
aKQQi?M2bb Q7 am#bT�+2@p�Hm2/ J�Tb
LQ�? >�``Bb- J�ii?2r _Q##BMb- J�`B2@>ûHĕM2 hQKû

J�v kykk

R AMi`Q/m+iBQM
AM i?Bb T�T2` r2 rBHH �TTHv :�mbbB�M S`Q+2bb am#bT�+2 U:SaV T`2/B+iBQM 7Q` ;2M2`�H bm#bT�+2
p�Hm2/ K�Tb iQ `2/m+2/ Q`/2` KQ/2HBM;X hQ #2;BM r2 rBHH BMi`Q/m+2 p�`BQmb +H�bbB+�H K2i?Q/b
Q7 `2/m+2/ Q`/2` KQ/2HBM; �M/ T`Qp2 i?�i r?2M i?2 BMBiB�H GBM2�` hBK2 AMp�`B�Mi UGhAV
bvbi2K Bb � Ck 7mM+iBQM Q7 � T�`�K2i2` bT�+2 Θ ⊂ Rd- i?2 `2/m+2/ bvbi2K ;2M2`�i2/ #v
� T�`iB+mH�` K2i?Q/ Q7 KQ/2H Q`/2` `2/m+iBQM ?�b � T�`iB+mH�` bKQQi?M2bb bi`m+im`2X q2
rBHH }M/ i?�i 7Q` /Bz2`2Mi K2i?Q/b Q7 KQ/2H Q`/2` `2/m+iBQM r2 +�M +`2�i2 bi`QM;2` `2bmHib
`2;�`/BM; i?2 bKQQi?M2bb Q7 i?2 `2/m+2/ bvbi2KX PM+2 r2 ?�p2 T`Qp2/ bKQQi?M2bb- r2 rBHH
#2;BM iQ K�F2 T`2/B+iBQMb mbBM; :SaX q2 rBHH MmK2`B+�HHv +`2�i2 b�KTH2 TQBMib- 2�+? TQBMi
+QMbBbiBM; Q7 T�`�K2i2` p�Hm2b �M/ � #�bBb 7Q` � bm#bT�+2- 7Q` #Qi? KQ/2H Q`/2` `2/m+iBQM
K2i?Q/b �M/ bK�HH2` T`Q#H2KbX 6Q` 2�+? +�b2- KQbi b�KTH2 TQBMib rBHH #2 mb2/ iQ +`2�i2
:Sa KQ/2Hb 7Q` i?2 `2bT2+iBp2 T`Q#H2Kb �M/ i?2 `2bi rBHH #2 mb2/ iQ i2bi i?2 2``Q` Q7 Qm`
KQ/2HbX q2 rBHH i?2M [m�MiB7v Qm` 2``Q` mbBM; i?2 :`�bbK�M .Bbi�M+2- � +QKKQM K2i`B+ 7Q`
i?2 :`�bbK�M J�MB7QH/- �M/ }M/ b�KTH2 bBx2b bm+? i?�i Qm` KQ/2H Bb `2�bQM�#Hv �++m`�i2X

k aKQQi?M2bb Q7 _�iBQM�H E`vHQp AMi2`TQH�iBQM
G2KK� RX G2i X ∈ Rn×n, y ∈ Rn, �M/ z ∈ R1×nX �bbmK2 (X,y, z)(θ) ∈ Cx 7Q` x ∈
Z≥0 ∪ {∞,ω}X A7

V = Ran(V (θ)) = Km(X(θ),y(θ)) = colsp([y(θ) X(θ)y(θ), ..., X(θ)m−1y(θ)]),

W = Ran(W (θ)) = Km(X(θ)T , z(θ)T ) = colsp([z(θ)T X(θ)Tz(θ)T , ..., X(θ)T
m−1

z(θ)T ]),

i?2M i?2 #�b2b iQ V ,W ;Bp2M #v i?2 +QHmKMb Q7 V (θ) �M/ W (θ) `2bT2+iBp2Hv �`2 BM CxX

S`QQ7X h?2 p2+iQ` y Bb � Cx 7mM+iBQM Q7 i?2 T�`�K2i2`b #v �bbmKTiBQMX aBM+2 K�i`Bt@p2+iQ`
KmHiBTHB+�iBQM Bb � HBM2�` +QK#BM�iBQM Q7 i?2 +QHmKMb Q7 i?2 K�i`Bt �++Q`/BM; iQ i?2 2Mi`B2b
Q7 i?2 p2+iQ`- ;Bp2M � K�i`Bt X(θ) ∈ Cx �+iBM; QM � p2+iQ` y(θ) ∈ Cx- i?2 `2bmHiBM; p2+iQ`
X(θ)y(θ) Bb CxX h?2`27Q`2- i?2 p2+iQ` X(θ)y(θ) Bb � Cx 7mM+iBQM Q7 i?2 T�`�K2i2`b, i?2
K�TTBM;

T : Cn → Cn, T (x) → X(θ)x URV

R



Bb bKQQi?X .2}M2,
h1 : T (y(θ)), h1(θ) → X(θ)y(θ). UkV

h?2 K�TTBM; h1 Bb bKQQi?X h?2M- #v bKQQi?M2bb Q7 +QKTQbBiBQMb- i?2 K�TTBM;

h2 : T ◦ h1, h2(θ) → X(θ)2y(θ) UjV

Bb �HbQ bKQQi?X "v BM/m+iBQM- Bi Bb i?2M i`m2 i?�i i?2 K�TTBM;

hn : T ◦ hn−1, hn(θ) → X(θ)ny(θ) U9V

Bb bKQQi?X h?2`27Q`2- 7Q` �Mv n- i?2 p2+iQ`b X(θ)ny(θ) �`2 bKQQi? 7mM+iBQMb Q7 θX .2}M2,

f(θ) = span(h0(θ), h1(θ), ..., hm−1(θ)). U8V

aBM+2 i?2 bT�M QT2`�iBQM Bb bKQQi?- i?2 bT�M Q7 bKQQi? p2+iQ`b Bb � bKQQi? K�TTBM;X h?2`2@
7Q`2- f Bb � bKQQi? K�TTBM;X h?2 #�bBb iQ i?2 E`vHQp bm#bT�+2 Km = (X(θ),y(θ)) Bb � Cx

7mM+iBQM Q7 i?2 T�`�K2i2` p2+iQ` θX
h?2 i`�MbTQb2 QT2`�iBQM Bb bKQQi?X :Bp2M i?�i X(θ), z(θ) ∈ Cx- X(θ)T , (z)T (θ) ∈ CxX

lbBM; i?2 �`;mK2Mi �#Qp2 7Q` X(θ)T �M/ i?2 p2+iQ` z(θ)T - r2 +QM+Hm/2 i?2 +QHmKMb Q7 i?2
K�i`Bt W (θ) �`2 Cx 7mM+iBQMb Q7 i?2 T�`�K2i2` p2+iQ`X

G2KK� kX G2i (X,Y )(θ) ∈ Cx 7Q` x ∈ Z≥0 ∪ {∞,ω}- �M/ σX − Y #2 BMp2`iB#H2 7Q` σ ∈ C-
i?2 K�TTBM;

f(X(θ), Y (θ)) → (σX(θ)− Y (θ))−m

Bb Cx 7Q` �Mv mX

S`QQ7X aBM+2 b+�H�` KmHiBTHB+�iBQM �M/ K�i`Bt �//BiBQM �`2 bKQQi? 7mM+iBQMb- #v bKQQi?M2bb
Q7 +QKTQbBiBQMb- ;Bp2M bvbi2K K�i`B+2b X,Y i?�i �`2 Cx 7mM+iBQMb Q7 � T�`�K2i2` p2+iQ` θ-
i?2 K�TTBM;

g(σ, X(θ), Y (θ)) → X(θ)− Y (θ)

Bb CxX h?2 BMp2`b2 K�TTBM;- r?2M /2}M2/- Bb i?2 +QKTQbBiBQM Q7 /2i2`KBM�Mi 7mM+iBQMb
U*`�K2`Ƕb `mH2V r?B+? �`2 bKQQi?X aBM+2 i?2 K�i`Bt T2M+BH σX − Y Bb BMp2`iB#H2 #v �bbmKT@
iBQM- i?2 BMp2`b2 K�TTBM; Bb bKQQi?X

"v i?2 b�K2 HQ;B+ �b �#Qp2- i�FBM; TQr2`b Q7 � bKQQi? K�i`Bt Bb � bKQQi? 7mM+iBQM, i?2
K�TTBM;

hm(X) → Xm

Bb bKQQi?X "v bKQQi?M2bb Q7 +QKTQbBiBQMb-

f(m,σ, X(θ), Y (θ)) := hm ◦ inv ◦ g(σ, X(θ), Y (θ)) → [(σX(θ)− Y (θ))−1]
m

Bb CxX

h?2Q`2K jX G2i E(θ), A(θ), B(θ), C(θ) ∈ Cx 7Q` x ∈ Z≥0∪{∞,ω}X G2i Sl = {µ1, µ2, ..., µK} ⊂
C #2 � b2i Q7 K H27i BMi2`TQH�iBM; TQBMib +HQb2/ mM/2` +QMDm;�iBQM- Sl ∩ λ(A(θ)) = ∅ �M/ H2i
i?2 H27i MQMi`BpB�H i�M;2Mi /B`2+iBQMb #2 ;Bp2M #v {ci}Ki=1X G2i Sr = {σ1,σ2, ..., σK} ⊂ C #2 �

k



b2i Q7 K `B;?i BMi2`TQH�iBM; TQBMib +HQb2/ mM/2` +QMDm;�iBQM- Sr ∩ λ(A(θ)) = ∅ �M/ H2i i?2
`B;?i MQMi`BpB�H i�M;2Mi /B`2+iBQMb #2 ;Bp2M #v {bi}ki=1X h?2M i?2 #�b2b ;Bp2M #v

