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ABSTRACT

Comparing probability measures modulo unknown rigid transformations is a cen-
tral challenge in geometric data analysis. Classical optimal transport (OT) dis-
tances, including Wasserstein and sliced Wasserstein, are sensitive to rotations
and reflections, whereas Gromov-Wasserstein (GW) and Procrustes-Wasserstein
(PW) distances are invariant to isometries but computationally prohibitive for
large datasets. We introduce Rigid-Invariant Sliced Wasserstein via Independent
Embeddings (RISWIE), a scalable distance that combines the invariance of NP-
hard approaches with the efficiency of projection-based OT. RISWIE utilizes data-
adaptive bases and matches optimal signed permutations along axes according to
distributional similarity to achieve rigid invariance with nearly linear complexity
in the sample size. We prove bounds relating RISWIE to GW in special cases
and demonstrate dimension-independent statistical stability. Our experiments on
cellular imaging and 3D human meshes demonstrate that RISWIE outperforms
GW and PW in clustering tasks and discriminative capability while significantly
reducing runtime.

1 INTRODUCTION

Optimal transport (OT) distances, such as the Wasserstein distance, have become central tools in
data analysis due to their ability to compare probability measures in a geometrically meaningful way
(Peyré & Cuturi, 2019; Santambrogio, 2015). However, in settings where shapes may be oriented
arbitrarily, the usefulness of these distances is limited, as they are sensitive to rigid transformations
(Besl & McKay, 1992). Although rigid transformations preserve pairwise distances, rigid point
set registration with unknown correspondences is computationally intractable: the problem requires
jointly optimizing over rotations and permutations, yielding an NP-hard combinatorial search over
point correspondences (Cela, 2013; Ling, 2024).

Several approaches address rigid misalignment by explicitly aligning point sets during comparison.
Procrustes–Wasserstein methods jointly optimize over rigid transformations and transport plans,
equivalently minimizing the Wasserstein distance over all relative orientations between two shapes
(Adamo et al., 2025). In the absence of known correspondences, however, this formulation is NP-
hard (Ling, 2024). More broadly, prior approaches to isometry-invariant shape matching optimize
continuous relaxations of Gromov–Hausdorff–type distortions or rotation-invariant optimal trans-
port objectives; these formulations are nonconvex and are solved in practice via iterative alternating
optimization (Lai & Zhao, 2017; Bronstein et al., 2006).

Other approaches avoid explicit registration altogether by enforcing invariance to rigid motions by
construction. The Gromov–Wasserstein (GW) distance (Mémoli, 2011) compares metric measure
spaces via their internal relational structure rather than ambient coordinates. While theoretically
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appealing, GW distances require solving high-order, nonconvex optimization problems and are NP-
hard in general. Recent work has proposed entropic regularization and algorithmic accelerations to
improve practical performance (Rioux et al., 2024; Zhang et al., 2024; Li et al., 2023), but these
methods remain computationally demanding at scale and typically rely on approximate solvers.
Consequently, the resulting distances are not guaranteed to preserve the ordering induced by the
exact objective, potentially leading to inconsistent rankings between distributions.

Interpretable machine learning methods have been developed across a wide range of modalities
(Rudin et al., 2021; Heile et al., 2025). Our distance is also interpretable in a structural sense: it de-
composes comparison into explicit matches between embedded components across distributions. In
this respect, it is related in spirit to prototype-based models in vision, such as ProtoPNet (Chen et al.,
2019; Donnelly et al., 2024), which make predictions by scoring similarity to learned components.

Motivated by this trade-off between invariance and computational tractability, we introduce a new
distance that achieves rigid invariance while remaining computable in polynomial time and scalable
to large datasets.

Contributions. Our main contributions are:

(i) We introduce RISWIE, a sliced transport distance that combines data-dependent embed-
dings with optimal signed-permutation alignment to compare measures up to rigid trans-
formations at nearly linear cost in the size of the empirical measures.

(ii) We establish theoretical guarantees, including rigid invariance, the pseudometric property,
closed-form expressions for Gaussian measures, and explicit bounds relating RISWIE to
Gromov–Wasserstein.

(iii) We demonstrate empirical, dimension-independent finite-sample convergence for bias and
variance.

(iv) We show that RISWIE achieves state-of-the-art runtime with essentially no accuracy trade-
offs in shape partitioning, clustering, and alignment benchmarks.

2 PRELIMINARIES

We use k � k to denote the ‘2 norm on Rd, P(Rd) the set of Borel probability measures on Rd, and
P2(Rd) the subset with finite second moments. Given �; � 2 P2(Rd), the 2-Wasserstein distance is

W 2
2 (�; �) = inf

�∈Π(�;�)

Z
Rd×Rd

kx� yk2 d�(x; y); (1)

where �(�; �) is the set of couplings with marginals �; � (Villani, 2008; Santambrogio, 2015). In
practice, the above measures are approximated by the empirical sample-based measures

�s = 1
s

sX
i=1

�xi ; �t = 1
t

tX
j=1

�yj ;

which can be shown to converge weakly as s; t ! 1 by a theorem of Varadarajan (Varadarajan,
1958). For n samples, the computation of this distance scales as O(n3 log n) , and entropic regular-
ization reduces this to O(n2) per iteration using Sinkhorn updates (Peyré & Cuturi, 2019). Despite
these improvements, Wasserstein remains expensive in high dimensions and sensitive to rigid trans-
formations.

