OrJrLogonal groups
Q. What s {symmehie; of STSR*
Mr An iSoMe+r¥ o‘T\ a metric space X £ a Lid'ech’om ¢: X— X with
d(4%, %) = d(x) ¥ wyeX.
Note: ov\ly ned ¢ X — X, Since X#‘a = J(%‘, %3“’{(7‘;‘3)* O = Yx# (P‘a.
E—‘:,‘r“ ):;'na[ (X,ol) omo{ ‘-( Sa-{:‘s{-\yinj evef‘y-nu'nj exaﬁ -,

Q. Is every n'.sow\e+ry of Sa rotation obout some axic?

A. NO, but ;’L assume it preserves og’cmla-Hon %l‘l&ln

Y icom o-y[\ S = preserves D('+L\On0rmm;;+y m[\ any bosis ar R

3

. (Vl)V”V?) rsgh-\--kano{eof ht VXV, =V,
. M: P ?reserves orientation i? Y preseries handeclnesg
ég; - Y= —13 = v\O‘I“

+ Y=velleckion = not
- Y=yotation =

Lemma: @1 S" ' — g isometry = {a“?‘o{él&} is an {sm&ry of fRn=uL>}ooz s*
P xye R = ¥ presecves + Il ondl llyl by construction
L) 2 LEDT) by isometry of G
= e E\/ v o+ Cosives. 5 nﬁﬂlﬁfnif}ﬁﬁni‘nﬁyf?}fp

Thon: Every isometry of R has the Jorm A+ Ty for some o oo

+ AeOn(R) = {QeR™[ Q"= Q") ochhesoral group

* Ty = teanslation by velR"
PE: Assume @e isom(R") with 9(0)=v. Replace ¥ with ¢=T, to assume v=0.

Need We Ol (IR): proot essentially as in Lewma + (preserves inver products /l=> linear ), O

(Ax); =< Ax e

Note: $™'= {xeR"|Ixl =1} Fixed by isometey @ f R & 4(0)=0.
Cor: Tsom(S™") <= On(R).




Answer o Q
A0, > A has o real eijemva/ue
= of least one eiqenvalue A= £, cince [Ml=1]
= eigenline = axis fixed pointwise by A or -A.  One of these preserves. arientation

But * A € Og = A 'I"O\Les orthonormal basis 0‘['\ pP= ax(sl
'i'o " n " "

= A|,, is votation of P, possibly Followed by cellection
but ot if 4 preservec orientation.
P (el,ea,&ﬁ (v, va,ve) = olet A= v (uxvy) = v (2V),
But roty,i, () has eigenvaluec 1,30, % for some Ne€ with [AI"=\\=1,

odt(] )= 1aT =1 v (ty) =13+ O
Aside: Other s)/w\wnejrry groups | * rototion (IR or € or H) o
. scmls'hj (IR,(_)awl;}errY F)
y ‘fmn.ﬁ[orl’fon A e

. a—MIM or FroJec*i\/e, “fmnsporymhons

~——
Preser\/e: anﬂle) olx's-{'anc&, co“{ne&ri{'}lj ‘\J\

AFFI"cc&ionS‘- computer vision, rawoler(nj ), 3D image reconstruction, wzorPLomquics

% face “’QCOj"iJ“'D" (V!:Q) |l A \M ¢ ]le A~A" same date JooIer 4

. ‘\\lmndmarksz/ A /354 % € _
X= G\Hihx aljel:raic var(ewty, wetric Space: J([AJ)[B]) = Sovne”nfnj rmm linecy Q’jeLra “[\A and B

Prop: Let =R or € and () standard hermition form on . TFAE.
L (e, gAY = G pd Y vows xy e F" - Debi Ae O (F)
2. cight multiplication py preserves orthonormal bases: ..., v, orthenormal
3 vout of A are orthonorwal basis of F" WA orthononal
1 AA*-
5 cols of A are orthonormal basic of F"
P Exercise (not assigned).
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