{
(σiE(θ)− A(θ))−1B(θ)bi

}K

i=1

�M/ {
(cTi C(θ)(µiE(θ)− A(θ))−1)T

}K

i=1

+QMbi`m+i2/ #v i�M;2MiB�H `�iBQM�H BMi2`TQH�iBQM �`2 Cx 7mM+iBQMb Q7 θX

S`QQ7X "v G2KK� k- ;Bp2M bvbi2K K�i`B+2b E(θ), A(θ), B(θ), C(θ) ∈ Cx �M/ +QMbB/2`BM;
m = 1- i?2 K�TTBM;

f(E(θ), A(θ)) → (σE(θ)− A(θ))−1

Bb CxX �HbQ- #v i?2 b�K2 iQF2M

f(E(θ), A(θ)) → (µE(θ)− A(θ))−1

Bb CxX "v G2KK� R- i?2 #�bBb p2+iQ`b Q7 i?2 E`vHQp bm#bT�+2 �`2 Cx 7mM+iBQMb Q7 i?2
T�`�K2i2` p2+iQ` θX *QMbB/2` i?2 p2+iQ`b vi = B(θ)bi �M/ wT

i = cTi C(θ) 7Q` i = 1, ..., KX
h?2b2 p2+iQ`b �`2 7Q`K2/ 7`QK Cx K�i`B+2b �M/ +QMbi�Mi p2+iQ`b- i?2`27Q`2- i?2v �`2 Cx

7mM+iBQMb Q7 θX �TTHvBM; G2KK� R iQ i?2 K�i`Bt (σiE(θ)− A(θ))−1 �M/ i?2 p2+iQ` vi 7Q`
i = 1, ..., K �`#Bi`�`v �M/ +QMbB/2`BM; i?2 E`vHQp bm#bT�+2 rBi? m = 1- r2 }M/ i?�i 2�+? Q7
i?2 #�bBb p2+iQ`b {

(σiE(θ)− A(θ))−1vi

}K

i=1

�`2 CxX "v i?2 b�K2 HQ;B+- 2�+? Q7 i?2 #�bBb p2+iQ`b ;Bp2M #v
{
wT

i (µiE(θ)− A(θ))−1}K

i=1

�`2 Cx 7mM+iBQMbX aBM+2 bT�M Bb � bKQQi? 7mM+iBQM- #v bKQQi?M2bb Q7 +QKTQbBiBQMb- 7Q`
}t2/ `B;?i BMi2`TQH�iBM; 7`2[m2M+B2b {σi}ki=1- `B;?i MQMi`BpB�H i�M;2Mi /B`2+iBQMb {bi}ki=1- H27i
BMi2`TQH�iBM; 7`2[m2M+B2b {µi}ki=1 �M/ H27i MQMi`BpB�H i�M;2Mi /B`2+iBQMb {ci}ki=1- i?2 K�TTBM;b

g : θ → span(
{
(σiE(θ)− A(θ))−1B(θ)bi

}K

i=1
)

�M/
h : θ → span(

{
(cTi C(θ)(µiE(θ)− A(θ))−1)T

}K

i=1
)

�`2 CxX

*Q`QHH�`v 9X G2i A(θ), E(θ) ∈ Rn×n �M/ b, cT ∈ Rn #2 Cx 7Q` x ∈ Z≥0 ∪ {∞,ω}X G2i
S = {σ1,σ2, ..., σK} ⊂ C #2 � b2i Q7 K /BbiBM+i BMi2`TQH�iBM; TQBMib rBi? KmHiBTHB+BiB2b
M = {mσ1 ,mσ2 , ...,mσK} +HQb2/ mM/2` +QMDm;�iBQM �M/ S ∩ λ(A(θ)) = ∅X .2}M2

V =
K⋃

i=1

Vσi(θ) =
K⋃

i=1

Kmσi
(σiE(θ)− A(θ))−1,b)

j



-

W =
K⋃

i=1

Wσi(θ) =
K⋃

i=1

Kmσi
(σ̄iE(θ)T − A(θ)T )−1, cT )

�M/ /2}M2
Vσi(θ) = [b (σiE(θ)− A(θ))−1b, ..., (σiE(θ)− A(θ))−(mσi−1)b]

Wσi(θ) = [cT (σ̄iE(θ)T − A(θ)T )−1cT , ..., (σ̄iE(θ)T − A(θ)T )−(mσi−1)cT ].

G2i V (θ) = [Vσ1(θ), Vσ2(θ), ..., Vσk
(θ)] �M/ W (θ) = [Wσ1(θ),Wσ2(θ), ...,Wσk

(θ)] #2 bm+? i?�i
V = Ran(V (θ)) �M/ W = Ran(W (θ))X h?2M i?2 #�b2b 7Q`K2/ #v i?2 +QHmKMb Q7 V (θ) �M/
i?2 +QHmKMb Q7 W (θ) �`2 CxX

S`QQ7X "v G2KK� k- ;Bp2M bKQQi? bvbi2K K�i`B+2b E(θ), A(θ)- i?2 K�TTBM;

h1 : (E,A)(θ) → (σE(θ)− A(θ))−1

Bb bKQQi?X GBF2rBb2- #v G2KK� k- i?2 K�TTBM;

h
′

1 : (E,A)(θ) → (σ̄E(θ)T − A(θ)T )
−1

Bb bKQQi?X �TTHvBM; G2KK� R iQ i?2 K�i`Bt (σiE(θ)− A(θ))−1 �M/ i?2 p2+iQ` b- r2 ?�p2
i?�i bBM+2

Ran(Vσi(θ)) = Kmσi
((σiE(θ)− A(θ))−1,b)

i?2 +QHmKMb Q7 V (θ) �`2 bKQQi? 7mM+iBQMbX
�TTHvBM; G2KK� R iQ i?2 K�i`Bt (σ̄E(θ)T − A(θ)T )

−1 �M/ i?2 p2+iQ` cT - r2 ?�p2 i?�i
bBM+2

Ran(Wσi(θ)) = Kmσi
((σ̄iE(θ)T − A(θ)T )

−1
, cT )

i?2 +QHmKMb Q7 W (θ) �`2 bKQQi? 7mM+iBQMbX
h?2`27Q`2- bBM+2 i?2 7`2[m2M+v σi r�b �`#Bi`�`v- i?2 +QHmKMb Q7 {Vσi(θ)}

K
i=1 �`2 bKQQi?

7mM+iBQMb- �M/ ?2M+2 i?2 #�bBb 7Q`K2/ #v i?2B` mMBQM Bb � bKQQi? 7mM+iBQMX h?2 b�K2
`2�bQMBM; ?QH/b 7Q` {Wσi(θ)}

K
i=1X h?2`27Q`2- i?2 #�b2b ;Bp2M #v i?2 +QHmKMb Q7 V (θ),W (θ)

�`2 bKQQi? 7mM+iBQMbX

h?2 `�iBQM�H E`vHQp K2i?Q/ i�F2b i?2 mMBQM Q7 E`vHQp bm#bT�+2b- bQ- #v h?2Q`2K j- i?2
#�b2b ;Bp2M #v i?2 +QHmKMb Q7 i?2 K�i`B+2b V (θ) �M/ W (θ) +QMbi`m+i2/ 7Q` V ,W #v i?2
`�iBQM�H E`vHQp K2i?Q/ �`2 Cx 7mM+iBQMbX

h?2Q`2K 8X G2i C(s, θ)- K(s, θ)- �M/ B(s, θ) #2 K�i`Bt@p�Hm2/ 7mM+iBQMb r?B+? �`2 Cx 7mM+@
iBQMb Q7 i?2 T�`�K2i2` θ 7Q` x ∈ Z≥0 ∪ {∞,ω}X h?2M i?2 bi`m+im`2/ i`�Mb72` 7mM+iBQM

GL = C(s)K(s)−1B(s) UeV

Bb � Cx 7mM+iBQM Q7 i?2 T�`�K2i2` θX
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S`QQ7X :Bp2M i?�i i?2 BM/BpB/m�H K�i`B+2b BM i?2 K�i`Bt 7mM+iBQM �`2 bKQQi? 7mM+iBQMb Q7
i?2 T�`�K2i2` θ- �Mv HBM2�` +QK#BM�iBQM Q7 i?2 K�i`B+2b �++Q`/BM; iQ bKQQi? 7mM+iBQMb Q7
i?2 T�`�K2i2` θ �`2 bKQQi?X aBM+2 i?2 K�i`Bt 7mM+iBQM K(s) Bb ;m�`�Mi22/ iQ #2 BMp2`iB#H2-
i?2 BMp2`b2 2tBbib �M/ Bb � bKQQi? 7mM+iBQM Q7 i?2 T�`�K2i2` θ �b Bi Bb i?2 +QKTQbBiBQM Q7
bKQQi? 7mM+iBQMb bBM+2 K(s) Bb � Cx 7mM+iBQM Q7 i?2 T�`�K2i2` θ U+7X *`�K2`Ƕb _mH2VX bBM+2
K�i`Bt KmHiBTHB+�iBQM T`2b2`p2b bKQQi?M2bb- i?2 T`Q/m+i Q7 Cx K�i`B+2b Bb � Cx 7mM+iBQM Q7
i?2 T�`�K2i2` θX h?2`27Q`2- i?2 bi`m+im`2/ i`�Mb72` 7mM+iBQM ;Bp2M #v 2[m�iBQM URV Bb � Cx

7mM+iBQM Q7 i?2 T�`�K2i2` θX

a2+QM/ Q`/2` `�iBQM�H F`vHQp Bb � bT2+B�H +�b2 Q7 i?Bb r?2`2 i?2 K�i`Bt@p�Hm2/ 7mM+iBQMb
�`2 ;Bp2M #v