An extension of this distance is the Procrustes–Wasserstein distance, which seeks a rigid transfor-
mation of the ambient space that best aligns two measures jointly with transport. Formally, it is
defined as

PW2
2(�; �) = inf

R∈O(d)
inf

�∈Π(�;�)

Z
Rd×Rd

kx�Ryk2 d�(x; y): (2)

where O(d) is the set of all rigid transformations. While this formulation is desirable, it is NP-hard
(Ling, 2024).
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Taking a different approach to achieve rigid-invariance, the Gromov–Wasserstein (GW) distance
compares measures on metric spaces(X; d X ) and(Y; dY ) without requiring a shared ambient space,
instead aligning their internal distance structures (Mémoli, 2011):

GW2
2(�; � ) = inf

� 2 �( �;� )

ZZ �
�dX (x; x 0) � dY (y; y0)

�
�2

d� (x; y) d� (x0; y0):

While GW is invariant to rigid transformations, it also requires solving an NP-hard quadratic as-
signment problem (Cela, 2013; Kravtsova, 2025). Even approximate solvers scale asO(n3) per
iteration, making GW computations scale poorly with sample size (Kerdoncuff et al., 2021; Rioux
et al., 2024; Li et al., 2023).

While Procrustes-Wasserstein and Gromov-Wasserstein are the two natural rigid-invariant distances,
our distance relies on nice properties of Wasserstein in 1D.

In one dimension, ifF� andF� denote the cumulative distribution functions (CDFs) of� and� , the
W2 distance admits the closed form

W 2
2 (�; � ) =

Z 1

0

�
F � 1

� (t) � F � 1
� (t)

� 2
dt;

which can be evaluated inO(n logn) (Villani, 2008). The sliced Wasserstein (SW) distance extends
this to higher dimensions by projecting onto directions� 2 Sd� 1 and averaging:

SW2
2(�; � ) =

Z

Sd � 1
W 2

2

�
P� # �; P � # �

�
d�;

whereP� (x) = hx; � i andP� # � denotes the pushforward of� underP� (Rabin et al., 2012; Kolouri
et al., 2019).

3 METHODOLOGY

We now de�ne a new distance, which we denote as the Rigid-Invariant Sliced Wasserstein via In-
dependent Embeddings (RISWIE) distance, which we will show to minimize the trade-off between
computability and desirability. The construction has three components: (i) data-dependent embed-
dings that map each distribution into a low-dimensional coordinate system derived from its own
geometry, (ii) an alignment step that pairs axes across embeddings using signed permutations, and
(iii) an aggregation of one-dimensional Wasserstein costs over the matched axes.

3.1 PROBLEM FORMULATION

Let �; � 2 P 2(Rd) be probability measures. We �rst de�ne the object over which we optimize to
de�ne our distance, which is related to the concept of a rigid transformation.

De�nition 1 (Signed Permutation Group). Thesigned permutation grouponk elements is

O�
k := f R 2 Rk � k : R> R = I k ; Rij 2 f 0; � 1g; one nonzero per row/columng: (jO �

k j = 2 k k!)

Equivalently,

O�
k = f D " P� : � 2 Sk ; D " = diag( "1; : : : ; " k ); " j 2 f� 1gg;

whereP� is the permutation matrix associated with� , i.e.,(P� ) ij = 1 if i = � (j ) and0 otherwise.

The RISWIE distance de�ned below can be seen as the minimum cost axis and relative sign pairing
across all2k k! pairings, where the cost is de�ned as the Wasserstein distance between the distribu-
tions embedded on those axes. We will denote it asD throughout the paper.

De�nition 2 (RISWIE Distance). Let �; � be centered probability measures onRd1 andRd2 , re-
spectively. Let� := ( � 1; : : : ; � k ) : Rd1 ! Rk and  := (  1; : : : ;  k ) : Rd2 ! Rk be �xed
embedding functions. LetO�

k denote the group of signed permutation matrices of sizek � k. For
R 2 O �

k , de�ne (R ) j := " j  � ( j ) , whereR corresponds to a signed permutation(�; " ).
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The Rigid-Invariant Sliced Wasserstein via Independent Embeddings (RISWIE) distance is de�ned
as

D 2(�; � ) := min
R 2O �

k

1
k

kX

j =1

W 2
2 (( � j )# �; ((R ) j )# � ) ;

whereW2 denotes the 2-Wasserstein distance onR and(� j )# � is the pushforward of� under� j .

This de�nition only requires considering the relative sign difference between any two axes that
are compared becauseW2 is invariant under simultaneous re�ection in one dimension. Thus, the
minimization is equivalent to evaluating all possible axis pairings together with all possible sign
assignments for each pairing. We additionally assume the distributions are centered with mean 0.

