,

o(ct,t;0,0) < (gz))\(ct,t)e*)"dﬂ)‘l‘;) (4.3)
By Grownwall’s inequality, it is easy to see that
t
sup (2. 0) < exp (Pt + [ sup ]\ Vigs@)lds ) (@)
z€R4 0 yeR4
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so that by choosing A = r|—§‘, we have
é(ct,1;0,0) < e—)\.ct+|)\|2t+f0t sup, cpa| AV (y,5,0)] ds+[[6
<t Hr(Vi=lel+6/1)) (4.5)

The result follows by optimizing (4.5) over r. [J

Proof of Theorem 1.3: We have already established that (1.7) holds. It
remains to prove that H is characterized by

H(c) = sup (c- A —p(N)). (4.6)
AeRd

Let ¢(x,t) = ¢(x,t;0,0), and consider the family of probability measures P;
on RY (for fixed &) defined by

Pi(A) = Zit /A b(ct, 1) de, (4.7)

where Z; is the normalizing constant Z; = [pq ¢(ct, t) de = 17 [pa ¢(x,0) dz.

Using Theorem 2.2, one can show that (almost surely with respect to ]5) the
family of measures P, satisfy a large deviation principle with rate function
H(c). Let F(c) = A-c. Then using Lemma 4.1, one can show that

1
lim limsup — log/ ethe Py(de) = —c.
t F()>L

L—oo t—oo

Now, by Varadhan’s Theorem (see [30], Section 3) the limit

1
lim —log Ep, [etF(c)] = sup (F(c) — H(c)) (4.8)
t—oo t ceR4
holds. Hence,
1 1
lim —log/ eep(ct,t)de = lim —log/ N (x, t) da
t—00 Rd t—o00 R4
= sup (A-c— H(c)). (4.9)
ceRd

The convexity and super-linearity of H(c) now imply that

H(c) = sup (c- A — u(N)) (4.10)
AeRd
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where p(A) is defined by the almost sure limit

t—o0

1
w(A) = lim —log/ T (x,t) da
t R4
O

Proof of Theorem 1.4: Observe that the function oy = ny(z,t)e*® and
the function ¢(x,t)eM? solve the same equation (1.9) with different initial
data, since 1) and ¢ solve the same equation.

Let n*(y, s;t) solve the adjoint equation dsn* + L*n* = 0 for s € (0,t)
with terminal data n*(y,t;t) = e*. Let ¢} (y,s;t) = e *Yn}i(y,s;t). The
function ¢*(y, t;t) solves

0sp™ + A" — (V(y, ) =20)- V" + (A2 = A-V(y, )~ V-V)" = 0. (4.11)

for s € (0,t) with terminal data ¢*(y, t;t) = 1. Using the fact that n*(x,t;t) =
eM? the equations satisfied by ¢ and n*, and integration by parts, we see
that for each t > 0,

Pz, )N de = o(z, t)ny (z, t;t) do (4.12)
Rd Rd

= [ 00001y = [ ool 0:006¥ dy
R4 Rd

Since ¢o(y) is compactly supported,

Ky inf ¢3(y,0;t) < / Po(y)¢" (y,0;1)eM dy < Ko sup ¢} (y, 051)
y€B5(0) yeB;(0)
for some constants K7, Ko. This implies that

lim sup — log inf go*(y,O;t)gu(/\)<hm1nf log sup ¢*(y,0;t)
t—oo t  yEB;(0) t=oo b " yeBs(0)

(4.13)
Then by applying Harnack estimates to the function ¢}, as in Proposi-
tion 2.1, we can use (4.13) to show that

1
limsup —log inf @*(y,O;t)Zu(A)—hmmf log sup ¢"(y,0;7)
t—oc t  yeBs(0) t=oo T e By(0)

This and the stationarity of V with respect to « implies that, for any = € R,

1
lim sup |=logy*(y,0;t) — u(A)| =0. (4.14)
=% yeBs(a) | T
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holds almost surely with respect to P. Finally, the convergence stated in
Theorem 1.4 follows from (4.14) by applying Harnack type estimates (as in
the proof of Lemma 2.3) to the function ¢* and proceeding just as in the
proof of Theorem 2.2.

O

5 Bounds on Front Speeds

In this section, we prove lower and upper bounds of ¢* in terms of statistics
of V and the front speed ¢ in the absence of advection. We define ¢g to be
the front speed corresponding to V' = 0.