C(s) = Cp + sCv, K(s) = s2M + sE +K, B(s) = Bu.

h?2`27Q`2- bBM+2 i?2 i`�Mb72` 7mM+iBQM Bb � Cx 7mM+iBQM Q7 i?2 T�`�K2i2` θ i?2 #�b2b ;2M2`�i2/
pB� b2+QM/ Q`/2` `�iBQM�H F`vHQp BMi2`TQH�iBQM �`2 x 7mM+iBQMb Q7 i?2 T�`�K2i2` θX

j aKQQi?M2bb 7Q` "�H�M+2/ h`mM+�iBQM
h?2Q`2K eX G2i A(θ) ∈ Cω(Θ,S(n)) r?2`2 Θ Bb �M QT2M bm#b2i Q7 RdX A7 i?2 iQT@k `2T2�i2/
2B;2Mp�Hm2b (λi(θ))ki=1 Q7 A(θ) �`2 b2T�`�i2/ 7`QK i?2 bK�HH2` 2B;2Mp�Hm2b- H2i Vk #2 i?2
iQi�H 2B;2MbT�+2 �bbQ+B�i2/ rBi? λi- i = 1, · · · , k- i?2M Vk(θ) ∈ Cω(Θ, Gk,n)X A7 A(θ) Bb QMHv
+QMiBMmQmb �i θ0- i?2M Vk(θ) Bb +QMiBMmQmb �i θ0X

S`QQ7X aBM+2 i?2 iQT@k �M/ #QiiQK@(n−k) `2T2�i2/ 2B;2Mp�Hm2b Q7 A �`2 b2T�`�i2/ i?`Qm;?@
Qmi Θ- i?2 K�TTBM; Vk(θ) : Θ *→ Gk,n Bb r2HH@/2}M2/X hQ T`Qp2 i?2 }`bi T�`i Q7 i?2
i?2Q`2K- Bi bm{+2b iQ b?Qr i?�i 7Q` �Mv θ0 ∈ Θ- i?2`2 2tBbib U(θ) ∈ Cω(B(θ0),M ∗

n,k) bm+?
i?�i bT�M(U) = Vk- r?2`2 B(θ0) ⊂ Θ Bb � M2B;?#Q`?QQ/ Q7 θ0X aBM+2 Vk|B(θ0) = bT�M ◦U-
i?Bb BKTHB2b i?�i Vk|B(θ0) ∈ Cω(B(θ0), Gk,n)X Ai 7QHHQrb i?�i Vk ∈ Cω(Θ, Gk,n)X

G2i λ1 > · · · > λs #2 i?2 H�`;2bi 2B;2Mp�Hm2b Q7 A(θ0)- rBi? iQi�H KmHiBTHB+Biv
∑s

i=1 mi =
kX �TTHvBM; h?2Q`2K Rk iQ A(θ) �i θ0- i?2`2 2tBbi Ui(θ) ∈ Cω(Bi(θ0),M ∗

n,mi
)- i = 1, · · · , s-

r?2`2 Bi(θ0) ⊂ Θ �`2 M2B;?#Q`?QQ/b Q7 θ0- bm+? i?�i Ui(θ) Bb � #�bBb Q7 i?2 iQi�H 2B;2MbT�+2
�bbQ+B�i2/ rBi? i?2 λi@;`QmTX G2i U = (U1, · · · ,Us) �M/ B(θ0) ⊂ ∩s

i=1Bi(θ0) bm+? i?�i
U(θ∗) ∈ M∗

n,k 7Q` �HH θ∗ ∈ B(θ0)- i?2M U(θ) ∈ Cω(B(θ0),M ∗
n,k)X h?Bb T`Qp2b i?2 }`bi T�`i

Q7 i?2 i?2Q`2KX
h?2 +QMiBMmQmb p2`bBQM +�M #2 T`Qp2/ bBKBH�`HvX G2i Ui(θ) #2 i?2 iQi�H 2B;2MbT�+2 �b@

bQ+B�i2/ rBi? i?2 λi@;`QmT- i = 1, · · · , sX �TTHvBM; h?2Q`2K N- Ui(θ) �`2 +QMiBMmQmb �i θ0X
aBM+2 Vk = ⊕s

i=1Ui- Vk(θ) Bb �HbQ +QMiBMmQmb �i θ0X

h?2Q`2K dX :Bp2M � HBM2�` iBK2@BMp�`B�Mi- HBF2 i?�i /2b+`B#2/ BM *?�Ti2` e Q7 "2MM2`
2i �HX UkyRdV- rBi? K�i`B+2b A(θ)-B(θ)- C(θ)- 2�+? i?�i �`2 C0 7mM+iBQMb Q7 i?2 T�`�K2i2` θX
h?2 bT�+2-Vk,Wk- QMiQ r?B+? +H�bbB+�H #�H�M+2/ i`mM+�iBQM T`QD2+ib i?2 bvbi2K QMiQ Bb � C0

7mM+iBQM Q7 θX �//BiBQM�HHv- B7 A(θ)-B(θ)- C(θ)- 2�+? i?�i �`2 Cω �M/ i?2 >�MF2H bBM;mH�`
p�Hm2b b�iB7v σk(θ) > σk+1(θ)- ∀θ ∈ Θ- i?2M i?2 bT�+2 -Vk,Wk- QMiQ r?B+? +H�bbB+�H #�H�M+2/
i`mM+�iBQM T`QD2+ib i?2 bvbi2K QMiQ Bb � Cω 7mM+iBQM Q7 θX

8



S`QQ7X h?2 i`�Mb7Q`K�iBQMb Q7 #�H�M+2/ i`mM+�iBQM �`2 +?�`�+i2`Bx2/ #v /B�;QMBHBxBM; #Qi?
i?2 +QMi`QH�#BHBiv ;`�KB�M K�i`Bt- S- �M/ i?2 Q#b2`p�#BHBiv ;`�KB�M J�i`Bt- ZX hQ #2;BM r2
M22/ iQ T`Qp2 i?�i i?2b2 K�i`B+2b �`2 2Bi?2` C0 Q` Cω 7mM+iBQMb Q7 θ- r?2M i?2 H2�bi bKQQi?
Q7 A- B- �M/ C �b 7mM+iBQMb Q7 θ Bb 2Bi?2` C0 Q` Cω- `2bT2+iBp2HvX
q2 ?�p2 i?2 7QHHQrBM; 2tT`2bbBQMb 7Q` i?2 :`�KB�M K�i`B+2b P �M/ Q-

P =

∫ ∞

0

etABBT etA
T
dt UdV

Q =

∫ ∞

0

etA
T
CTCetAdt U3V

hQ #2;BM- MQiB+2 i?�i AT T`2b2`p2b i?2 bKQQi?M2bb Q7 �- #2+�mb2 r2 �`2 bBKTHv `2�``�M;BM;
i?2 C0 Q` Cω 7mM+iBQMb i?�i K�F2 mT �X LQr- r2 HQQF �i i?2 K�i`Bt 2tTQM2MiB�HX h?2 K�i`Bt
2tTQM2MiB�H Bb #2bi /2}M2/ BM i2`Kb Q7 Bib h�vHQ` b2`B2bX

etA = I + (tA) +
(tA)2

2!
+

(tA)3

3!
+ ...

LQr r2 mb2 >B;?�K Ukyy3V- h?K 9Xd- r?B+? T`Qp2b i?�i i?Bb b2`B2b ?�b �M BM}MBi2 `�/Bmb Q7
+QMp2`;2M+2 �M/ i?2`27Q`2 +QMp2`;2b 7Q` �HH A ∈ Mn×n Ai Bb �HbQ i`m2 i?�i Cω(Mn(C),:Gn(C))X
h?2 h�vHQ` b2`B2b +�M QMHv 2tBbi 7Q` � 7mM+iBQM i?�i Bb �i H2�bi Cω- bQ r2 ?�p2 i?�i i?Bb K�i`Bt
2tTQM2MiB�H Bb �b bKQQi? �b A(θ)X q2 ?�p2 i?�i 2�+? Q7 i?2 7Qm` i2`Kb BM i?2 T`Q/m+i Q7
2�+? BMi2;`�M/ Bb �b bKQQi? �b A- B- �M/ CX h?2B` T`Q/m+i Bb bBKBH�`Hv bKQQi? bBM+2 K�i`Bt
KmHiBTHB+�iBQM T`2b2`p2b bKQQi?M2bbX G�biHv- BMi2;`�iBM; � 7mM+iBQM- r?B+? Bb r?�i i?2 BMi2@
;`�H Bb /QBM; iQ i?2 BM/BpB/m�H +QKTQM2Mi 7mM+iBQMb i?�i +QKT`Bb2 i?2 BMi2;`�M/- QmiTmib �
7mM+iBQM i?�i Bb �i H2�bi �b bKQQi?- i?2`27Q`2 Qm` :`�KB�M K�i`B+2b- S �M/ Z- �`2 �i H2�bi
�b bKQQi? �b i?2 H2�bi bKQQi? �KQM; A- B- �M/ CX
LQr i?�i r2 ?�p2 S �M/ Z- r2 M22/ iQ T`Qp2 i?�i i?2 #�H�M+2/ i`�Mb7Q`K�iBQM r2 M22/ +�M
#2 `2�+? i?`Qm;? bKQQi? K�TTBM;bX hQ #2;BM- r2 MQi2 i?�i i?2 M2ti bi2T Q7 +H�bbB+�H #�H@
�M+2/ i`mM+�iBQM Bb iQ }M/ *?QH2bFv /2+QKTQbBiBQMb Q7 S �M/ ZX 6Q` i?2 Tm`TQb2 Q7 T`QpBM;
� bKQQi? K�TTBM; 2tBbib- �bbmK2 i?�i i?2 *?QH2bFv 7�+iQ`b �`2 ;2M2`�i2/ BM i?2 7QHHQrBM;
r�vX q2 +�M r`Bi2 �M 2B;2Mp�Hm2 /2+QKTQbBiBQM Q7 S �b-