The embeddings� j and j are user-friendly and may be obtained via linear (e.g. PCA) or nonlin-
ear (e.g. diffusion maps) dimensionality reduction techniques (Coifman & Lafon, 2006), or other
data-dependent procedures. This formulation avoids requiring a common projection basis, since
alignment is performed directly between the one-dimensional pushforwards of� and� .

The groupO�
k captures the necessary permutations and sign changes of embedding coordinates,

corresponding to orthogonal transformations that preserve the independence of axes. Furthermore,
minimization overO�

k is a �nite assignment problem solvable inO(k3) via the Hungarian algorithm,
assuming pairwise costs have already been computed (Munkres, 1957).

Algorithm 1: RISWIE Empirical Computation

Input: Empirical measuresX = f x1; : : : ; xn 1 g � Rd1 , Y = f y1; : : : ; yn 2 g � Rd2 ;
embeddings� = ( � 1; : : : ; � k ), 	 = (  1; : : : ;  k ).

Output: D (X; Y ) = D(X; Y ).

X  f x i � mean(X )gn 1
i =1 ; Y  f yi � mean(Y )gn 2

i =1

for ` = 1 ; : : : ; k do
A `  

�
� ` (x1); : : : ; � ` (xn 1 )

�
; // embed X onto axis `

B `  
�
 ` (y1); : : : ;  ` (yn 2 )

�
; // embed Y onto axis `

eA `  sort(A ` ); eB `  sort(B ` ) ; // sort in ascending order before

for ` = 1 ; : : : ; k do
for m = 1 ; : : : ; k do

c+
`m  W2sorted2

� eA ` ; eBm
�
;

c�
`m  W2sorted2

� eA ` ; reverse(� eBm )
�

; // reflect and reverse
C`m  minf c+

`m ; c�
`m g ; // best sign for pair (`; m)

� ?  arg min� 2 Sk

P k
` =1 C`;� ( ` ) ; // solved by Hungarian

Z  
P k

` =1 C`;� ? ( ` ) ;
return D(X; Y )  

p
Z=k ;

Note: W2sorted2 assumes its two input vectors are already sorted (ascending). For equal weights, it
returns 1

N

P N
i =1 (ui � vi )2 when the two lists are length-N ; for unequal lengths/weights, it runs the

standard two-pointer monotone coupling inO(n1 + n2) time. Pre-sorting each projected list once (above)
avoids re-sorting inside every 1D OT call, saving a factor ofk. Negating re�ects the distribution across 0;
reversing ensures the re�ected list remains sorted in ascending order.

To analyze time complexity, we taked := max f d1; d2g andn := max f n1; n2g. We also assume
thatk � d andn � d, as is common in practice.

For PCA embeddings,

O
�

nd2
|{z}

covariances

+ kd2
|{z}

top-k eigens

+ knd|{z}
projection

+ kn logn
| {z }

sort once

+ k2n|{z}
k 2 sortedW 2

2 calls

+ k3
|{z}

Hungarian

�
= O

�
nd2 + dn logn

�
:
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For Diffusion Map embeddings,

O
�

n2d|{z}
kernel build

+ kn2
|{z}

top-k eigens

+ kn logn
| {z }

sort once

+ k2n|{z}
k 2 sortedW 2

2 calls

+ k3
|{z}

Hungarian

�
= O

�
n2d

�
:

Both of the above embedding choices are computationally ef�cient when used with the proposed
scheme, with PCA-RISWIE being nearly linear in the number of samples. Withn � d, these ap-
proaches are faster than standard Optimal Transport, Gromov-Wasserstein, and equivalent asymp-
totically to Sliced Wasserstein withd projection axes. However, because random sampling can
perform poorly in higher dimensions, one might instead choose a superlinear number of axes (such
asd logd), in which case RISWIE becomes asymptotically faster.

3.2 THEORETICAL PROPERTIES

We verify that RISWIE meets the criteria speci�ed in the preceding sections. The �rst result es-
tablishes rigid invariance under mild conditions on the embedding procedure. We then show that
RISWIE is a pseudometric onP2(Rd). Additionally, we give a closed-form expression for Gaus-
sian measures with PCA embeddings, compare it to the Gromov–Wasserstein distance with explicit
bounds.

Theorem 1(Rigid-Invariance). Let �; � 2 P 2(Rd), andT(x) = Rx + t an af�ne transformation
for R 2 O(d), t 2 Rd. Suppose either:

(i) (PCA) All nonzero eigenvalues of the centered covariance of� are unique (so� has �nite
second moments); or

(ii) (Diffusion map) The embedding returns the same set of eigenvectors (up to sign) for a given
matrix (i.e., deterministic eigensolver for �xed input).

Then
D(�; � ) = D(T# �; � ):

In particular, D (�; T # � ) = 0 .

Like the empirical Sliced Wasserstein distance, Theorem 2 shows that RISWIE is a pseudometric.