Proposition 5.1 Suppose V is divergence free and mean zero: E[V(j)] =0
for 3 =1,...,d. The front speed c* satisfies the upper bound:

(1) c*(e) < co + Ep[||V|Le], implying at most linear growth in § > 1 if V
is scaled according to V +— dV.

If V(x,t) is uniformly bounded, then c* also satisfies the lower bound
(2) c*(e) > co.

Proof: Consider the function ¢*(z,7;¢,w) which solves the terminal value
problem (1.9). The maximum principle implies that the function ¢* is
bounded by

o (z,0;1,0) < ePEAD) et\)\|2+f0t sup, | AV (z,s)| ds (5.1)
Therefore,
1 1 [t
w() = tlim n log o*(x,0;t) < |[A*+ tlim Z/ sup|\ - V(z, s)| ds
—00 —00 0 =

= |M*+E [sup\)\ . V(w,())@
x

IN

A+ M E [sgp\-w:v,on} (5.2)

Letting A = A - e, we have:

A2+ 1(0) + A E B[V oo
c*(e) < )\ll’lf e f( ) S e P[H ||Lz ] — ¢ +EpH|V”Lg°] (53)
e>0 e
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For (2), consider the function ¢(z,7) = log *(x,7) — |A|?(t — 7) which
satisfies

8TC + AC + |VC|2 - (V(;U:T) - 2)‘) : VC - A V(ZL‘,T) = 07 (54>

with terminal data ((z,t) = 0. For R > 0, let g(x) be a smooth cutoff
function satisfying 0 < g(z) <1 for all z, g(z) =0 for || > R, g(x) =1 for
|z] < R—1, and [|Vg|leo + [|Ag|lec < K. Multiplying by g and integrating
over R? and [0,t] we have

1 /t/ I
CAgdxdt + / C(V =2X)-Vgdzdt
t|Brl Jo JBg t1Br| Jo JBg ( )
b /t/)\VddtJr L[ ¢,0)9d (55)
-Vgdx — x,0)g dz. .
t|Br| Jo /By t|Br| /By

Since V' is uniformly bounded, it is easy to see that 0 < |((x,7;t)] <
K3(t —7) for some constant K3 sufficiently large. This and the fact that Ag
is supported in the set R — 1 < |z| < R imply that

1 /t/ Kit|Br \ Br_1| _ tK>
— C|Agldzdt < < (5.6)
t|Brl Jo BR‘ | | BR] R

Similarly,

1 /t/ Kst|Br\ Br_1| _ Kt
— V —2)\)||Vgldxdt < < 5.7
Tl Jy J, IV =20Vl dedt < =22 8 < S8 (57)

For e > 0, let R = R(t) = 2K4t/e, so that the right hand sides of (5.6)
and (5.7) are bounded by O(e) for ¢ sufficiently large. By Theorem 1.4,

C(z,0)gdz — u(N) + X2 =0 (5.8)

im
t—00 ‘t|BR| Br
Moreover, the ergodic theorem implies that
1 t
lim // - Vgdudt = EX-V] =0 (5.9)
t—oo t|Br| Jo JBg

Therefore (5.5) - (5.8) and our choice of R imply that u(A) > |A|2 — O(e).
Letting € — 0 we have pu()\) > |\|? and
2]+ £(0)

* > inf ————~ =
c’(e) *Al.£l>o A-e €0
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This proves (2). O

The above proposition extends similar bounds in the time random shear
flows [24] as well as bounds for deterministic, periodic flows. For example,
if the velocity field is periodic, mean-zero, and divergence-free, then it is
known that the KPP front speed can only be enhanced by the flow and that
the enhancement can be at most linear with respect to ||V|| s (see references
[4, 8]). Numerical computation of ¢* in randomly perturbed cellular flows
by the authors [25] suggest that ¢* ~ O(0P) at large § may occur for any
exponent p € (0,1), when V is scaled according to V' + § V. So the above
bounds are optimal in time random incompressible flows. The other type of
bound on ¢* for § V with Gaussian statistics in time is obtained in Theorem
5 of [24], namely ¢* < ¢py/1 4+ 02p1, where pp is the integral of correlation
function. We give an extension of such bound for non-shear space time
random flows next.

Remark 5.1 The following computation is formal, but illustrative. A veloc-
ity field that is white-noise in time, could be incorporated rigorously through
a term of the form V - NVu o dW in the original equation (1.1), where o de-
notes the Stratonovich integral. Although this scenario does not fall within
our assumptions on V given in the introduction, the following computation
illustrates the difficulty in estimating ¢* when the velocity V' is correlated in
time.