P =
k∑

i=1

λkPvk

r?2`2 �HH i?2 Pvi K�i`B+2b �`2 T`QD2+iBQM K�i`B+2bX LQr- r`Bi2

P
1
2 =

√
λkPvk

aBM+2 r2 ?�p2 P 2
vi = Pvi 7Q` �HH Pvi - r2 /Q i?2 *?QH2bFv /2QKQbBiBQM �b P = P

1
2 (P

1
2 )T X h?Bb Bb

� bT2+B}+ r�v i?�i r2 +�M /Q i?2 *?QH2bFv /2+QKTQbBiBQM 7Q` TQbBiBp2 b2KB@/2}MBi2 K�i`B+2b-
r?B+? Bb mMB[m2- mMHBF2 ;2M2`�H *?QH2bFv /2+QKTQbBiBQMX hQ T`Qp2 i?�i i?2 K�TTBM; 7`QK P
iQ P

1
2 Bb bKQQi?- MQiB+2 i?�i i?2`2 Bb � +H2�` bKQQi?- #BD2+iBQM 7`QK P

1
2 iQ P X h?2 BMp2`b2

7mM+iBQM i?2Q`2K �TTHB2b �M/ r2 b22 i?�i i?Bb Bb � bKQQi? K�TTBM;X h?2 b�K2 T`Q+2bb vB2H/b
� bKQQi? *?QH2bFv /2+QKTQbBiBQM Q7 ZX aQ MQr �b r2 KQp2 7Q`r�`/ r2 /2MQi2- P 1

2 �b RP

e



�M/ Q
1
2 �b RQX

q2 MQr +�M ;2i � #�bBb 7Q` i?2 bT�+2 i?�i r2 �`2 T`QD2+iBM; QMiQX hQ #2;BM r2 i�F2 � 7mHH
aBM;mH�` o�Hm2 .2+QKTQbBiBQM Q7 RPRT

Q- r?B+? r2 r`Bi2 �b

RPR
T
Q = UΣZT

h?2M i?2 /2bB`2/ i`�Mb7Q`K�iBQMb 7Q` Qm` bvbi2K �`2 r`Bii2M �b

Vk = RT
PUkΣ

−1
2

k UNV

Qk = RT
QZkΣ

−1
2

k URyV
q?2`2 Uk �M/ Zk- �`2 #�b2/ QM i?2 }`bi F `Qrb i?�i �`2 b2H2+i2/ Q7 i?2 l �M/ wX LQr r2
/2MQi2 i?2 bT�+2 i?�i i?2 +QHmKMb Q7 Vk Bb � #�bBb 7Q` �b Vk �M/ bBKBH�`Hv /2}M2 WkX LQr iQ
b?Qr i?�i i?Bb bT�+2 Bb � bKQQi? K�TTBM; r2 MQiB+2 i?�i r2 +�M `2/m+2 +QHmKM bT�+2 Q7 VkX

Vk = range(RT
PUkΣ

−1
2

k ) = range(RT
PUk)

aBM+2 Σ
−1
2

k Bb Dmbi � /B�;QM�H K�i`Bt �M/ i?2`27Q`2 /Q2b MQi +?�M;2 i?2 bT�MX aQ MQr r2
FMQr i?�i i?2 bm#bT�+2 Vk Bb �b bKQQi? �b i?2 H2bb bKQQi? QM2 Q7 RP �M/ UkX q2 ?�p2
�H`2�/v b22M i?�i Rp Bb �b bKQQi? �b A- B- �M/ CX aQ r2 }MBb? Qz i?2 T`QQ7 #v T`QpBM;
i?2 bKQQi?M2bb Q7 Uk- �M/ 7Q` i?2 Wk +�b2- r2 b?Qr i?�i Zk Bb �HbQ bKQQi?X hQ /Q i?Bb r2
/Q �M 2B;2Mp�Hm2 /2+QKTQbBiBQM Q7 i?2 bvKK2i`B+ K�i`B+2b RQPRQ �M/ RPQRP - r?B+? r2
r`Bi2 �b-

RQPRQ = ZΣ2ZT

RPQRP = UΣ2UT

6Q` #Qi? i?2 +�b2 r?2`2 RQ �M/ RP �`2 C0 �M/ i?2 +�b2 r?2`2 RQ �M/ RP �`2 Cω r2 �TTHv
h?2`2QK e i?�i Bb T`Qp2/ BM (�// `272`2M+2 iQ bKQQi?@S*Xi2t)- BM Q`/2` iQ T`Qp2 i?�i i?2 bT�+2
r2 �`2 T`QD2+iBM; QM iQ Bb C0 Q` Cω `2bT2+iBp2HvX q2 �TTHv Qm` �bbmKTiBQM i?�i i?2 >�MF2H
bBM;mH�` p�Hm2b b�iBb7v σk(θ) > σk+1(θ)- ∀θ ∈ Θ- r?B+? BKTHB2b i?�i i?2 iQT@F 2B;2Mp�Hm2b Q7
i?2 H27i ?�M/ bB/2 Q7 #Qi? 2[m�iBQMb �`2 b2T�`�i2/ 7`QK i?2 bK�HH2` 2B;2Mp�Hm2b �M/ i?2`27Q`2
r2 +�M �TTHv h?2`2QK eX aQ r2 MQr ?�p2 i?�i Vk- Wk- i?2 �bbQ+B�i2/ 2B;2MbT�+2b �`2 C0

r?2M RQ �M/ RP �`2 C0 �M/ Cω r?2M RQ �M/ RP �`2 CωX

jXR aKQQi?M2bb 7Q` 6`2[m2M+v@GBKBi2/ "�H�M+2/ h`mM+�iBQM
q2 7QHHQr i?2 b2imT Q7 6`2[m2M+v@GBKBi2/ "�H�M+2/ h`mM+�iBQM H�v2/ Qmi BM (�// `272`2M+2
"2MM2` kyRe)X AM i?2 7`2[m2M+v@/QK�BM- r2 ?�p2 i?2 7QHHQrBM; i`�Mb7Q`K2/ :`�KB�MbX

P =
1

2π

∫ ∞

−∞
(iωI − A)−1BBT ((iωI − A)−1)Hdω

Q =
1

2π

∫ ∞

−∞
((iωI − A)−1)HCTC((iωI − A)−1)dω

d



6Q` 7`2[m2M+v@HBKBi2/ #�H�M+2/ i`mM+�iBQM- r2 QMHv b2H2+i � bm#b2i Q7 i?2 `2�H MmK#2` HBM2 iQ
BMi2;`�i2 Qp2`X q2 BKTQb2 i?�i i?Bb bm#b2i Bb bvKK2i`B+ �`QmM/ i?2 Q`B;BMX AM Qi?2` rQ`/b-
H2i i?2 /QK�BM Q7 BMi2;`�iBQM #2 Ω- /2}M2/ �b #2HQr-

Ω =
k⋃

i=1

[−ω2i,−ω2i−1] ∪ [ω2i−1,ω2i]

r?2`2 0 ≤ w1 < w2 < . . . < w2kX h?2M i?2 7`2[m2M+v HBKBi2/ :`�KB�Mb �`2-

P =
1

2π

∫

Ω

(iωI − A)−1BBT ((iωI − A)−1)Hdω

Q =
1

2π

∫

Ω

((iωI − A)−1)HCTC((iωI − A)−1)dω

PM+2 r2 ?�p2 Qm` 7`2[m2M+v@HBKBi2/ :`�KB�Mb- r2 +QMiBMm2 BM i?2 b�K2 r�v �b +H�bbB+�H
#�H�M+2/ i`mM+�iBQM- bQ r2 MQr 2M/2�pQ` iQ b?Qr i?Bb 2MiB`2 T`Q+2bb Bb �b bKQQi? �b i?2
K�i`B+2b i?�i /2}M2/ i?2 BMBiB�H GhAX
h?2Q`2K 3X :Bp2M � bvbi2K rBi? K�i`B+2b A(θ)-B(θ)- C(θ)- 2�+? i?�i �`2 C0 7mM+iBQMb Q7
i?2 T�`�K2i2` θX h?2 bT�+2-Tk,Uk- QMiQ r?B+? 7`2[m2M+v HBKBi2/ #�H�M+2/ i`mM+�iBQM T`QD2+ib
i?2 bvbi2K QMiQ Bb � C0 7mM+iBQM Q7 θX �//BiBQM�HHv- B7 A(θ)-B(θ)- C(θ)- 2�+? i?�i �`2 Cω

�M/ i?2 7`2[m2M+v@HBKBi2/ >�MF2H bBM;mH�` p�Hm2b b�iB7v σk(θ) > σk+1(θ)- ∀θ ∈ Θ- i?2M i?2
bT�+2 -Tk,Uk- QMiQ r?B+? 7`2[m2M+v@HBKBi2/ #�H�M+2/ i`mM+�iBQM T`QD2+ib i?2 bvbi2K QMiQ Bb �
Cω 7mM+iBQM Q7 θX
S`QQ7X q?2M r2 T`Qp2/ h?2`2QK d- r2 }`bi T`Qp2/ i?�i i?2 :`�KB�Mb r2`2 �b bKQQi?
�b i?2 H2�bi bKQQi? Q7 A(θ)-B(θ)- �M/ C(θ)X h?2M r2 T`Qp2/ i?�i T`QD2+iBQM +QMbi`m+i2/
7`QK i?2 :`�KB�Mb Bb bBKBH�`Hv �b bKQQi?X h?2 T`Q+2bb Q7 +`2�iBM; i?Bb T`QD2+iBQM 7Q` i?2
7`2[m2M+v@HBKBi2/ +�b2 Bb B/2MiB+�H QM+2 r2 ?�p2 Qm` :`�KB�Mb- i?2`27Q`2 QM+2 r2 T`Qp2 i?�i
i?2 7`2[m2M+v@HBKBi2/ :`�KB�Mb �`2 bKQQi?- r2 +�M Dmbi `272` iQ i?2 T`QQ7 Q7 h?2Q`2K e �M/
`2TH�+2 P,Q rBi? PΩ-QΩX
hQ b?Qr i?2 7`2[m2M+v@HBKBi2/ :`�KB�Mb �`2 �b bKQQi? �b i?2 H2�bi bKQQi? Q7 A(θ)-B(θ)- �M/
C(θ)- r2 #2;BM rBi? � `272`2M+2 iQ G2KK� k- rBi? X = I �M/ m = 1- iQ b?Qr (iωI − A)−1