Theorem 2 (Pseudometric). For any X; Y; Z 2 P 2(Rd) and for any embedding procedure, the
RISWIE distance is a pseudometric.

Deciding whether two point sets are identical up to a rigid transformation is computationally in-
tractable in general, as it requires solving a combinatorial correspondence problem with factorial
complexity in the worst case (Chaudhury et al., 2015; Ling, 2024). Consequently, one cannot rea-
sonably expect a computable distance to satisfy identity of indiscernibles modulo rigid transforma-
tions, since doing so would amount to solving an NP-hard registration problem. Nevertheless, rigid
equivalence can still be recovered in important special cases—such as Gaussian distributions—as a
corollary of the next result.

Theorem 3 (RISWIE Distance for Gaussians under PCA Embeddings). Let A � N (! A ; � A )
and B � N (! B ; � B ) be Gaussian probability measures onRd with �nite second moments so
that they admit eigendecompositions� A = UA � A U>

A and � B = UB � B U>
B , where � A =

diag(� A
1 ; : : : ; � A

d ) and � B = diag( � B
1 ; : : : ; � B

d ) with � A
1 > � � � > � A

d � 0 and � B
1 > � � � >

� B
d � 0. Denote

a :=
� q

� A
1 ; : : : ;

q
� A

d

�
; b :=

� q
� B

1 ; : : : ;
q

� B
d

�
:

Then, the RISWIE distance (using alld PCA axes) admits the closed-form:

D 2(A; B ) =
1
d

ka � bk2
2:

The square roots of the eigenvalues are standard deviations along a principal axis. This result is
intuitive given that projecting a Gaussian distribution onto any vector yields another Gaussian.
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Figure 1: RISWIE-PCA vs. OT: bias (left) and variance (right). RISWIE bias and variance do not
worsen in higher dimensions. Ground-truth population distances are calculated with the Gaussian
closed form from both distances. The exponent� corresponds to the empirical decay rate in the
log–log plot: we �t a power law of the formAn � � to each curve to estimate the convergence rate.

Theorem 4(RISWIE–GW Comparison for Gaussians). Let A andB satisfy the same assumptions
as in Theorem 3 and additionally be full rank. Letai :=

p
� A

i andbi :=
p

� B
i , and de�ne

� := min
1� i � d

(ai + bi ); � := max
1� i � d

(ai + bi ):

Then the RISWIE distance under PCA embeddings satis�es:

(i) Upper bounds.

D 2(A; B ) �
GW 2

2 (A; B )
8d � 2 +

k� A kF k� B kF

d � 2

�
1 �

1
p

d

�
;

and also

D 2(A; B ) �
1

2
p

d

q
GW 2

2 (A; B ) � 4
�

tr(� A ) � tr(� B )
� 2

� 4
�
k� A kF � k � B kF

� 2

�
GW2(A; B )

2
p

d
:

(ii) Lower bound.

D(A; B ) �
GW2(A; B )

2�
p

d(d + 2)
:

Gromov-Wasserstein for Gaussians has no closed form, but there have been proven lower and upper
bounds for it in the Gaussian case (Salmona et al., 2022). Interestingly, we were able to relate
RISWIE2 to bothGW2 andGW 2

2 . The� normalization resolves the difference in units.

3.3 STATISTICAL PROPERTIES

As one may expect, under reasonable assumptions,D (�̂ n ; �̂ n ) a.s.��! D (�; � ) asn ! 1 where
�̂ n ; �̂ n denote empirical measures of sizen drawn i.i.d. from�; � (see Theorem 6 in the Appendix).
However, a �nite sample will always include bias. ConsiderD(�; � ) = 0 , yet E

�
D (�̂ n ; �̂ 0

n )
�

> 0
where�̂ 0

n is an another independent empirical measure of sizen drawn i.i.d. from� . Thus, it is
important to consider the bias and variance ofD(�̂ n ; �̂ n ).

Figure 1 empirically investigates the �nite-sample convergence guarantees of the RISWIE-PCA and
Wasserstein-2 distances relative to the population distance, which are made possible by the Gaussian
closed-form that each distance has. We samplen points from two Gaussian distributions repeatedly,
recording the empirical distances between the resulting point clouds and comparing their average to
the true population value (bias), as well as their sample variance across trials.
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Figure 2: 3D Example of RISWIE alignment. We illustrate how RISWIE aligns two point clouds
by matching their marginal distributions along embedded axes. This method naturally extends to
higher dimensions. For each axis of the anchor shape, we evaluate all possible pairings with axes
of the target, including sign �ips (re�ections) to minimize the 1D Wasserstein cost. The second row
shows the optimal axis matching determined by this process, and we show the poses overlaid with
this alignment procedure.

RISWIE exhibits strong empirical statistical behavior–for both low and high-dimensional settings,
the bias scales asO(n� 1=2) and variance asO(n� 1). In contrast,W2 converges with a rate of
O(n� 1=d), meaning exponentially many samples are needed to get the same error as in lower di-
mensions (Weed & Bach, 2017). This is problematic given the computational cost associated with
more samples forW2 and similar distances.