Proposition 5.2 Suppose in that V has the form

V(x,t,&) =Y Xp(z)Fi(t,®) (5.10)
k

where {Xy(x)} are periodic or almost-periodic, divergence free fields and
{Fx} are white-noise processes in time, so that the covariance matriz func-
tion 1s:

Tij = Dij(x1, 20, ti—t2) = Ep[V O (a1,t1) VY (29, t2)] < p18o(t1—ta) Agj(a1, x2),

where &g is the standard delta function centered at zero, py is a constant.

Then c¢* < cogv/1+ Cop1, where Cy depends only on the dimension d and
f(0).

Proof: The Feynman-Kac formula for ¢* of equation (1.9) gives:

90*(33,0) _ E[ef)\fot V(Z)‘,s)dS] e\)\|2t’
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where Z2 is the diffusion process obeying the Ito equation:
dZM(s) = (V(Z7,5) — 20) ds + V2dW (s), s € [0,1],

Z)‘(O) =z, W(s) = {Wi(s)}&, a d-dimensional Wiener process. Changing
measure by the Girsanov Theorem ([14], Theorem 5.1) yields the following
representation of ¢*:

d  t
E[exp{—A\/i-W(t)Jr\@Z/ VOW,(r),r) dW D (r /HV s)||? ds}],
=170

(5.11)
where W, (s) = z + W(s), E is expectation with respect to W. It follows
that:

d  nt
o < Blexp{-AW2- W) +v23 / VO, (), 1) VO (1)},
i=1 70

and

d .t
Epp* < Ele WO [exp{v2 / VW, (r),r) dW® (r)}].
=1

(5.12)

Notice that inside the inner expectation (with W,(r) fixed), the sum of

stochastic integrals is a linear combination of Gaussian variables. In other
words, the inner expectation is over a log-normal variable, and so:

Epo* < Elexp{-MW2W(t / / er W(r), s, 7) dW 0 (s) dW D (1)},

(5.13)

As V is white in time, e.g. Fij = Aij (331, azg)pléo(tl - tg), the integral n

(5.13) is bounded from above by p; C; fot |[dW (s)||2. The right hand side
expectation of (5.13) is bounded from above by:

t
Elexpf / p1 i [dW(8)]]% — V3N - dW(s)]

N d
HH lexp{p1 C1 (dW D (5))? = V2ADaw DY), (5.14)

where dW® is the Wiener increment over interval of length t/N. We have
used independence of Wiener increments in each component and among
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components. The last expression of (5.14) can be calculated explicitly, and
equals upon taking the limit N — oo:

exp{|A\|*t + p1 d C1 t}.

It follows that:

1 .
o= g el
1
< Jim —log Epp” < A2+ Crdp (5.15)
or
C* SQ\/f’(O)—f—Cldpl :CO\/l—l-CQpl. (5.16)
O

Remark 5.2 IfV is Gaussian but nonwhite in time, the p1dy in the upper
bound of the covariance matriz function is replaced by a nonnegative L' func-
tion with integral equal to p1. The estimate of the right hand side expectation
of (5.13) will be more complicated. One may write the double integral into
discrete sums, and carry out a direct evaluation. It is interesting to establish
a similar result. Inequality (5.16) implies that rapid temporal decorrelation
can reduce speed enhancement, as known for temporally random shear flows
[24] among other time dependent flows in the literature [2, 5, 9, 15, 22].

6 Conclusions

A new Eulerian method is developed to prove the large time asymptotic
spreading of KPP reactive fronts in incompressible space-time random flows
in several space dimensions. The random flows are mean zero, stationary,
ergodic, and can be unbounded in time as long as the moment condition (1.3)
is satisfied. The flow field is locally Holder continuous, which is the case for
turbulent flow fields [20, 32]. The large time front speed is almost surely
deterministic and obeys a variational principle in terms of the Legendre
dual of the large deviation rate function. This addresses the existence of
a turbulent flame speed for KPP fronts, a long standing open problem in
turbulent combustion [28].

A variational principle for the front speeds lead to analytical bounds that
reveal upper and lower limits of speed enhancement in incompressible flows.
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In future work, it will be interesting to further relax the moment condition
(1.3), so the flow field can be unbounded in space as well. Another open
question is to study non-KPP reactive fronts in random flows [23], and to
show that KPP front speeds qualitatively agree with non-KPP ones as seen
in many deterministic front problems [3, 4, 8, 13, 22, 31, 35].
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