Thm: AeF"™ has SW> A=wWSV* with

V¥, (F) My w =2 for orthonormal bases

+ 5 e [F“" ol O except 61,..., 0, on main diagonal [ € V= v, v, of F" and

- W € Ow(FF). W= eyt of 7

PL: Compleke bases in St decernposition 4o orthonormal bases of [T o] 7

kee A (For V*) and ker A" (for W), O WX -

Cor: AcF™ = A= U|Al for some Ue O, (IF). A ’

PF: A=WEV* = WV* VSV WA

= U JAlL o

Note: SVD elficient numerically: fast +accurate
Q. How big can [Axl be, qiven that Ixll= 1 2 ¢a

B= {xEIFn| ||x||é l} has iwxaﬂe =7

AT 3= olio\ﬂ(o',z"'zo;,) with &, = 20, =0 then CT e,

y=Zx %\’or xeB & 4,=6 % ond xeB

& Y=ot and [t <

= Y,=0 for i>r ond |—g%|a+~-+|—%|s 1

e “i{DSofﬂ(

+ [F=RR: principal oxes of length e, ..., 3e; along e, .., e,

c F=C: # veal and imaginary principal axes of length 1o;.

A wrbitrary = Ddyw== -

A =wWsvx i

Th: Alunit ball) = ellipsoid in im(A) with principal half-ases along wi,..:,up oF engths 73> 3. O []
Cort A has operator norm “A“:"Ifg IAl=0,. & Al € CIxll Vx, and C=IAll is swallest such.

Lemma: A= [Al is a norm on ™, .

Compare Frobenius norm “A”g =+ (A¥))
(or Hilbert- Sc'mmiofﬂ

Props 1A < IAl,
PL: [All= o, € Jo2++o2 = ||A||& since +e(A¥A) =Zeigenvo\lues(ﬁ\*m. O




Eckqu—YoqngT%m: Given A€ H:MM, the A\ J rank < k mivii mizing ||A‘/A||a is .
k

W /Z\ V* w\nere W k g v* }"
P_'F: omi ffed TWwW >
\/*

(4]
Principal Component Anul:/sis (PCAY  [FA- L
) { A: ' “— FOWT*S n ]F
“unit vector "

—Ax

. . a 3
PC 1= o{(rec{‘fon vV, € IE:( maxim{zinﬁ Sawmple Variagnce : |A,v|| oot |Am\l,|
AN

A[ = Froded' rows of A or-Hanom”y fo V(L

\
PCJ= o{l'recjrfon € \/‘I_ & IE:[ maximizing A,—Sa\MHe variance
A AN
A.l: Al//a

D_eC: The PC o{ecomposi-['ion opA ic = A\/, wheve \/ has COIUIWU Viyeor, V-

Toterpretation: cols(V) <> alfernative feafures  + linear combinations of original features
. @(qu;n variance in uncorrelated (1) way
Th: A=WSV* = Vi, are the columns of V' and
T=WX s polar JecomPoseol ]
PE: (sawple variance in dicection v)= ||Av||:’1 Lor veIE:[,

. A \ :
v moaximizes ||Av||& € v > longest F“"’C“P“[ axis | ([a)/ Cor: Al =q)

= \/ is SVD: co‘s(\/) L normal basis oxt el'ﬁehvec-l-org op A*A (I:ay ivxa{umliOn) -
= T=AV=WZV¥/ =w3, O
PCA ~s low-rank Proje&r’on of dota : use On\y PCL, .., PCk .
F'= F*
Note: PC L,PCA, ..., PCn ™ “ﬂj of best aFl':rox:'Ma-L«'nj Sml:sPaces.