4 EXPERIMENTS

We evaluated RISWIE with PCA embeddings in classi�cation tasks, using the MPI-FAUST dataset
of human meshes (Bogo et al., 2014) and spatially resolved tissue data from the HuBMAP consor-
tium (Hickey et al., 2023). The below numerical results quantify computational ef�ciency and assess
discriminative, clustering, and classi�cation performance relative to existing distances. We use the
Python Optimal Transport (POT) library's implementations of Gromov–Wasserstein (via an approx-
imate solver) and Wasserstein (standard OT) in our comparisons (Flamary et al., 2021; 2024), and
the Procrustes-Wasserstein implementation from Adamo et al. (2025). For FAUST and HuBMAP
experiments, we sample 64 axes to ensure robustness against variability in sampling from the unit
sphere.

4.1 HUMAN POSEALIGNMENT AND DISCRIMINATION

On MPI-FAUST, we treat each registered mesh as a point cloud and compare pairs from the same
subject under distinct pose and orientations. As shown in Figure 2, RISWIE aligns the target to the
anchor by matching principal axes up to permutation and sign. After alignment, the point clouds
overlay closely and their 1D marginals along the �rst three principal components nearly coincide,
indicating robustness to rigid motions.
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We further evaluate unsupervised pose clustering on MPI-FAUST (10 subjects� 10 poses). For
each method, we compute a100� 100pairwise distance matrix and embed each mesh as a row. For
consistency, all distances are calculated with1000subsampled vertices per mesh. This is done for
the computability of Wasserstein and Gromov-Wasserstein. However, RISWIE could use all6890
vertices at negligible extra cost.

We evaluate K-Means, Spectral, Agglomerative, and t-SNE–based clustering on mesh embeddings
(the row vectors of the distance matrix), measuring performance with V-measure, ARI, and accu-
racy. Table 1 reports V-measure: RISWIE matches or outperforms GW and other baselines across
clustering strategies. Over our grid of settings, RISWIE surpasses GW in V-measure and NMI in
90:9% of cases and in ARI and accuracy in100%of cases, while computing the full distance ma-
trix in � 10 seconds versus� 5 hours for GW. Thus, regardless of the clustering method used in
unsupervised learning, RISWIE provides consistently strong and ef�cient performance.

Table 1: Mean V-measure (across subsampling with 10 different seeds) by method and distance
function on MPI-FAUST pose clustering.

Distance Euclidean Gromov Wasserstein Procrustes RISWIE Sliced
Pipeline

Agglomerative (avg, precomp) 0.2214 0.6568 0.6715 0.67940.8094 0.5478
KMeans (dist rows) 0.3778 0.5930 0.5967 0.49180.7839 0.4331
Spectral (RBF of dist) 0.3721 0.5630 0.5757 0.59240.8138 0.6291
t-SNE-2D + KMeans 0.4066 0.6649 0.6480 0.72090.8612 0.6329
t-SNE-2D + Spectral 0.3907 0.6481 0.6136 0.64170.8196 0.6173

AUC-ROC (same-vs-different) 0.6099 0.8929 0.8603 0.86770.9404 0.7843

4.2 TISSUECLUSTERING

We evaluate RISWIE on two-dimensional tissue slices of the human small intestine, where each
slice is represented as a point cloud of cell coordinates (Hickey et al., 2023), orientated arbitrarily.
Ground-truth labels group slices by intestine identity.

We compute the all-pairs RISWIE distance matrix between point clouds from different tissue types
and vertical slices. Each block in the matrix compares all slices of one tissue to all slices of another.
Since each slice may be arbitrarily rotated or re�ected, a rigid-invariant distance should yield low

Figure 3: RISWIE Distance matrix for the HuBMAP tissue slices. Each block along the diagonal
corresponds to slices from the same tissue stack. Within a block, RISWIE distances are consistently
near zero, indicating strong invariance to small perturbations and local alignment of slices from the
same sample.
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pairwise values within diagonal blocks (same tissue), despite variations in orientation or sampling.
Figure 3 highlights RISWIE's robustness to such transformations, showing consistently low intra-
tissue distances.

Table 2 reports runtime and stack assignment accuracy across distances. For clustering/assignment,
we apply a farthest-point seeding strategy with greedy assignment based on intra-cluster distances,
with more information available in Appendix A.3. RISWIE achieves sub-second computation and
the highest accuracy (95.8%), while Gromov–Wasserstein is slower by over four orders of magni-
tude. Sliced Wasserstein and classical Wasserstein are faster than GW but substantially less accurate.

Distance Time (s) Accuracy

RISWIE 1 95.83%
Gromov–Wasserstein 10352 85.42%
Procrustes–Wasserstein 4952 77.08%
Sliced Wasserstein 2 52.08%
Wasserstein 111 54.17%

Table 2: Cells dataset: runtime and stack assignment accuracy using 1000-point subsampling.