Bb �b �i H2�bi �b bKQQi? �b �X h?2 T`Q/m+i BM i?2 BMi2;`�M/ rBHH #2 �i H2�bi �b bKQQi? �b
i?2 H2�bi bKQQi? Q7 Bib 7�+iQ`b- r?B+? �`2 �HH �b H2�bi �b bKQQi? �b Qm` Q`B;BM�H bvbi2KX q2
i?2M BMi2;`�i2 rBi? `2bT2+i iQ � p�`B�#H2 i?�i Bb MQi BM i?2 T�`�K2i2` bT�+2- r?B+? T`2b2`p2b
bKQQi?M2bb bi`m+im`2X h?2`27Q`2- 2�+? Q7 Qm` 7`2[m2M+v@HBKBi2/ :`�KB�Mb �`2 �i H2�bi �b
bKQQi? �b Qm` BMBiB�H GhA �M/ r2 +�M `272` iQ i?2 T`QQ7 Q7 h?2Q`2K d iQ b?Qr i?�i i?2
`2/m+2/@bvbi2K 7QHHQrb i?2 b�K2 bKQQi?M2bb bi`m+im`2 �b i?2 iBK2 /QK�BM +�b2 Q7 #�H�M+2/
i`mM+�iBQMX

9 LmK2`B+�H _2bmHib
9XR J2�bm`BM; i?2 �++m`�+v Q7 Qm` S`2/B+iBQMb
hQ K2�bm`2 i?2 2``Q` BM i?2 T`2/B+iBQMb K�/2 #v :Sa �7i2` i`�BMBM; QM i?2 b�KTH2 /�i�b2i-
r2 mb2/ i?2 :`�bbK�M /Bbi�M+2 iQ K2�bm`2 i?2 /Bbi�M+2 #2ir22M i?2 T`2/B+i2/ bm#bT�+2 �M/

3



i?2 bm#bT�+2 +QKTmi2/ pB� i?2 KQ/2H `2/m+iBQM K2i?Q/ r2 rBb?2/ :Sa iQ �TT`QtBK�i2X 6Q`
2�+? Q7 i?2 T`2/B+iBQMb ;Bp2M K�i`Bt `2T`2b2Mi�iBQMb Q7 i?2 �+im�H �M/ T`2/B+i2/ bm#bT�+2b
Vtrue �M/ Vpredicted- `2bT2+iBp2Hv- r2 +QKTmi2/

dist(Vtrue,Vpredicted) = || arccos(σ(V T
predictedVtrue))||

r?2`2 σ(·) /2MQi2b i?2 p2+iQ` Q7 bBM;mH�` p�Hm2b Q7 Bib K�i`Bt �`;mK2MiX h?2 K�tBKmK
p�Hm2 7Q` i?Bb /Bbi�M+2 Bb π

√
k

2 - r?2`2 F Bb i?2 /BK2MbBQM Q7 i?2 bm#bT�+2 iQ #2 T`2/B+i2/X
hQ MQ`K�HBx2 i?2 2``Q` K2i`B+ QM � KQ`2 BMi2`T`2i�#H2 b+�H2 Q7 7`QK y iQ R r2 /BpB/2/ i?2
/Bbi�M+2 K2i`B+ #v i?Bb K�tBK�H p�Hm2X

9Xk S`2/B+iBM; 6mM+iBQMb QM i?2 R-k@:`�bbK�MB�M J�MB7QH/
hQ KQiBp�i2 i?2 BKTQ`i�M+2 Q7 i?2 bKQQi?M2bb bi`m+im`2 Q7 i?2 mM/2`HvBM; bm#bT�+2@p�Hm2/
K�T BM T`QpB/BM; i?2Q`2iB+�H ;mB/�M+2 QM i?2 �++m`�+v Q7 :Sa T`2/B+iBQMb- r2 mb2/ :Sa iQ
�TT`QtBK�i2 i?2 7QHHQrBM; bm#bT�+2@p�Hm2/ 7mM+iBQM,

fα : R → G1,2, fα(θ) = span{cos(α(θ)), sin(α(θ))}.

q2 p�`B2/ i?2 bKQQi?M2bb bi`m+im`2 Q7 i?2 7mM+iBQM α iQ Q#b2`p2 i?2 2z2+i QM i?2 �++m`�+v
Q7 :Sa BM T`2/B+iBM; fαX q2 BMp2biB;�i2/ i?2 �++m`�+v Q7 :Sa T`2/B+iBQMb Q7 fα 7Q` i?2
7QHHQrBM; p�`B�Mib Q7 α,

RX α ∈ Cω- HQr b2MbBiBpBiv iQ T2`im`#�iBQMb

α(θ) =
π

2
(cosθ + 1)

kX α ∈ Cω- ?B;? b2MbBiBpBiv iQ T2`im`#�iBQMb

α(θ) = arccos(v1 + sign(v2))

r?2`2 v = (v1, v2) Bb i?2 2B;2Mp2+iQ` �bbQ+B�i2/ rBi? i?2 H�`;2bi 2B;2Mp�Hm2 Q7 i?2
7QHHQrBM; K�i`Bt K rBi? 7mM+iBQM�H /2T2M/2M+2 QM i?2 T�`�K2i2` θ

K(θ) =

[
0.15 + 2.9

π ∗ θ −0.05
−0.05 1.05

]
.

jX α ∈ C0

α(θ) = |θ − π

2
|+ π

4

9X α /∈ C0

α(θ) =

{
−0.8π

2 θ ∈ [0, π2 )

0.8π
2 θ ∈ [π2 ,π].

N



6B;m`2 R, :Sa S`2/B+iBQMb BM *�b2 URV �M�HviB+ 6mM+iBQM- GQr a2MbBiBpBiv

Ry



6B;m`2 k, :Sa S`2/B+iBQMb BM *�b2 UkV �M�HviB+ 6mM+iBQM- >B;? a2MbBiBpBiv

RR



6B;m`2 j, :Sa S`2/B+iBQMb BM *�b2 UjV *QMiBMmQmb 6mM+iBQM

Rk



6B;m`2 9, :Sa S`2/B+iBQMb BM *�b2 U9V .Bb+QMiBMmQmb 6mM+iBQMb

Rj



6B;m`2 8, L2 1``Q` *QMp2`;2M+2 7Q` am#bT�+2@p�Hm2/ 6mM+iBQMb rBi? o�`vBM; aKQQi?M2bb
ai`m+im`2

Zm�HBi�iBp2Hv- :Sa T`2/B+iBQMb +�M #2 b22M iQ BKT`Qp2 �b i?2 MmK#2` Q7 b�KTH2 TQBMib '
mb2/ iQ #mBH/ i?2 KQ/2H BM+`2�b2bX :Sa +�M #2 b22M iQ #2 KQbi �++m`�i2 BM T`2/B+iBM; *�b2
URV U+7X 6B;m`2 RVX h?2 95% T`2/B+iBp2 BMi2`p�H Bb M�``Qr2bi 7Q` i?2 �M�HviB+- HQr b2MbBiBpBiv
+�b2 7Q` ' = 4 +QKT�`2/ iQ i?2 `2K�BMBM; +�b2bX AM i?2 +�b2 r?2`2 α ∈ C0- [m�HBi�iBp2Hv- i?2
2``Q` BM T`2/B+iBM; i?2 MQM@/Bz2`2MiB�#H2 TQBMi �i π

2 /2+`2�b2b �b r2 BM+`2�b2 i?2 MmK#2` Q7
TQBMib b�KTH2/ U+7X 6B;m`2 kVX AM i?2 /Bb+QMiBMmQmb +�b2- i?2 2``Q` K�/2 BM �TT`QtBK�iBM;
i?2 /Bb+QMiBMmBiv BKT`Qp2b �b r2 BM+`2�b2 i?2 MmK#2` Q7 b�KTH2 TQBMib 'X >Qr2p2`- bBM+2
:Sa T`2/B+ib fα �b � bKQQi? 7mM+iBQM- i?2`2 rBHH �Hr�vb #2 MQMx2`Q 2``Q` BM �TT`QtBK�iBM;
� /Bb+QMiBMmQmb 7mM+iBQM U+7X 6B;m`2 9VX

*QKT�`BM; i?2 +QMp2`;2M+2 `�i2 BM i?2 L2 2``Q` K2i`B+ U+7X 6B;m`2 8V- Bi +�M #2 b22M i?�i
i?2 ?B;?2` i?2 b2MbBiBpBiv Q7 i?2 bm#bT�+2@p�Hm2/ 7mM+iBQM iQ T2`im`#�iBQMb- i?2 bHQr2` i?2
`�i2 Q7 +QMp2`;2M+2 Q7 i?2 2``Q`X h?2 +QMp2`;2M+2 `�i2 Bb 7�bi2bi 7Q` i?2 �M�HviB+ +�b2 rBi?
HQr b2MbBiBpBiv- BX2X- α(θ) = π

