Multilinear olecbra
Def: Fix vector spaces V.., Ve od W oer F,
£rVxo s\ > W mulbilinear i
Flv o+ vy, ) = o v vy Vi) 10 vy ) vy
Vi Vvi,welp VaeF with v ficed for j7i.
Eg.* AcF™ = (v,w) = vAw for ve o and weFeo bilinear
c Vi=F" Wizln and (v w) = det[y v, ]

Lemma: Vx--x\. = —|_|_Vi WIMQ;\A/ '_\:n+erFreJerior\: {ved—or spaces W with vnu“?linear—rr\/i - W}

\yimr \CofMS a CQ“’&SOry‘. ObJ+Mor
Def: The fensor {)roJuC‘f' of Vi,.,V is o universal such ‘Hninﬁz
wulbilinear £ 1 Vi< 5V, = T such that with §=Tot

M‘- T (’.XiS“‘S. No‘f'o:f'ion: T = é\/l = \/l®...®\/r
v, v = vi@-8v,

O Does every element of Vi@ ®V. have the form v,@-®v,?

) i
No, K le:we W= F, ?To[o--ot0--q -
A. No ey example: w € ' C,,l = woP=w? has rank 1 "2] -
gev*=Fr,
mxh w ¢ o
E)M+ \/\/@’\/* = HOm(\/,\/\/) = F , and lots of matrices < F]) __
X = xe = i %
(W, @) »> we? — (x > Yx)w) have rank > 1. 1 5 i
[]
w?
PE: Construct T by “1Cree\y” muIJriP\yinj elements of Vi,.,V. becouse .
! ) ! ! s vnu[-l-llinear.
...@(Vi+vi’)®... = (...®Vi®,..)+ ('“@V{®'“)
\l\/on+i
...®(dvi)®... = o((...®vi®...)

Set T= MIN for M=spanllv,u) | Vi Vi)

N = SFan((...,o(Vi +]y) =l ) - (...,v{,...))



—|_|_Vi — M map of sets — not linear, but

—|_|_\/i — M - M/{\] multi linear b\/ construction.

.Su]oPo.se —|_|_Vi — M T hen because —|_|_Vi s o basis of M (1)

'F\\ But £ multilinear = N < |<€r( )
W
Universal ProPerer of %qojrienJrs = M }nolluces M{ N=T.0
W um%ue W

Lemma: B/ ino‘ePeno!en‘\' 3 lnear {“Pbi V- F}beb with [@(g) = &,'g.

&f:gsdbb:o = O:‘Pb‘(g-sdbb) = ay V beR O

T hm: Bi basis 1Cor~ Vl = B,x'“xgr =~ basis B{'\or T. o
(b . b) = ba-ob,

E.q Rie R® has basic e,o¢,, e,0¢e,, e,0e, , e,0¢,, e,0¢, , e,0e
PE: Mubilineor mop on TTV; defermined by volues on TTB;:
= F b = £l shaff) = o6, stuff) and similarly for 51
Thus B = {B,®-~-®br b; ¢ B; \/i’] spons .
Suppose F;+ V; = F Vi, Set £=fe-ef : TTV, > F
P ubtilinear = induces i T— F () = Blo) ) .
Toke £; = bf € B dual bosis, so
br(b) =1 but BF(B) =0 when b e B\{b}.
Then beBws f: T—F Sa‘,'is{-\yirlj i
b1 []
>0 for BeB\{bl. Use Lemma. O
Cor: dimVie--®V. = (dim Vi) - (dim \,). O
Eg veRY weR' (gef fromclass) = vew=
Univecsal property redux: {mibilinear TTU = W} = {linear @V, > W},
E%_- 31 isomorPLu'gm VeW — WeV/ Pt HWS, use VxW — WeV

VeW > weV. (v,w) — wev.