Beyond assignment, RISWIE provides stronger discriminative power. Using pairwise distances
to score same-intestine versus different-intestine pairs, RISWIE achieves an AUC-ROC of 0.943
compared to 0.921 for Gromov–Wasserstein or 0.829 for Procrustes–Wasserstein (all under identical
subsampling). Since RISWIE scales nearly linearly with sample size, it can exploit larger point sets
with little additional cost, which would further improve discriminatory power. However, we again
subsample the same number of points for consistency.

5 DISCUSSION

Our empirical results demonstrate that the massive computational bene�ts of RISWIE do not degrade
accuracy – in fact, they can often improve it relative to approximate solvers. On both applications,
RISWIE achieved higher AUC than approximating Gromov-Wasserstein or Procrustes-Wasserstein
in 4 orders of magnitude less time. RISWIE also recovers a signed axis permutation between axes,
which, when using PCA, can be used to give an explicit rotation/re�ection aligning two shapes. As
a result, we can de�ne rigid-invariant versions of any distance function–apply RISWIE's alignment
step and then evaluate the other distance. This makes RISWIE useful both as a standalone distance
measure and as a preprocessing step for downstream geometric data analysis.

Two limitations should be noted. First, our method relies on discrete axis matchings, corresponding
to optimization over the vertices of the (signed) Birkhoff polytope. Consequently, the objective is
non-differentiable, which limits compatibility with gradient-based learning frameworks (Alvarez-
Melis & Jaakkola, 2018). In Appendix A.6, we introduce a generalization that relaxes this vertex-
level optimization to the interior of the Birkhoff polytope using entropic optimal transport, yielding
probabilistic axis matchings. This formulation preserves rigid invariance, is fully differentiable, and
recovers the original method as a limiting case of the regularization parameters.

Second, performance depends on embedding stability, since small eigengaps render individual em-
bedding axes non-identi�able. RISWIE is generally robust to this ambiguity by optimizing over all
signed permutations of the embedding basis (see Appendix A.5). Geometrically, RISWIE matches
one-dimensional subspaces, corresponding to points on the GrassmannianGr(1; d). A natural ex-
tension to handlek-dimensional degenerate eigenspaces is to treat the associated eigenspaces as
higher-dimensional blocks and match them as elements of the GrassmannianGr(k; d).

Together, these experimental and theoretical results position RISWIE as a practical tool for large-
scale geometric data analysis and a foundation for future work on invariant transport methods.
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Titouan Vayer, Laetitia Chapel, Rémi Flamary, Romain Tavenard, and Nicolas Courty. Optimal
transport for structured data with application on graphs, 2019. URLhttps://arxiv.org/
abs/1805.09114 .

Titouan Vayer, Ŕemi Flamary, Romain Tavenard, Laetitia Chapel, and Nicolas Courty. Sliced
gromov-wasserstein, 2022. URLhttps://arxiv.org/abs/1905.10124 .

C. Villani. Optimal Transport: Old and New. Grundlehren der mathematischen Wissenschaften.
Springer Berlin Heidelberg, 2008. ISBN 9783540710509. URLhttps://books.google.
com/books?id=hV8o5R7_5tkC .

Jonathan Weed and Francis Bach. Sharp asymptotic and �nite-sample rates of convergence of em-
pirical measures in wasserstein distance, 2017. URLhttps://arxiv.org/abs/1707.
00087 .

Wei Zhang, Zihao Wang, Jie Fan, Hao Wu, and Yong Zhang. Fast gradient computation for gromov-
wasserstein distance, 2024. URLhttps://arxiv.org/abs/2404.08970 .

A A PPENDIX

A.1 TIMING RESULTS
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For our timing experiments, we set the number of projection axes for Sliced Wasserstein to
max(10; d logd) and the number of embedding functions of RISWIE-PCA tod. The former is done
to make Sliced Wasserstein robust to bad sampling directions as they are not data dependent. For
diffusion-based RISWIE, we implement diffusion maps by building a sparse neighborhood graph
with k = dd logne neighbors, then apply heat-kernel af�nities and symmetric normalization before
computing the topd eigenvectors.

A.2 FAUST FULL EXPERIMENT

Table 3: Description of clustering pipelines used in the experiments.
Pipeline Label Description

KMeans (dist rows) KMeans on rows of the pairwise distance matrix as Euclidean vectors.
KMedoids (precomputed dist) KMedoids using the full precomputed pairwise distance matrix.
Agglomerative (avg, precomp) Average-linkage agglomerative clustering on the precomputed distance ma-

trix.
Spectral (RBF of dist) Spectral clustering using an RBF kernel of the distance matrix:

A ij = exp
�
� D 2

ij =(2� 2)
�

with � = median( D [D > 0]).
MDS-2D + KMeans 2D MDS embedding of distances followed by KMeans.
MDS-3D + KMeans 3D MDS embedding of distances followed by KMeans.
MDS-2D + Spectral 2D MDS embedding, RBF kernel on embedded points, then Spectral clus-

tering.
t-SNE-2D + KMeans 2D t-SNE on precomputed distances (perplexity 10), then KMeans.
t-SNE-3D + KMeans 3D t-SNE on precomputed distances, then KMeans.
t-SNE-2D + Spectral 2D t-SNE followed by RBF kernel and Spectral clustering.
t-SNE-3D + Spectral 3D t-SNE followed by RBF kernel and Spectral clustering.