2 (cosθ + 1)- 7QHHQr2/ #v i?2 �M�HviB+ +�b2 rBi? ?B;? b2MbBiBpBiv-
i?2 1B;2MKQ/2 T`Q#H2K- 7QHHQr2/ #v i?2 K2`2Hv +QMiBMmQmb +�b2- �M/ bHQr2bi 7Q` i?2 /Bb+QM@
iBMmQmb +�b2X 6Q` /Bb+QMiBMmQmb 7mM+iBQMb- i?2 2``Q` 7�BHb iQ +QMp2`;2 iQ x2`Q bBM+2 i?2`2 rBHH
�Hr�vb #2 MQMx2`Q 2``Q` BM �TT`QtBK�iBM; i?2 }MBi2 DmKT BM i?2 7mM+iBQMX >2`2 i?2 2``Q` Bb

R9



6B;m`2 e, 1``Q` *QMp2`;2M+2 7Q` �M�HviB+- GQr a2MbBiBpBiv fα

K2�bm`2/ �b
ε = ||dg(f(θ), f̃(θ))||p

r?2`2 T 4 L1- L2- L∞X
6Q` 2�+? MmK#2` Q7 b�KTH2 TQBMib- '- r2 b2H2+i2/ � }t2/ H2M;i? b+�H2 β i?�i /2T2M/2/

QM i?2 `2+BT`Q+�H Q7 i?2 MmK#2` Q7 b�KTH2 TQBMib 'X �b i?2 MmK#2` Q7 b�KTH2 TQBMib '
BM+`2�b2- i?2 2``Q` BM i?2 L1- L2 �M/ L∞ MQ`Kb /2+`2�b2b �b i?2 MmK#2` Q7 b�KTH2 TQBMib
l BM+`2�b2bX AM i?2 �M�HviB+ +�b2 rBi? HQr b2MbBiBpBiv iQ T2`im`#�iBQMb- r2 +�M 2tT2+i i?2
7�bi2bi +QMp2`;2M+2 BM i?2 2``Q` iQ i?2 HQr2bi p�Hm2bX PM � HQ;�`Bi?K #�b2 Ry b+�H2- i?2 2``Q`
BM �TT`QtBK�iBM; i?2 bm#bT�+2@p�Hm2/ K�T fα +QMp2`;2b HBM2�`Hv U+7X 6B;m`2 eVX

9Xj �M2KQK2i2`
LQr r2 KQp2 iQ � H�`;2` T`Q#H2K- #2;BMMBM; rBi? � GhA Q7 Q`/2` ;`2�i2` i?�M kyyyy- M�K2Hv
kNyy3X � `2�HBx�iBQM Q7 i?2 GhA Bb ;Bp2M #v bvbi2K K�i`B+2b E- A- B- �M/ CX h?2 /�i� r2
#2;BM rBi? +QMbBbib Q7 K�i`B+2b A1 �M/ A2X q2 /2}M2 i?2 bvbi2K K�i`Bt A BM i2`Kb Q7 �
T�`�K2i2` p ∈ [0, 1] BM i?2 7QHHQrBM; r�v-

A = p(A1) + (1− p)(A2)

q2 rBb? iQ mb2 :Sa iQ �TT`QtBK�i2 i?2 K�TTBM; 7`QK p iQ i?2 #�b2b +QKTmi2/ iQ T2`7Q`K
KQ/2H `2/m+iBQM 7Q` 2�+? Q7 i?2 K2i?Q/b 2tTHQ`2/X AM i?2 b2+iBQMb #2HQr- r2 rBHH 2tTH�BM

R8



?Qr b�KTH2b r2`2 ;2M2`�i2/ 7Q` 2�+? +�b2- +?2+F �Mv M2+2bb�`v +QM/BiBQMb iQ 2Mbm`2 :Sa
Bb �TTHB+�#H2- �M/ mb2 Qm` b�KTH2 /�i� iQ +`2�i2 � :Sa KQ/2H �M/ T`2/B+i i?2 bm#bT�+2@
K�TTBM;X q2 rBHH �HbQ �M�Hvx2 ?Qr K�Mv b�KTH2b �`2 M2+2bb�`v iQ ;2i ;QQ/ T`2/B+iBQMb �b
r2HH �b T`QpB/2 MmK2`B+�H `2bmHib QM b2MbBiBpBiv Q7 i?2 bm#bT�+2@K�TTBM; r?2M i?2 +QM/BiBQMb
7Q` :Sa iQ rQ`F r2HH �`2 pBQH�i2/ Q` M2�`Hv pBQH�i2/X

9XjXR :2M2`�iBM; � a�KTH2 .�i�b2i oB� _�iBQM�H E`vHQp AMi2`TQH�iBQM
lbBM; _�iBQM�H E`vHQp BMi2`TQH�iBQM- r2 ;2M2`�i2/ H27i �M/ `B;?i KQ/2HBM; bm#bT�+2b rBi?
/BK2MbBQM F 4 kyX "Qi? KQ/2HBM; bm#bT�+2b r2`2 +QKTmi2/ #v +?QQbBM; i2M +QKTH2t b?B7i
7`2[m2M+B2b �i r?B+? iQ BMi2`TQH�i2 i?2 i`�Mb72` 7mM+iBQM H(s) = CT (sE − A)−1B Q7 i?2
bvbi2KX 6Q` 2�+? p�Hm2 Q7 i?2 T�`�K2i2` T- i?2 p2+iQ`b ;BpBM; � #�bBb iQ i?2 H27i KQ/2HBM;
bm#bT�+2 r2`2 +QKTmi2/ �b (sE−A)−1B 7Q` 2�+? Q7 i?2 i2M +?Qb2M +QKTH2t b?B7i 7`2[m2M+B2bX
aBKBH�`Hv- iQ +QKTmi2 i?2 p2+iQ`b ;BpBM; � #�bBb iQ i?2 `B;?i KQ/2HBM; bm#bT�+2- r2 +QKTmi2/
(s̄E−A)−TCT 7Q` 2�+? Q7 i?2 i2M +?Qb2M 7`2[m2M+B2bX hQ ;2M2`�i2 � `2�H b2i Q7 #�bBb p2+iQ`b-
i?2 `2�H T�`i Q7 i?2 p2+iQ` r�b i�F2M �b QM2 #�bBb p2+iQ` �M/ i?2 BK�;BM�`v T�`i Q7 i?2
+QKTmi2/ p2+iQ` r�b i�F2M �b �MQi?2` #�bBb p2+iQ`X >2M+2- ;Bp2M Ry 7`2[m2M+B2b �i r?B+?
iQ BMi2`TQH�i2 i?2 i`�Mb72` 7mM+iBQM- r2 �``Bp2 �i � #�bBb Q7 /BK2MbBQM kyX hQ ;2M2`�i2 �M
Q`i?QMQ`K�H b2i Q7 #�bBb p2+iQ`b r2 MQ`K�HBx2/ 2�+? Q7 p2+iQ`b �M/ +QKTmi2/ i?2 bBM;mH�`
p�Hm2 /2+QKTQbBiBQM Q7 i?2 K�i`Bt Q7 #�bBb p2+iQ`b 7Q` i?2 H27i �M/ `B;?i KQ/2HBM; bm#bT�+2b-
`2bT2+iBp2HvX q2 iQQF i?2 iQT ky H27i bBM;mH�` p2+iQ`b �b Q`i?QMQ`K�H `2T`2b2Mi�iBQMb Q7 i?2
`2bT2+iBp2 bm#bT�+2b i?2v bT�MX

9XjXk S`2/B+iBM; am#bT�+2@o�Hm2/ J�TTBM;b *QKTmi2/ oB� _�iBQM�H E`vHQp
q2 T`2/B+i2/ i?2 bm#bT�+2@p�Hm2/ K�T ;Bp2M #v _�iBQM�H E`vHQp BMi2`TQH�iBQM rBi? irQ `2�H
b?B7ib {0, 104} bQ i?�i k = 2- irQ BK�;BM�`v b?B7ib ±104i bQ i?�i k = 2- �M/ 7Q` ky BK�;BM�`v
b?B7i 7`2[m2M+B2b {±j ∗ 104i}10j=1 bQ i?�i k = 20X

6Q` 8y 2p2MHv bT�+2/ p�Hm2b Q7 i?2 T�`�K2i2` T #2ir22M y �M/ R- r2 ;2M2`�i2/ � #�bBb
iQ i?2 H27i �M/ `B;?i KQ/2HBM; bm#bT�+2b- `2bT2+iBp2Hv mbBM; `�iBQM�H F`vHQp BMi2`TQH�iBQM
�b /Bb+mbb2/ �#Qp2X q2 b2H2+i2/ Ry Q7 i?2 p�Hm2b �M/ +Q``2bTQM/BM; #�b2b �b i�`;2i TQBMib
7Q` r?B+? r2 r�Mi2/ iQ T`2/B+i i?2 bm#bT�+2 K�TTBM; mbBM; :SaX hQ ;2M2`�i2 i?2 b2i Q7
i�`;2i p�Hm2b 7Q` r?B+? iQ T`2/B+i i?2 K�TTBM;- r2 b2H2+i2/ 2p2`v KQ/mHQ 8 TQBMi Q7 i?2
8y 2p2MHv bT�+2/ TQBMib QM i?2 BMi2`p�H 7`QK Uy- RVX q2 mb2/ i?2 `2K�BMBM; 9y TQBMib �M/
+Q``2bTQM/BM; #�b2b 7Q` i`�BMBM;X q2 T`2/B+i2/ i?2 K�TTBM; 7`QK i?2 T�`�K2i2` p iQ i?2
H27i KQ/2HBM; bm#bT�+2 �M/ i?2 K�TTBM; 7`QK i?2 T�`�K2i2` iQ i?2 `B;?i KQ/2HBM; bm#bT�+2
b2T�`�i2HvX �Hi?Qm;? BM7Q`K�iBQM Bb HQbi BM T`2/B+iBM; i?2 K�TTBM;b b2T�`�i2Hv- i?2`2 Bb
+m``2MiHv MQ K2i?Q/QHQ;v 7Q` mbBM; :Sa iQ T`2/B+i i?2 K�TTBM; 7`QK � T�`�K2i2` T iQ �
imTH2 Q7 bm#bT�+2b- BX2X- i?2 K�TTBM;

f : p → (V,W ).