Tables for this experiment include clustering pipelines, where abbreviations like “avg, precomp”,
“dist rows”, and “RBF of dist” refer to speci�c clustering setups described in the table caption and
glossary.

Figure 4: Matrix-build time versus number of points per meshn (log-scale). RISWIE grows gently
with n and stays well below Sliced/OT, while Gromov–Wasserstein is the slowest by far.

A.3 CELLS FULL EXPERIMENT

To evaluate RISWIE's effectiveness in recovering biologically meaningful groupings, we perform
balanced partitioning of tissue slices into spatial stacks based on the computed pairwise distances

13
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Table 4: Accuracy by Method and Distance Function

Method RISWIE Gromov OT Euclidean Sliced

KMeans (dist rows) 0.7200 0.5700 0.5600 0.3500 0.3600
Spectral (RBF of dist) 0.7800 0.7500 0.5300 0.3200 0.6000
Agglomerative (avg, precomp) 0.7200 0.5300 0.4600 0.1400 0.4500
MDS-2D + KMeans 0.7300 0.5800 0.5400 0.3100 0.4200
MDS-2D + Spectral 0.5800 0.4600 0.4300 0.3200 0.3300
MDS-3D + KMeans 0.7800 0.7000 0.5000 0.3200 0.4300
MDS-3D + Spectral 0.7300 0.6700 0.5200 0.3100 0.4200
t-SNE-2D + KMeans 0.8700 0.8200 0.6500 0.4100 0.6100
t-SNE-2D + Spectral 0.7200 0.6800 0.5600 0.4100 0.5300
t-SNE-3D + KMeans 0.8000 0.7500 0.5300 0.3500 0.5200
t-SNE-3D + Spectral 0.7600 0.6800 0.5700 0.3000 0.5000

Table 5: V-measure by Method and Distance Function

Method RISWIE Gromov OT Euclidean Sliced

KMeans (dist rows) 0.8058 0.6802 0.5957 0.4007 0.4373
Spectral (RBF of dist) 0.8238 0.8303 0.5790 0.3220 0.6437
Agglomerative (avg, precomp) 0.8082 0.7420 0.6763 0.2137 0.6092
MDS-2D + KMeans 0.7454 0.6721 0.5506 0.2986 0.4386
MDS-2D + Spectral 0.7065 0.5958 0.4921 0.3161 0.3510
MDS-3D + KMeans 0.8231 0.7879 0.5818 0.2870 0.4892
MDS-3D + Spectral 0.7789 0.7422 0.5700 0.3162 0.4676
t-SNE-2D + KMeans 0.8829 0.8577 0.6779 0.4138 0.6246
t-SNE-2D + Spectral 0.8291 0.7896 0.6357 0.3954 0.6022
t-SNE-3D + KMeans 0.7832 0.7606 0.5847 0.3486 0.5281
t-SNE-3D + Spectral 0.7754 0.7039 0.5843 0.2856 0.4686

between tissue slices. We use a farthest-point seeding strategy to encourage diversity among initial
stack centers and apply a greedy assignment procedure to add tissue slices to a cluster that they are
most similar to.

In other words, we are trying to minimize

L (S1; : : : ; SK ) =
KX

k=1

X

i;j 2S k
i<j

D Input Distance(X i ; X j )

whereX = f X 1; X 2; : : : ; X n g is the set of tissue slices and we want to partition them into stacks
S1; : : : ; SK , each of sizen=K .
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Table 6: Adjusted Rand Index (ARI) by Method and Distance Function

Method RISWIE Gromov OT Euclidean Sliced

KMeans (dist rows) 0.5844 0.3910 0.3673 0.1359 0.1618
Spectral (RBF of dist) 0.6825 0.6154 0.3312 0.0944 0.4277
Agglomerative (avg, precomp) 0.5526 0.4197 0.3796 0.0171 0.3498
MDS-2D + KMeans 0.5454 0.3906 0.3067 0.0486 0.1723
MDS-2D + Spectral 0.4363 0.2881 0.2318 0.0696 0.1078
MDS-3D + KMeans 0.6531 0.5645 0.3336 0.0499 0.2214
MDS-3D + Spectral 0.5576 0.5028 0.3427 0.0732 0.2026
t-SNE-2D + KMeans 0.7965 0.7416 0.4946 0.1765 0.4116
t-SNE-2D + Spectral 0.6436 0.5718 0.4102 0.1480 0.3569
t-SNE-3D + KMeans 0.6529 0.6085 0.3552 0.1013 0.3136
t-SNE-3D + Spectral 0.6107 0.4572 0.3301 0.0584 0.2254