h?2 2``Q` +QMp2`;2b HBM2�`Hv 7Q` 2�+? Q7 i?2 +�b2b 2tTHQ`2/X

Re



6B;m`2 d, 1``Q` *QMp2`;2M+2 BM S`2/B+iBM; i?2 am#bT�+2@o�Hm2/ J�T ;Bp2M #v _�iBQM�H
E`vHQp AMi2`TQH�iBQM 7Q` k = 2 _2�H a?B7ib

Rd



6B;m`2 3, 1``Q` *QMp2`;2M+2 BM S`2/B+iBM; i?2 am#bT�+2@o�Hm2/ J�T ;Bp2M #v _�iBQM�H
E`vHQp AMi2`TQH�iBQM 7Q` k = 2 AK�;BM�`v a?B7ib
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6B;m`2 N, 1``Q` *QMp2`;2M+2 BM S`2/B+iBM; i?2 am#bT�+2@o�Hm2/ J�T ;Bp2M #v _�iBQM�H
E`vHQp AMi2`TQH�iBQM 7Q` k = 20 AK�;BM�`v a?B7ib

RN



9XjXj S`2/B+iBM; am#bT�+2@o�Hm2/ J�TTBM;b *QKTmi2/ pB� "�H�M+2/ h`mM+�@
iBQM

aBKBH�` iQ i?2 _�iBQM�H E`vHQp- r2 r�Mi iQ +`2�i2 b�KTH2 TQBMib +QMbBbiBM; Q7 � p�Hm2 Q7 p
�M/ � #�bBb 7Q` Qm` `2/m+2/ bvbi2KX >Qr2p2`- r2 MQr ?�p2 iQ +?2+F i?2 >�MF2H aBM;mH�`
o�Hm2b +QM/BiBQM 7`QK h?2Q`2K e- σk(θ) > σk+1(θ)- iQ 2Mbm`2 i?�i i?2 T`QD2+iBQM Bb bKQQi?X
q2 rBHH p2`B7v i?Bb MmK2`B+�HHv #v +QKTmiBM; i?2 >�MF2H bBM;mH�` p�Hm2b 7Q` � b�KTH2 Q7
p�Hm2b Q7 pX q2 +?Qb2 iQ +QKTmi2 21 b�KTH2b 7Q` 2p2MHv bT�+2/ p�Hm2b Q7 p QM [0, 1]X q2 rBHH
`2/m+2 i?2 bvbi2K iQ Q`/2` F- bm+? i?�i i?2 iQT F >�MF2H bBM;mH�` p�Hm2b /Q MQi +`Qbb Qp2`
Qm` T�`�K2i2` bT�+2X h?2 7QHHQrBM; THQi Bb Q7 i?2 iQT R8 >�MF2H bBM;mH�` p�Hm2b Qp2` i?2
T�`�K2i2` bT�+2X AM i?2 THQi- r2 i�F2 i?2 HQ;�`Bi?K Q7 i?2 >�MF2H bBM;mH�` p�Hm2 iQ K�F2
i?2 /Bz2`2M+2b pBbB#H2X

Ai Bb +H2�` i?�i bQK2 Q7 i?2 >�MF2H bBM;mH�` p�Hm2b i?�i r2 �`2 THQiiBM; +`QbbBM; Qp2` Qm`
T�`�K2i2` bT�+2 �b i?2`2 �`2 �TT�`2Mi TQBMib r?2`2 i?2 bBM;mH�` p�Hm2b DmKTX >Qr2p2`-
i?2 iQT 7Qm` >�MF2H bBM;mH�` p�Hm2b /Q MQi �TT2�` iQ +`Qbb Qp2` i?2 T�`�K2i2` bT�+2 �M/
i?2`27Q`2 i?2 i`�Mb7Q`K�iBQM i?�i `2/m+2b i?2 bvbi2K iQ Q`/2` 9 b?QmH/ #2 Cω �++Q`/BM; iQ
h?2Q`2K eX 6Q` 2�+? Q7 i?2 p�Hm2b Q7 p i?�i r2 ?�p2 THQii2/ >�MF2H bBM;mH�` p�Hm2b r2 `2+Q`/
i?2 K�i`B+2b V �M/ W i?�i `2/m+2 i?2 bvbi2K iQ Q`/2` 9- i?2b2 �`2 K�i`B+2b �`2 #�bBb 7Q` i?2
bm#bT�+2b i?�i r2 r�Mi iQ �TTHv :Sa T`2/B+iBQM iQX �b K2MiBQM2/ 7Q` i?2 _�iBQM�H E`vHQp-
r2 �TTHv :Sa iQ i?2 H27i i`�Mb7Q`K�iBQMb- V - �M/ `B;?i i`�Mb7Q`K�iBQMb- W - b2T�`�i2HvX

h?2 2``Q` +QMp2`;2b HBM2�`Hv BM i?2 +�b2 r?2`2 k = 5 #mi �b i?2 T2`bBbi2Mi bT2+i`�H ;�T
�bbmKTiBQM Bb `2H�t2/ U+7X 6B;m`2 RR iQQ b22 i?2 bBM;mH�` p�Hm2 +`QbbBM;bV- i?2 2``Q` 7�BHb iQ

ky



6B;m`2 Ry, 1``Q` *QMp2`;2M+2 7Q` :Sa S`2/B+iBQM Q7 i?2 am#bT�+2@p�Hm2/ J�TTBM; ;Bp2M #v
"�H�M+2/ h`mM+�iBQM
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6B;m`2 RR, >�MF2H aBM;mH�` o�Hm2 SHQi

+QMp2`;2X AM i?2 +�b2 r?2`2 k = 6- r2 MQ HQM;2` ?�p2 � T2`bBbi2Mi bT2+i`�H ;�T #2ir22M
i?2 bBti? �M/ b2p2Mi? H�`;2bi >�MF2H bBM;mH�` p�Hm2bX h?2`27Q`2- +QMp2`;2M+2 Bb rQ`bi BM i?2
+�b2 F 4 eX AM i?2 +�b2 k = 7- i?2 bT2+i`�H ;�T +QM/BiBQM Bb b�iBb}2/ #mi Bib +QMp2`;2M+2 Bb
rQ`b2 i?�M i?2 k = 5 +�b2- r?B+? +�M #2 2tTH�BM2/- BM T�`i- #v i?2 /BKBMBb?BM; bT2+i`�H ;�T
�b i?2 T�`�K2i2` �TT`Q�+?2b 0.5 U+7X 6B;m`2 RRVX h?Bb /2KQMbi`�i2b i?2 BKTQ`i�M+2 Q7 i?2
bT2+i`�H ;�T �bbmKTiBQM BM �bbm`BM; i?2 �++m`�+v Q7 :Sa T`2/B+iBQMb r?2M mbBM; "�H�M+2/
h`mM+�iBQMX

h?2 +QMp2`;2M+2 Bb #2bi 7Q` i?2 _�iBQM�H E`vHQp +�b2- BHHmbi`�iBM; i?�i i?2 #�b2b +QM@
bi`m+i2/ i?`Qm;? _�iBQM�H E`vHQp AMi2`TQH�iBQM T`2b2`p2 bKQQi?M2bb bi`m+im`2 7Q` �`#Bi`�`v
/Bz2`2MiB�#BHBiv +H�bb- r?BH2 rBi? "�H�M+2/ h`mM+�iBQM r2 +�M QMHv b?Qr i?Bb 7Q` +QMiBMmQmb
�M/ �M�HviB+ 7mM+iBQMbX

8 *QM+HmbBQM
AM i?Bb T�T2`- r2 ?�p2 b?QrM p�`BQmb bKQQi?M2bb ;m�`�Mi22b 7Q` +H�bbB+�H K2i?Q/b Q7 `2/m+2/
Q`/2` KQ/2HBM; r?2M �TTHB2/ iQ GhA bvbi2Kb �b 7mM+iBQMb Q7 � T�`�K2i2` bT�+2 Θ ⊂ RdX 6Q`
�Mv ;Bp2M /Bz2`2MiB�#BHBiv +H�bb UCx 7Q` x ∈ Z≥0∪{∞,ω}V Q7 bvbi2K K�i`B+2b �b 7mM+iBQMb Q7
i?2 T�`�K2i2` θ ∈ Θ- #�b2b +QMbi`m+i2/ i?`Qm;? _�iBQM�H E`vHQp AMi2`TQH�iBQM T`2b2`p2 i?Bb
mM/2`HvBM; /Bz2`2MiB�#BHBiv +H�bb �b 7mM+iBQMb Q7 θX h?Bb �HbQ ?QH/b 7Q` ai`m+im`2/ _�iBQM�H
E`vHQp AMi2`TQH�iBQM- 7`QK r?B+? i?2 `2bmHi ?QH/b 7Q` b2+QM/@Q`/2` _�iBQM�H E`vHQp �b � bT2@
+B�H +�b2 Q7 i?2 �#Qp2X q2 ?�p2 �HbQ b?QrM i?�i #�b2b +QMbi`m+i2/ pB� "�H�M+2/ h`mM+�iBQM
�`2 Cx 7mM+iBQMb Q7 i?2 T�`�K2i2` θ 7Q` x{0,ω}X SmiiBM; i?Bb �HH iQ;2i?2`- r2 ?�p2 /2KQM@

kk



bi`�i2/ i?�i :Sa rBHH rQ`F r2HH BM �TT`QtBK�iBM; �Mv K�TTBM; 7`QK � T�`�K2i2` θ iQ i?2
#�b2b M22/2/ 7Q` KQ/2H Q`/2` `2/m+iBQM r?2M i?2 BM/BpB/m�H KQ/2H Q`/2` `2/m+iBQM K2i?Q/b
mb2/ BM #mBH/BM; i?2 K�TTBM; �`2 bKQQi? 7mM+iBQMb Q7 θX h?2b2 ;m�`�Mi22b QM bKQQi?M2bb
2M�#H2 7�bi2` +QKTmi�iBQMb bT22/b i?�i +�M �HHQr 7Q` BM+`2�b2/ b�KTH2 bBx2b �M/ BKT`Qp2/
T`2/B+iBQM �++m`�+vX