Table 7: Normalized Mutual Information (NMI) by Method and Distance Function

Method RISWIE Gromov OT Euclidean Sliced

KMeans (dist rows) 0.8058 0.6802 0.5957 0.4007 0.4373
Spectral (RBF of dist) 0.8238 0.8303 0.5790 0.3220 0.6437
Agglomerative (avg, precomp) 0.8082 0.7420 0.6763 0.2137 0.6092
MDS-2D + KMeans 0.7454 0.6721 0.5506 0.2986 0.4386
MDS-2D + Spectral 0.7065 0.5958 0.4921 0.3161 0.3510
MDS-3D + KMeans 0.8231 0.7879 0.5818 0.2870 0.4892
MDS-3D + Spectral 0.7789 0.7422 0.5700 0.3162 0.4676
t-SNE-2D + KMeans 0.8829 0.8577 0.6779 0.4138 0.6246
t-SNE-2D + Spectral 0.8291 0.7896 0.6357 0.3954 0.6022
t-SNE-3D + KMeans 0.7832 0.7606 0.5847 0.3486 0.5281
t-SNE-3D + Spectral 0.7754 0.7039 0.5843 0.2856 0.4686

Algorithm 2: Stack Assignment via RISWIE, Farthest-Point Seeding, and Greedy Assignment

Input: Set ofn = 48 regions (point clouds)f X i g
Output: Optimal grouping of regions intoK balanced stacks
Step 1: Compute Distance Matrix
for i = 1 to n do

for j = i + 1 to n do
D ij  RISWIE distance(X i ; X j ) ;
D ji  D ij ;

Step 2: Farthest Point Seeding and Greedy Assignment
for s = 1 to n // Try each region as first seed do

S  [s] // Seed indices
while jSj < K do

Selectt = arg max t=2 S minu2 S D tu ;
Appendt to S ;

Initialize K stacks, each with one seed fromS ;
while unassigned regions remaindo

for each unassigned regionr , and each stackk not full do
Compute costcr;k =

P
b2 stackk

D r;b ;

Assignr � to stackk� minimizing cr;k , breaking ties arbitrarily ;

Compute total within-stack sumCs =
P K

k=1

P
i;j 2 Sk ; i<j D ij ;

Store stacks andCs ;

Select the stack assignment with lowest within-stack sum, summed across all stacks:
P

s Cs ;
Step 3 (Optional): Random Seeds
Optionally repeat the greedy assignment with some number of random initializations ofK
stacks and take the lowest cost stack assignment across all completed stacks.
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Table 8: Clustering performance using RISWIE with no subsampling. Accuracy, V-measure, ARI,
and NMI are reported across clustering pipelines.

Method Accuracy V-measure ARI NMI

KMeans (dist rows) 0.7500 0.8469 0.6446 0.8469
KMedoids (precomputed dist) 0.8200 0.8296 0.6966 0.8296
Spectral (RBF of dist) 0.7900 0.8343 0.6921 0.8343
Agglomerative (avg, precomp) 0.7800 0.8549 0.6655 0.8549
MDS-2D + KMeans 0.7500 0.7756 0.5934 0.7756
MDS-2D + KMedoids 0.7500 0.7666 0.5878 0.7666
MDS-2D + Spectral 0.6600 0.7531 0.5121 0.7531
MDS-3D + KMeans 0.7300 0.7517 0.5608 0.7517
MDS-3D + KMedoids 0.7100 0.7541 0.5776 0.7541
MDS-3D + Spectral 0.7200 0.7843 0.5382 0.7843
t-SNE-2D + KMeans 0.8300 0.8498 0.7348 0.8498
t-SNE-2D + KMedoids 0.8300 0.8498 0.7348 0.8498
t-SNE-2D + Spectral 0.7000 0.8339 0.6081 0.8339
t-SNE-3D + KMeans 0.7600 0.7850 0.6276 0.7850
t-SNE-3D + KMedoids 0.7700 0.7633 0.6116 0.7633
t-SNE-3D + Spectral 0.6400 0.7145 0.4688 0.7145

Table 9: V-measure (mean ± std) by method and distance function on MPI-FAUST pose clustering.
Distance Euclidean Gromov OT RISWIE Sliced
Pipeline

Agglomerative (avg, precomp) 0.2214 ± 0.0252 0.6568 ± 0.0586 0.6715 ± 0.01640.8094 ± 0.0268 0.5478 ± 0.0346
KMeans (dist rows) 0.3778 ± 0.0257 0.5930 ± 0.0478 0.5967 ± 0.02590.7839 ± 0.0192 0.4331 ± 0.0292
Spectral (RBF of dist) 0.3721 ± 0.0248 0.5630 ± 0.0412 0.5757 ± 0.02250.8138 ± 0.0190 0.6291 ± 0.0387
t-SNE-2D + KMeans 0.4066 ± 0.0274 0.6649 ± 0.0447 0.6480 ± 0.02640.8612 ± 0.0270 0.6329 ± 0.0351
t-SNE-2D + Spectral 0.3907 ± 0.0308 0.6481 ± 0.0482 0.6136 ± 0.02150.8196 ± 0.0183 0.6173 ± 0.0275

The assignment accuracy reported re�ects the best label alignment between predicted and ground
truth stacks, computed via Hungarian matching.
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