_272`2M+2b
SX "2MM2`- JX P?H#2`;2`- �X *Q?2M- �M/ EX qBHH+QtX JQ/2H _2/m+iBQM �M/ �TT`QtBK�iBQMX

aQ+B2iv 7Q` AM/mbi`B�H �M/ �TTHB2/ J�i?2K�iB+b- S?BH�/2HT?B�- S�- kyRdX

:X "2`FQQx- SX >QHK2b- �M/ CX GX GmKH2vX h?2 T`QT2` Q`i?Q;QM�H /2+QKTQbBiBQM BM i?2
�M�HvbBb Q7 im`#mH2Mi ~QrbX �MMm�H _2pB2r Q7 6HmB/ J2+?�MB+b- k8URV,8jNĜ8d8- C�MX RNNjX

EX@qX 1X *?mX PM KmHiBTH2 2B;2Mp�Hm2b Q7 K�i`B+2b /2T2M/BM; QM b2p2`�H T�`�K2i2`bX aA�J
CQm`M�H QM LmK2`B+�H �M�HvbBb- kdU8V,Rje3ĜRj38- P+iX RNNyX

LX CX >B;?�KX 6mM+iBQMb Q7 J�i`B+2b, h?2Q`v �M/ *QKTmi�iBQMX aQ+B2iv 7Q` AM/mbi`B�H �M/
�TTHB2/ J�i?2K�iB+b- S?BH�/2HT?B�- S�- la�- kyy3X

hX E�iQX S2`im`#�iBQM h?2Q`v 7Q` GBM2�` PT2`�iQ`bX aT`BM;2`- kM/ 2/BiBQM- RN3yX

"X S2?2`biQ`72` �M/ EX qBHH+QtX .�i�@/`Bp2M QT2`�iQ` BM72`2M+2 7Q` MQMBMi`mbBp2 T`QD2+iBQM@
#�b2/ KQ/2H `2/m+iBQMX *QKTmi2` J2i?Q/b BM �TTHB2/ J2+?�MB+b �M/ 1M;BM22`BM;- jye,
RNeĜkR8- CmHv kyReX

SX CX a+?KB/X .vM�KB+ KQ/2 /2+QKTQbBiBQM �M/ Bib p�`B�MibX �MMm�H _2pB2r Q7 6HmB/
J2+?�MB+b- 89- C�MX kykkX

:X qX ai2r�`iX 1``Q` �M/ T2`im`#�iBQM #QmM/b 7Q` bm#bT�+2b �bbQ+B�i2/ rBi? +2`i�BM 2B;2M@
p�Hm2 T`Q#H2KbX aA�J _2pB2r- R8U9V,dkdĜde9- RNdjX

CX@;X amMX JmHiBTH2 2B;2Mp�Hm2 b2MbBiBpBiv �M�HvbBbX GBM2�` �H;2#`� �M/ Bib �TTHB+�iBQMb-
Rjd@Rj3,R3jĜkRR- �m;X RNNyX

_X w?�M;- aX J�F- �M/ .X .mMbQMX :�mbbB�M T`Q+2bb bm#bT�+2 T`2/B+iBQM 7Q` KQ/2H `2/m+iBQMX
aA�J CQm`M�H QM a+B2MiB}+ *QKTmiBM;- 99UjV,�R9k3Ĝ�R99N- kykkX

�TT2M/Bt �, S2`im`#�iBQM h?2Q`v lb2/ 7Q` S`QQ7b Q7
aKQQi?M2bb
h?2Q`2K N UE�iQ URN3yV- h?K 8XR- a2+ 8XdVX G2i A(θ) : Cd *→ Mn(C) #2 +QMiBMmQmb �i
θ = 0X h?2 mMQ`/2`2/ n@imTH2 Q7 `2T2�i2/ 2B;2Mp�Hm2b s = (λi)i∈n Q7 A Bb +QMiBMmQmb �i
θ = 0X 6Q` �Mv 2B;2Mp�Hm2 λ Q7 A(0) rBi? �H;2#`�B+ KmHiBTHB+Biv l- H2i Γ ⊂ C #2 � +HQb2/
+m`p2 2M+HQbBM; λ #mi MQ Qi?2` 2B;2Mp�Hm2b Q7 A(0)X 6Q` bm{+B2MiHv bK�HH M2B;?#Q`?QQ/b

kj



Q7 i?2 Q`B;BM BM Cd- i?2 MmK#2` Q7 `2T2�i2/ 2B;2Mp�Hm2b Q7 A(θ) 2[m�Hb lc i?2 λ@;`QmT Bb
i?2 mMQ`/2`2/ n@imTH2 Q7 i?2b2 `2T2�i2/ 2B;2Mp�Hm2bX hQi�H 2B;2MbT�+2 �bbQ+B�i2/ rBi? i?2
λ@;`QmT Bb i?2 bmK Q7 i?2 2B;2MbT�+2b �bbQ+B�i2/ rBi? i?2 2B;2Mp�Hm2b BM i?2 λ@;`QmT- r?B+?
Bb +QMiBMmQmb �i θ = 0X

h?2Q`2K Ry UE�iQ URN3yV- a2+ 8X3VX h?2 mMQ`/2`2/ n@imTH2 Q7 `2T2�i2/ 2B;2Mp�Hm2b s =
(λi)i∈n �b � 7mM+iBQM Q7 �M Q`/2`@n K�i`Bt A Bb T�`iB�HHv /Bz2`2MiB�#H2 �i A = A0 B7 �M/
QMHv B7 A0 Bb /B�;QM�#H2- �M/ Bb ?QHQKQ`T?B+ BM � M2B;?#Q`?QQ/ Q7 A0 B7 A0 ?�b n /BbiBM+i
2B;2Mp�Hm2bX

h?2Q`2K RR UE�iQ URN3yV- a2+ eX9VX h?2 mMQ`/2`2/ n@imTH2 Q7 `2T2�i2/ 2B;2Mp�Hm2b s �b �
7mM+iBQM Q7 �M Q`/2`@n bvKK2i`B+ K�i`Bt A Bb T�`iB�HHv +QMiBMmQmbHv /Bz2`2MiB�#H2X

h?2Q`2K Rk U*?m URNNyV a2+ 9XRVX G2i A(θ) ∈ Cω(B,Mn(C)) #2 �M �M�HviB+ 7mM+iBQM r?2`2
B Bb � M2B;?#Q`?QQ/ Q7 i?2 Q`B;BM BM CdX 6Q` �Mv 2B;2Mp�Hm2 λ Q7 A(0)- r?B+? ?�b �H;2#`�B+
KmHiBTHB+Biv l- H2i X0,Y0 ∈ M∗

n,l(C) #2 #�b2b Q7 i?2 +Q``2bTQM/BM; `B;?i@ �M/ H27i@BMp�`B�Mi
bm#bT�+2bX h?2`2 2tBbi �M�HviB+ 7mM+iBQMb X(θ),Y(θ) ∈ Cω(B0,M ∗

n,l(C)) BM � M2B;?#Q`?QQ/
B0 ⊂ B i?�i �`2 #�b2b Q7 i?2 `B;?i �M/ H27i iQi�H 2B;2MbT�+2b �bbQ+B�i2/ rBi? i?2 λ@;`QmT bm+?
i?�i X(0) = X0 �M/ Y(0) = Y0X

h?2Q`2K Rj UamM URNNyV h?K jXkVX G2i A(θ) ∈ Cω(B,S(n)) �M/ B(θ) ∈ Cω(B,S+(n)) #2
�M�HviB+ 7mM+iBQMb- r?2`2 B Bb � M2B;?#Q`?QQ/ Q7 i?2 Q`B;BM BM Rd- S(n) Bb i?2 b2i Q7 bvKK2i`B+
Q`/2`@n K�i`B+2b- �M/ S+(n) Bb i?2 b2i Q7 bvKK2i`B+ TQbBiBp2 /2}MBi2 Q`/2`@n K�i`B+2bX 6Q`
�Mv l@KmHiBTH2 2B;2Mp�Hm2 λ Q7 i?2 ;2M2`�HBx2/ 2B;2Mp�Hm2 T`Q#H2K U:1oSV Ax = λBx �i
θ = 0- H2i X0 ∈ M∗

n,l(R) #2 � #�bBb Q7 i?2 +Q``2bTQM/BM; 2B;2MbT�+2 bm+? i?�i XT
0A(0)X0 = λIl

�M/ XT
0B(0)X0 = IlX h?2`2 2tBbib �M �M�HviB+ 7mM+iBQM X(θ) ∈ Cω(B0,M ∗

n,l(R)) BM �
M2B;?#Q`?QQ/ B0 ⊂ B i?�i Bb � #�bBb Q7 i?2 iQi�H 2B;2MbT�+2 �bbQ+B�i2/ rBi? i?2 λ@;`QmT bm+?
i?�i X(0) = X0X

k9


